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PREFACE. 



A NEW EDITION of the present Work having been called 
for, I have endeavoured to make this Treatise more de- 
serving of the favourable reception it has met with. 
Having myseK used it for the last five years in teaching 
Analytic Geometry to beginners, I have gained some ex- 
perience as to the points where learners are likely to feel 
difficulties. I have accordingly rewritten a considerable 
part of the work, introducing in the early chapters co- 
pious numerical illustrations, such as I have been in the 
habit of using with my class. I have also endeavoured 
to separate, more carefully than in the former editions, 
between the elementary parts of the work and those in- 
tended for more advanced readera. The learner will find 
all essential parts of the theory of Analytic Geometry in- 
eluded in Chapters i., u., v., vi., x., xi., xn., omitting the 
articles marked with asterisks. Should he require ex- 
amples for exercise, in addition to those contained in 
these chapters, he will find a sufficiently extensive col- 
lection of examples in Chapters in., vii., xm. The re- 
maining chapters treat of the algebraic and geometrical 
methods which have been introduced into use of late 
years, but of which no systematic account had been given 
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in any elementary work at the time that the first edition 
of this Treatise was published. I have made several ad- 
ditions to these chapters in this edition. In the altera- 
tions which I have made throughout the book, I have 
profited by the works on Analytic Geometry which have- 
appeared since the first edition was published, among 
which I may mention in particular Mr. Gaskin's, and 
Mr. Walton's " Examples on Analytic Geometry," and 
Mr. Puckle's " Trea^se on Conic Sections." 

Tbihitt Colleqe, Ddblih, 
My, 1855. 
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ANALYTIC GEOMETRY. 



CHAPTEB I. 



THB POINT. 



Art. 1. GBOMBTBiCALtheoremsmaybediTidedintotwoctasses; 
theorema concemmg the magmhtde of lines, and concerning their 
position ; for example, that *' the square of the hypotenuse is 
equal to the sum of the squares of the aides," is a theorem con- 
ceruing magnitude ; that "tlie three pOTpeudicnLirs of a triangle 
meet in a point," is a theorem oonceming position. 

Theorems of the former class can easily be expressed atgebnu- 
cally. To take the example already giyen, if the lengths of the 
eidee of a right-angled triangle be a, b, c, the proposition alluded 
to is written t? = a* + t^. The learner is probably already fiimiliar 
with this application of algebra to geometry, as the propontione of 
the Second Book of Euclid all relate merely to the magnitude of 
lines, and the demonstration of them is much Amplified by the use 
of algebraical symbols. But it is by no means so easy to see how 
to express algebraically theorems involving the position of lines. 
Accordingly, although algebra was, soon after its introduction 
into Europe, applied to the solution of the first class of questions, 
its use was not extended to this latter class until the year 1637, 
when Des Cartes, by the publication of hie " Geometrie" laid the 
foundation of the stnence on which we are about to enter. 

2. The following method of determining the position of any 




2 THB POINT. 

point on a plane is that introduced by Des Cartes, and generally 
used by Bucceedmg geometerB. 

We are supposed to be given the position of t^o fixed right 
liaes, XX', YY', intersecting in the point O. Now, if through 
any point P we draw PM, FN, parallel to Y Y' and XX', it is 
plain that, ifwetnew the position of the point P, we should 
know the lengths of the parallels PM, PN, or, vice versd, that 
if we knew the lengths of PM, 
PN, we should know the posi- 
tion of the point O- 

Suppose, for example, that 
we were given PN •= a, PM = b, 
we need only measure OM = a 
and ON = b, and draw the par- - 
aUels PM, PN, which will in- 
tersect in the point required. 

It is usual to denote PM 
parallel to OY by the letter y, 
and PN parallel to OX by the 
letter x, and the point P is siud to be determined by the two equa- 
tions x = a, y = b. 

3. The parallels PM, PN, are called the co-ordinatei of the 
point P; that parallel to YY' is often called the ordinate of the 
point P ; and that parallel to XX' the abscissa. 

The fixed lines XX' and YY' are termed the axei of co-ordi- 
nates, and the point O, in which they intersect, is called the 
origin. ITie axes are sad to be rectangular or oblique, according 
as the angle at which they intersect is a right angle or oblique. 

It will readily be seen that the co-ordinates of the point M 
on the preceding figure are z = a, y = ; t^t those of the point 
Nare««>0, y = 6; and Umt those of the ori^ itself are ar - 0, 
y-o. 

4 . In order that the equations x = a,y = b, should only be sa- 
tisfied by one point, it is necessary to pay attention, not only to the 
magnitudes, but also to the signs of the co-ordinates. 

If we pad no attention to the signs of the co-ordinates, we 
might measure OM •= a and ON = i, on either side of the origin, 
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and any of the fourjxnnts, P, P„ P„ P,, would satiafy the eqii»- 
tdone a; = a, y = b. It u poeaible, liowever, to difltiagu t ah alge- 
bmcally between the lines OM, OM' (wliich are equal in magni- 
tude, but opposite in direction) by giving them diflferent eignB. 
We lay down a rule, that if 
lines measured in one direc- 
tion be considered as positiye, 
lines measured in the oppo- 
site direction must be consi- 
dered as negatiye. It is, of 
courae, arbitrary in which 
direcHon we measure posidve x— 
lines, but it is cuetomary to 
consider OM (measured to 
the riffht haQd)and ON (mea- 
sured upwards) as positive, 
and OM', ON' {measnred in 
the opposite directions) as ne- 
gative lines. 

Introducing these conventions, the four points, P, P„ Pj, P„ 
are easily distinguished. Their co-ordinates are, respectively, 

X = + a\ x = - a\ x = + a'X x =• - a\ 
» = + */' y = ^b]' y = -b}' y = -S/* 

These distinctions of sign can present no difficulty to the learner, 
who is supposed to be already familiar with the principles of tri- 
gonometry. 

It appears from what has been said, that the points 
X = -i^ a, p *• + b, and x " ~ a, y = ~b, 
lie on a right line passing through the origin ; that they are 
equidistant from the origin, and on opposite sides of it. 

N. B. — The points whose co-ordinates are ar = a, y = 6, or 
x = x', y = y\ are generally briefly designated as tlie point ab, 
the point x!y'. 

5. Given the co-ordinates iff two points ai'y', a!"y", to ei/Epresa 
the distance between them, the axes ofco-ordiaatet being supposed 
rectar^ular. 
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4 THE POINT. 

By Euclid, I, 4T, 

PQ> = PS» + SQS but PS = PM - QM' =y--f, 
and QS = OM - OM' = x - x"; 
hence S* = PQ' = (a;' - x"f + (y' - f)\ 

To express the distance of any point from the oH^n, we must 
make x" =0, y" = 0, in the 
above, and we find 

g« = a:'' + y\ 

6. In the following pages 
we shall but seldom have oc- 
casion to make use of oblique 
co-ordinates, smcefonnulas are, 
in general, much simplified by 
the use of rectangular axes ; 
as, however, oblique co-ordi- 
nates may sometimes be employed with advantage, we shall give 
the principal formulae in their most general form. 

Suppose, in the last figure, the angle YOX oblique and = w, 
then PSQ = 180° - w, 

and PQ» = PS» + QS' - 2PS . QS . cos PSQ, 

or, PQ» = (y'-/)' + (a:'-«7 + 2(y'-|0(a:'-^cosa,. 

Similarly, the square of the disbince of a point, a'y, from the 
origin - a:'' + y'^ + ^cdy cos u. 

In applying these formulie, attention must be paid to the signs 
of the co-ordinates. If the point Q, for example, were in the 
angle XOY', the sign of y' would be changed, and the line PS 
would be the swn and not the difference ofp' and y". 

Ex. I . Ta find the lengtlis of tii« ^es of s triangle the co-ardinateB of irbwe verticefi 
anv' = 2, y' = Si ar' = 4, y' = -Bi a^ = -8, ii' = - 6, the axes being rectangiJiir. 
Ant. Vee, V60, VIOG, 
Ex. 3. Find die laigtha of Ihe odea of a triangle the co-ordinal«B of vrhose verUcaa 
aie the same as in the lost example, the axes being-lndiued at an aagle of 60°. 

Ant. V62, V67, V161. 

■* 7. Given ihe co-ordinates of two points, xy, x'y", to ^nd the 
co-ordinates qfthe point cutting the line joining than, in a given 
ratio m : n. 
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Let r,phe the co-ordinatea of the ptnut B wluch we seek to 
determine, then 
ra:ni'pR:RQ::MS:SN, 

t'-x:x-.x', I **^' 

or nw! - mi* = JUf' - na;, 
heace 

mx' -t itr' 
m + tt 
In like maiuier 
»>/ + V 
" " m + n ' 

K the line were to be cat extemaSy in the given ratio, we should 
have 

m:n::a!-«':*-a!', 
and therefore 

muf - nx' mtt - n^ 

X => , y «■ — ^ —. 

m~n " m - n 

We can Buffii^entlj distinguiBh the caseB of internal and external 

section, if we agree that to cut a line in the ratio m;-^n shall 

denote to cut it internally/ in a certiun ratio ; and that to cat in the 

ratio m : - n shall denote to cut it externally in the same ratio : 

for the formube for external section are obt^ed from those for 

internal section hy chan^ng the sign of either m or r. 

Ex. 1. To find fhe co-ordiaate* of tlw middla point of the line Joli^ the pi^iita 

2 2 

Ex. 2. To find the co-oidinatea ot the middle poinU of the ddea of the tiitngle the 
«o-cT£iulesof wboM vertices ue (2, 8), (1,-5), (-8,-6). 

^" (•.-ft(i.-7}(-l..:l} 

Ex. 8. The line j(£cltig the points (2, S), (1, -6} la triiected: to find the co-oidi- 
nUea ol the want of tdsectlon neftrest the former poiot 8 1 

^". •--,..-3- 

£z. 4. The co-oidinites of the TerUces of ■ triangle bdng ry, x"y', ^y', to fiod 
the co-ordinatee of the point of triaactian (nmote &x>in the vertei) of the line jiHniag any 
vertex to the nnddle pwnt of the oppo^te aide. 
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Ex. 6. To find tbe co-onUii>Ces of the inteisectiaD of the biiectora of aidei of tha 
triuigle, tba oo-onKoBt** of nhose vertices are givan id Ei. 2. 

ratio m : n, and the line joiidng this to tbe 
find the co-ordinatee of tbe point ofsectton. 

8. Tyansfirmation of Co-ordinates When we know the co- 
ordinates of a, point referred to one pair of axes, it is frequently 
neceesaiy to find ite co-ordinates referred to another pair of axes. 
This operation is called the trans_formation tjf co-ordinates. 

"We shall consider three cases separately : first, we shall sup- 
pose the origin changed, hut the new axes parallel to the old ; 
secondly, we shall sup- 
pose the direction of 
the axes changed, but 
the origin to remain 
unaltered ; and thirdly, 
we shall examine the 
case when both origin 
and direction of the 
axes are altered. 

First. Let the new 
axes be parallel to tbe old. 

Let Qx, Oy, be the old axes, OX, OT, the new axes. Let 
the co-ordinates of the new ori^n referred to the old be ar", y", or 
OS = x, OR = y'. Let the old co-ordinates be x, y, the new 
X, Y, then we have jjfc 

OM = OK + RM, and'pM = PN + NM, 
that is, 

ar = «' + X, and i/ = y' + Y. 

These formulte are, eridently, equally true, whether the axes 
be oblique or rectangular. 

9. Next, let the direction of the axes be changed, while the 
ori^ is unaltered. 

( I .) We shall commence with the case where both systems are 
rectangular, and we ehall denote by fl the angle icOX « 3?0Y. 
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Then PM-PS+NR; OM-OR-SN. 

Bat eonce the angle 

SPN = aOX = e, 
PS = PN cosfl, NR = ON sine; 
0R = ONcose, SN-PNeind. 
We have, therefore, 

y = TcoBfl + Xsmff, 
x= Xcoae-Teinff. 
(2.) In general let the angles between the axes be any what- 
ever. In the figure then PS, PN are drawn parallel to Oy, OY, 
and NS to Ox. Then, as before, 

PM = P5 + NR. 
We have no longer PS - PN cos SPN, «inee PSN is not sup- 
posed a right angle ; but 

PS : PN : : einPNS (= emyO:r) : sinPSN (- eiayOx) ; 
PN sin YOx 



.PS = 



and 



nyOar 



NR : ON : 



: sinxOX : «n NRO (■ sinyO*), 

„„ ON sin«OX 
. NR = 



Hence 



sin^OiT 
y sinxOy = Y ainaiOY + X anvrOX. 
From symmetry we can write down 

X ainyOj; = X sinyOX + Y sinyOY. 
In using these formulae, however, attention must be paid to 
the signs of the angles concerned in them. 

The sign + is to be used when the angles xOg, jrOY, aOX, 
are all measured on the same side of Ox ; and yOx, yOX, yOY, 
fm the same side of Oy. 

In the caae represented in the figure, the angle yOY lies on 
the opposite side of Oy from the angles ^Ox and yOX, and the 
formula would become 

X sinyOiB = X sinyOX - Y ainyOY. 
It will often be convenient to write these formulte as follows : 
let the angle between the old axes yO^ " tn- let the angle that 
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the new axis of X makes with the old, XOa; ■ a ; let Y0« " ^ : 

then the formulfe become 

y eintu = X fona + T tan^ 

X einw - X 8in(«t - a) + Y Bin{cn - /3). 

10. Lastly, by combining the transformationB of the two pre- 
ceding article we can find the co-ordinates of a point referred to 
two new axes in any position whatever. "We first find the co- 
ordinates (by Art. 8) referred to a pair of axes through the new 
origin parallel to the old axee, and then (by Art. 9) we can find 
the co-ordinates referred to the required axes. 

The general expressions are obviously obtained by adding a: 
and y to the values for x and y g^ven in the last article. 

Ex. 1. The co-ordinates of a pcdnt latiBfy the Telation X* + y* ~ ix ~ ^s = 18 ; 
what will this become if the origin be tranaformed to Uie point (2, B)? 

A»i. XI + T« = 81. 

Ex*. 2. Tlie co-OTdiuitcs of a point to one set of rectsngnlar axes utiEff tbc relation 
yi - X* = 6 : nbat wQl tbis t>ecome if tranafbrmed to axes bisecting the angles between 
the given axes ? Ant. XY = 3. 

Ex.3. Tranaftmn the eqaaliDn !z>-6t:y + !y< = 4 from axes inclined to each other 
at an angle of 60% to the right Unea which blMct the anglea between the given, axes. 
Asi. Xt - 27Y' + 12 = 0, 
Ex. 4. TmnefbRn the same equation to lectangolar axes, rettuning the old axis of x. 

An: 8X' + iOT> - 7XVV8 = 6. 
Ex. 6. It is evident that when we change bom one eet of rectangular axes to another, 
z* 4 yi must = X' -)- T', since both express the square of the distance of a pcjnt tuna the 
origin. Verify ibis by sqasriog and adding the expies^ons fi)r X and T in Art 9. 

Ex. 6. Verify in like mauner in general that 

2" + y* + aiy coaiOjf = X" + T" + 2XT coeXOT. 

1 1 . The degree of any equation between the co-ordinates U not 
aitered by transformation of co-ordinates. 

Transformation cannot inCT-caic the degree of the equation: 
for if the highest terms in ^le given equation be af, y", &c., those 
in the transformed equation will be 

(a:'8in(i> + a!sin(w-a)+y8in(u-/3)l", (y'sinw + a; sina + yBin^)", 
&c., which evidently cannot contain powere of a; or y above the 
m"" degree. Neither can transformation diminish the degree of 
an equation, since by transforming the transformed equation back 
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Qgain to the old axes, we most &II bftck on the original equation, 
and if the firat transfbrmation had diminished the degree of the 
eqnatioB, the Becond ehoold increase it, coDtnu7 to what has been 
just proved. 

12. Polar Co-ordinates. — Bedde the method of expreeaing 
the position of a point which we hare hitherto made use of^ there 
ia alBO another which is often em- 
ployed. P 

If we were ^ven a fixed point 
O, and a fixed line through it, OB, 
it is evident that we should know 
the position of any point, P, if we 
knew the length OP, and also the 

angle POB. The line OP ie called the radiua vector ; the fixed 
point is called th.e pole ; and this method is called the method of 
polar co'ordinates. 

It is very easy, being given the x and t/ co-ordinates of a 
point, to find its polar ones, or 
vice versd. 

First, let the fixed line coin- 
dde with t^e axis of x, then 
we have 

OP:PM::sinPMO:einPOM; 
denoting OP by p, POM by B, 
and YOX by w ; then 

PM or y -■ t^. and similarly. OM - a> - P ™(''' - "). 

For the more ordinary caseofrectangularco-ordinatee, b»-90' 
and we have amply .^ 

x = p cosO and y •• p sind. 
Secondly. Let the fixed line 
OB not coincide with the axis of 
X, but make with it an angle = a, 
then 

POB = fl and POM = - a, 
and we have only to substitute fl-i 





a fbrdintheprecedinfr formulw. 
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For rectangular co-on^Dates we have 

x = p coa(fl - a) and y = p Mn((f - a). 

Ex. 1. Change to polar co-onlinates, the following equations la 



MtaDgaUi CI 






M2S = 



AnM. 



e1 - yt = al. 

£x. 3. CbsDge lo rectangular oo-ordinatra tbe foUowing eqiutloiu in polar co-ordi- 
natM. f/'aiaW^ioK Ant. xg = at. 

pt == a> CO* 20. Am. (i» + yi)* = a«(ii - j*). 

p» cos 19 = a*. Aiu. #« + y» = (2a-ir)i. 

pi = a* cos le. ^M. (2a» + 2j» - a»)' = o>(i» + j»). . 

13. To express the distance between two points, in terms of their 

polar co-ordinates. - / Q 

Let P and Q be the two points, 

OP = p', POB-e-; 

OQ-p', QOB = r; 

liien ** 

PQ» - OP" + 0Q» - 20P 6q ■ cos POQ, 
or 8" - p^ + p"" ~ Zp'p'coBiff'- (0- 



CHAPTER II. 



TBB RIGHT LINE. 

1 4 . Wb saw, in the last chapter, that we could determine the 
portion of a point, being given two equations regarding its co- 
ordinates, of the form X'=-a, y "b. It b evident that we could 
equally determine the point, had we been g^ven any two equa- 
tions of the first d^ree between its co-ordinates, such as 

Aa: + By + C = 0, A'« + Fy + C = 0, 
for we have Jiere two equations between two unknown quanti- 
ties, which we can solve by eliminating y and x alternately between 
them, and obtwi two results of the form 



x~ a, y "b 
Ex. What point ia denoted by the aqoation* 



» + 6^*18, ■4«-y = a? 
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15. Two equatioiu of higher order between tlie oo^wdiiutes 
would represent, not <me, but a determinate number of points. 
For, eliminating y between the equations, we obtun an equation 
containing x only ; let its roots be ai, at, oi, &o. Now, if we sub* 
Btitute any of these values (a,) for x in the original equations, we 
get two equations in y, vfiadi must have a common root (since 
ihe result of elimination between the equations is rendered ■■ 
by the supposition x ■• a,). Let this common root be y — J3|- 
Then the p<nnt whose coordinates are x — an y - (i,, will at once 
BatisfjT both the g>ven equations ; and so, in like manner, will the 
point whose co-ordinates are x => at, y " f3t, &c. 

If the given equations were of the m" and rf* degrees respeo- 
tively, the equation in x would (by the theory of elimination, see 
LatTffix's Algebra, § 196, p. 278 ; Young's Alffebra, i 124, p. 229) 
> be of the na^ degree, imd conaequentiy there would be nut roots 
di, O], &c,, and, tiierefore, ma p<nnts represented by the two 
equations. 

Ex. 1. Wbit points ire rapieieiited hy (1m two eqnitiaii* j:*-)-ji> = t, xji^it 
Eliodnktiiig y beCwMti the eqiutioDi, weget x^-fiz'-fisO. Tha rnoU of lhf« 
tqnation ue z*= 1 and z* == 4, and, tbenfiire, the Ibu TaloM of x an 

Sobatitating 007 of Ihew In tli« Hcood «quatl<xi, we abuin the wneapoading vkluM 

7ho two ^Tcn eqnatioDB, therefore, nprraeat the fimr poiuti 

C+i, + a), C-1.-2). t+ ». + !). (-2.-1)- 

Ex. 2. What pmnta are deooted b; the eqnadcsis 

*-y = l, «» + jr» = a6? A,^ (*, B), (- ^ - 4). 

Ex. 8. Whit pointa an denotod by the eqnaticHU 
''-6* + y-l-8 = 0, i« + y«-6ir-ey + 6 = 0? A». (1, 1), (3,B), (B,8),(4, 1). ' 

16. Having seen that any ttco equations between the coordi- 
nates represent geometrically one or more points, we proceed to 
inquire the geometrical signification of a single equation between 
the co-onHoatea. We shall find the case to be similar to the so- 
lution of a class of geometrical problems, with which the learner 
is familiar. We can determine a triangle, being given the t»se 
aud any other two conditions, but had we been ^ven only one 
other condition, the vertex, though no longer determined in posi- 
tion, would still be limited to a certiun locus. So we shall find, 
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that although ODe equation between the two co-ordinates is not 
suffident to determine a point, it is, however, sufficient to Umit it 
to a certain locus. In fact, the equation aeserte, that a certain 
relation subsists between the co-ordinates of everj point repre- 
sented by it. Now, although this relation will not in general 
eub^t between the co-ordinates of any point taken at random, 
yet there will be more points thtai one for which this relation kHI 
be true ; the assemblt^e of these points will form a locus of points 
whose co-ordinates satisfy the equation, and this locus is consi- 
dered the geometrical signification of the given equation. 

That a ungle equation between the co-ordinates signifies a 
locus, we shall first illustrate by the Amplest example. Let us 
recall the construction by which 
(p. 2) we determined the posi- 
tion of a point from the two 
equations x = a, y = b. We 
took OM = a ; we drew MK 
parallel to OY ; and then, mea- 
suring MP=6, we foundP,the " 
point required. Had we been 
given a different value of y, 
X ^a, i/-=b', we should proceed 
as before, and we should find a point P still situated on the line 
MK, but at a different distance fix)m M. Lastly, if the value of 
y were left wholly indeterminate, and we were merely pven the 
single equation at >= a, we should know that the point P was m- 
tuated somewhere on the line MK, but its poaition in that line 
would not be determined. Hence the line MK is the locus of all 
the points represented by the equation x = a, since, whatever point 
we take on the line MK, the x of that point will always = a. 

17. In general, if we were given an equation of any degree 
between the co-ordinates, let us assume for x any value we please 
(x = a), and the equation will enable us to determine a finite 
DiunberofTalueaof ^answering to this particular value of;i!, and, 
consequently, the equation will be satisfied for each of the points 
(p, q, r, &c.), whose'x is the assumed value, and whose y is that 
found from the equation. Again, assume for x any other value 
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(ai ^ a), and we find, in like manner, another series of pcnnta, 
p', q", r', whose co-ordinates satiBiy the equation. Soagain, if we 
aseume je = a" or ar = a™, &c. Now, if jk take BuccessiTely all pos- 
^ble values, the aasem- I I I l 

blage of points foond / Jill - ^ 

aa above will form a 
locos, every point of 
which satisfies the con- 
ditions of the equation, / \ 
and which is, therefore, ' 

ita geometrical signifi- 

cation. "We see then 

that every equation we 

can write down between 

the co-ordinates x and y must represent geometrically a locus of 

Bome kind. It is on this consideration that the whole sdence of 

Analytic Geometry is founded. 

18. It is the business of Analytic Geometry t« investigate 
the nature of the different loci represented by different equations. 
Then, having once ascerttuned the locus represented by a given 
equation (for example, Ajs + By + C = 0), if we find this relation 
subsisting between the co-ordinates of any point, we shall be sure 
that this point lies on the locua so determined, and, vice verta, if 
we take any point on the locus, we shall know that this relation 
will exist between its co-ordinates. 

These loci are classified according to the degrees of the equa- 
tions representing them, being said to be of the m'*, a*, or p'', 
&c., degree, according as the equations representing them are of 
the m"", »■*, or jfi' degree between x and y. 

We commence with the equation of the first degree, and we 
shall find that this always represents a right line, and, conversely, 
that the equation of a right line is always of the first degree. 

19. We have already (Art. 16) examined the simplest case of 
an equation of the first degree, namely, the equation x = a, and 
we found that an equationof this form represents a right line PM 
parallel to the axis OY, and meeting the axis OX at a distance 
from the origin OM = to a. Similarly, the equation i; = b repre- 
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sente a line FN parallel to the axis OX, and meetiiig the axU 
OY at a distance from the ori^n ON > b. 

Let as now proceed t« examine the case next in order of dm- 
plicity, that of a right line pasBing through the ori^n, and let us 
consider what relation sub^ta between the oo-ordinateB of points 
^tuated on such a line. 

If we take any point P on Y 

such a linC) we see that both 
the co-ordinates PM, CM, 
will vary in length, but that 
tiie nrfto'PM : OM will be 
constant, being - to the ratio 

sin POM: sin MPO. 

Hence we see, that the equa- 
tion 

em POM 
'"sin MPO*' 

will be eatiafied for erery - 
point of the line OP, and, 
therefore, tins equation is siud to be the equation of the line OP. 
Conversely, if we were asked what locus was represented by 
the equation 

y=nMr, 

write the equation in the form - >= m, and the question is, *' to 

find the locus of a point P, such that, if we draw PM, PN parallel 
to two fixed lines, the ratio PM ; PN may be constant." Now 
this locus evidently is a right line OP, passing through O, the 
point of intersection of the two fixed lines, and dividbg the angle 
between them in such a manner that 

sin POM = « sin PON. 
If the axes be rectangular, sin PON ■= cos POM, therefore, 
m ■ tan POM, and the equation p = mx represents a right line 
pas^g through the origin, and making an angle witii the axis of 
X, whose tangent is m. 

20. An equation of the form y -^ mx will denote a line OP, 



.A.Ocli^lC 



TBB BIOBT LIHI. 



15 



ritnated in the angles YOX, Y'OX'. On the contrtry, an equa- 
tion of the form y '•-mx will denote a line OP, otuated in the 
angles Y'OX, YOX'. 

For it appears, from the equation y - + flu, that whenever « 
is poeitiTe y will be pontive, and whenever x ia negative y will be 
negative. Points, therelbre, represented by thia equation, must 
liave their coordinates either both poutive or both negative, and 
such pointB we saw (Art. 4) lie only in the angles YOX, Y'OX'. 
On the contrary, in order to satisfy the equation y ~- mx, if « be 
potdtive y must be negative, and if j; be negative y must be po«- 
tive. Points, therefore, satisfying this equation, will have their 
co-ordinates of different signs, and must, therefbie (Art. 4), lie in 
the wigles Y'OX, YOX'. 

21. Let UB now exa- 
mine how to represent a 
right line PQ, mtnated in 
any maimer with regard to 
the azes. 

Draw OB through the 
oii^ parallel to PQ, and 
let the ordinate PM meet 
OK in B. Now it is plain 
(as in Art. 19), that the 

ratio BM : OM will be always constant (RM alwaya equal, aup- 
pose, to m . OM) ; but the ordinate PM differs from BM by the 
constant length PR = OQ, which we shall call b. Hence we may 
write down the equation 

PM - BM + PB, or PM - m . OM + PB, 

that is, 

y — mx + b. 

The equation, therefore, y = wu: + A, b«ng aatiafied by every 
point of the line PQ, is scud to be the equation of that line. 

It appears from the last Article, that m will be positive or 
negative according as OR, parallel to the right line PQ, lies in 
the angle YOX, or Y'OX. And, agwn, b will be poative or 
negative according as the point Q, in which the line meets OY, 
lies above or below the origin. 
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Conversely, the equatioo ymx + b will always denote a right 
line ; for the equation can be put into the form 



Now, since if we draw the line QT parallel to OM, TM will be 
= b, and PT therefore = y - 6, the question becomes : " To find 
the locua of a point, euch that, if we draw PT parallel to OY to 
meet the fixed line QT, PT may be to QT in a constant ratio ;" 
and this locus evidently is the right line PQ passing through Q. 
The most general equation of the first degree. Am + By + C = 0, 
can obviously be reduced to the form y = mx + b, since it is equi- 
valent to AC 

this equation therefore always represents a right line. 

' 22. From tie last Articles we are able to ascertain the geo- 
metrical meaning of the constants in the equation of a right line. 
If the right line represented by the equation y = mx ^- b make an 
angle k a with the axis of as, and = /3 with the axis of y, then 
(Art. 19) ana 

and if the axes be rectangular, m ^ tana. 

We saw (Art. 21) that b is the intercept which the line cuts 
off on the axis of ^. 

If the equation be given in the general form A* + By + C = 0, 
we can reduce it, as in the last Article, to the form y = mx + b, 
and we find that A sin a 

" B" mp' 
or if the axes be rectangular » tan a ; and that - ^ ^ ^^ length 
of the intercept made by the line on the axis of y. 

Cor. — The Uoes y = wia: + 6, y = m'se + b' will be parallel to 

each other if m = m', since then they will both make the same 

angle with the axis. Similarly the lines Aa + By + C = 0, 

A'a? + B'y + C = 0, will be parallel if 

A A' 

B° B' 
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Beside the forma A* + By + C - and y - mx + b, there are 
two other forms in which the equation of a right line is fiequently 
used ; these we next proceed to lay before the reader. 

23. Tojind the lengths of the iiUereeptt which the luu MN, 
whose equation is Aa -f By + C « 0, cuts off on the axes. 

We found in the last 
Article the length of one 
of these intercepta, by 
comporiiig the present 
equation with the equnr 
tiony = »u! + ft. We pre- 
fer, howeTer, in the pre- 
sent Article, to inTeeti- 
gate the same question 
directly, by the help of 
an important principle 
already alluded to (Art. 
18). The co-ordinates oi every point of the line MN must of 
course satisfy the given equation, therefore so must the co-ordi- 
nates of the point M, where this line meets the axis of «. Now 
for every point on the axis of ar, y = (Art. 3), therefore, for the 
point M, the equation ^ves Ax + C = 0, but the x of the point 
M ia the intercept OM, whose length is required ; therefore, 
C 
A' 

Similarly, ^.^ _ C 

Hence it is easy to find the equation of a line which shall cut 
off intercepts on the axes, OM ■= a and ON " b. 
The general equation' of a right line is 

As + By + C = 0, or ^ + ^y + 1 - ; 

but -* J_ * H 5 — * 

C^'OM^'c'C^'ON""*' 

therefore, the equation of the right line required is 

X y , 
- +•; = 1. 



0M = - 
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Tliia is the equation of the Tight line in terms <ifthe intercepts it 
cttta off on the axes. It CTideatly holds whether the axes be ob- 
lique or rectangul&r. 

It is pl^n that the position of the line will vary with the 
signs of the quantities a and b. For example, the given equation 

- + ^ = 1, which cuta off positive intercepts on both axes, repie- 
sentA the line MN on the preceding figure ; 

— r = 1> cutting off a positive intercept on the axis of «, and a 
negative intercept on the aaia of y, represents MN'. 

^milarlv, y x , . „-tt, 

■' ^ — =1 represents NM ; 

and X V -mBiiT. 

- + "- = — \ represents M si . 

The student will find no difficulty in examining fiir himself 
how changes in the signs of A, B, or C affect the position of the 
line represented by the general equation 
Aar + Bi/ + C = 0. 

Ex. 1. Examine the poaitEon of the following lioes, and £nd the Intercepts they make 
on the axes. 2i - By = 7 ; Bx + iy + 9 = j 

Bi -f 2y = 6; Ay-hx = SO. 

Ex. S. The odes of a triangle being taken for axes, form the eqnatloii of the line 
joining the points which cut off the m** pait of each, and show, bf Art. 22, that it is 



24. If we suppose A = in the general equation, the inter- 
cept - -^ made by the line on the axis of x becomes infinite. 

Hence the line B?/ + C = cuts the axis of je at an infinite distance, 

or, in other words, is parallel to it. Thia agrees with Art. 16. 

The distance from the origin at which this parallel meets the 

axis of ^ (Art. 22), is - p- If> therefore, C = 0, this distance will 

vanish, and the equation y ■= represents the axis of ar itself. 

Similarly, Ax + C = denotes a Hue parallel to the axis ofy, 
and x = (i the axis of yitself. 
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23. To exprest the eqvatum <^a right lint m temu of the length 
of tke perpeiidieular on it Jrom the origin, and of the a^letiohick 
this perpendicular malte* with the axet. 

Let the length of the perpendicular OP ■= p, the angle POM 
which it makes with the axis of z » oj 
P0N = /3, 0M = <<, 0N = 6. 

We saw (Art. 23) that the equa- 
tion of the right line MN was 

a b 
Multiply this equation bj p, and we 
have p p 

But-=co8a; ^ = cos /3; therefore the equation of the line u 
«coBa + yco8p=/>. 

Id rectangular co-ordinates, which we shall most generally 
use, we have /3 = 90° - a- Hence, d:cosa + ^Gina>=7>ie the 
equation, referred to rectangular co-ordinates, of a line, the per- 
pendicular on which from the origin makes an angle = a with the 
&UB of :i-, and is in length »^. 

If we had been given the equation of a right line in the gen^ 
lal form Aj! + Bt/ + C - 0, it is easy to reduce it to the form 
«co8a + yaioa = p; for, divide the first by V{A* + B»), and we 
have A B C 

^(A' + B^/ "^ V(A' + B'/ "^ V(A' + B') " °- 

But we may take 

A , B . 

— -r-r- — -rj, •= COS o, auQ , , . , — T5T: B sm O, 
V(A' + B') VCA' + B") 

since the sum of squares of these two quantities - I. 
A ^ B 



Hence we learn, that - 



T and - 



tively the cosine and sine of the angle which the perpendicular 
from the origin on the line (Aa + By + C = 0) makes with the 

. ■ J — n^ is the length of this perpendicular. 



uis ofx, and that 
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The square root in these values is, of course, susceptible of a 
double »gD ; since the equation may be reduced to ^tber of the 
forms 
j!OO8a+ycoa^-^ = 0, jrco8(o + 180'') + ycoB(/3+ 180°) +^ = 0. 

• 26. To reduce the equation As + Sy + C = (re/erred to 
oblique co-ordinates'), to the Jbrm x cos a + y cos ji •= p- 

Let us suppose that the given equation when multiplied by a 
certain fector K ia reduced to the required form, then RA =■ coa a, 
KB = cos fi. Bat it can easily be proved that, if a and ^ be any^ 
two angles whose sum is (u, we shall have 

cos* a + cos' ^ - 2 cos a cos J3 cos w = sin' at. 
Hence R'( A' + B' - 2AB cos w) = sin' w, 

and the equation reduced to the required form is 
A sin (o B bin (o 

V (A'+B^2AB cos w)' ^ V(A'+B'-2ABcosa.)^ 
Cs iiio > 
"^ */(A'+B'-2ABco8a.) " 
And we learn that 

A sin (ti B sin, to 

V.(A'+B'-2ABcosw)' V(A'+B'"-2ABcosw)' 
are respectively the cosines of the angles that the perpendicular 
from the origin on the line Ax + By + C = 0, makes with the 

axes of X and y ; and that ,/ k% — Hi — yXR i ^ *^® length of 

this perpendicular. This length may be more easily calculated 
by dividing the double area of the triangle NOM, (ON.OM sintu) 
by the length of MN, expressions for which are easily found. 

27- To find the length of the perpendicular from any point x't^, 
<m the line whose equation is x cos a + y cos ^ - p = 0. 

We shall show that it ia found by substituting the co-ordinates 
«'. y» for X and y in the given equation, and is equal to 

± (x' cos a + y cos j3 - p). 
For, from the given point Q draw QR parallel to the given line, 
and QS perpendicular. Then 

OK - *', Mid OT will be - a:'co8fl. 
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SQK = /3,andQK = y'. 
Itence 

j/ cos O + y COB 3 - OR. 
Subtract OP the perpendicular 
from the origin, and 
jii'coBa + y'cos^ -^ a PBo the 
perpendicular QV. Q. E. D. 

But if in the fignre the point Q had been taken on the ride of 
the line next the origin, we should have obtfuned for the perpen- 
dicular the exprrasioD ^ - of cob a -ycos^; and we see that the 
perpendicular changes sign as we pass from one tide of the line to 
the other. It is arbitrarj on which side of the line we shall re- 
gard the perpendicular as positive. If we choose that form to 
represent the perpendicular in which the absolute t«rm is pori- 
tive, then it is easy to see that the perpendiculars which &11 on 
the side of the line next the origin are to be regarded as positive, 
and those on the other side as negative ; and vice vend if we choose 
the other form. 

If the equation of the line had been given in the form 
Ax + By + C = 0, we have only to reduce it to the -form 

X cos O + y COB j3 - J* = 0, 
and the length of the perpendicular from any point x't/. 

A x' + By + C ( Aj/ 4 By' + C) sin m 

^ V(A'4B') ''"■;'(A» + B'-2ABcos<.,)' 

according as the axes are rectangular or oblique. By comparing 
the expression for the perpendicular from x'j/' with that for the 
perpendicular from the origin, we see that x'j/ lies on the same 
side of the lioe as the origin when Ax' + By' + C has the same 
agn as C, and vice versa. 

The condition that any point jfi/ should be on the right line 
AiE + By + C = 0, is, of course, that the co-ordinates x'i/ should 
Batisfy the given equation, or 

Aa^ + By'+C-O. 
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And the present ArtJcle shows that this condition is merel; the 
slgebrucal statement of the fact, that the perpendicidar from the 
point x'y on the given line is = 0. 

Ex. 1. Find tbe length of the perpendicular ftma the origin od the line 
ar + 4y + 20 = 0, 
axes b«Dg ncCangnlar. Aru. 1. 

Ex. 2. Find the Imgth of the perpen^colu from the pdnt (2, S) onSz -{-y — 4a 0. 

Am. -j: : and the given point ie on the nde remote from the origin. 

Ex. 3. Find the length of the perpendicular from (8, — 4) on Iz 4 Sy - 7, the uigts 

between the Axes beins €l)°. . S .... 

Am. - : and tne pamt le on tn« side next the ongin. 

Ex. 4. Rnd the length of the perpendicolar from the origin on 

o(j--a) + 60-5) = 0. Am. -^(af + b'). 

28. Tojind the equation of a right line passing through a given 
point ary. 

The general equation of a right line, we have seen, can be put 
under the form y = mx + b, where m and b are as yet unknown, 
and are to he determined by any conditionB we are given respects 
ing the line. Now suppose a point on the line given, the equa^ 
tion y = WW! + i, which is true for every point on the line, must 
be true for the point afy. Hence we get the condition y = ma! + b. 
As we are given no other condition, we are not able to determine 
both the unknown quantities m and b, but by means of this con- 
dition we can determine one of them, b = */ - vai. Substituting 
this value in the general equation, we get 
y = mx + y - mx, 
or y - y = m(a: - a:'), 

fbr the equation of a right line passing through the point afi/. 
m remains indeterminate, as it ought, since an infinite niunber of 
lines can be drawn through the point x'y. 

29. To ^nd the equation of a right line passing through two 
giv^i points, x'l/, ^'y"- 

The condition that the right line must pass through a second 
point will now enable us to determine the constant m which wae 
left indeterminate in the last Article. 

By the last Artide the ecjuation of a right line through x'y is 
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But dnce the line must also pws through the point cy, this 
equation must be satisfied when the co-ordinates x", y", are aubati- 
tuted lor X and v ; hence 

a!" -x' 
Substituting this value of m, the equation of the line becomes 

y-. v' ^ y"-y 

a: - a^ x" - x'' 

In this form the equation can be eauly rranembered, but, 
clearing it of fractions, we obtun it in a form which is sometimes 
more convenient, 

(/ - /)a: - (a;' - aOy + *'/ - y''"*' - 0- 

Cor. — The equation of the Une joining the point ify'totke 
origin is y'x = x'y. 

It will sometimes happen that we can write down, without 
calculation, the equation of the line joining two points. If we 
happen to know beforehand that the co-ordinates of both points 
are connected by the relations 

Aa^ + By + C = and Ajr" + B/ + C ■= 0, 
then it is evident that the equation of the line joining them is 
Aa; + By + C = 0, for it b the equation of a right line, and is 
satisfied by the co-ordinates of both points. 

Ex. 1. Form dieeqcatloiu of theiidea ofBtriAiigle,theca-DrdIiut«s of whoMTsrtlaa 
m (2, 1), (a, - 2), (- 4,-1). An: g* + y = 7, « + 7j + 11 = 0, 8, - * - 1. 

Ex. 3. Fiad the len^fttis of the perpeadicnlan from each vertex of this triangle ootlw 
itipoBite Bide. Ani. SV3, VIO, 2ViO, and the origin is within fjie triangle. 

Ex. S. Fonn tbe eqnatioua of th« Bidea of the triangle formed by 
(2, 8), (4, - 6), (- 8, - 6). Ant. 4l + y = ll, *-7y = 8fl, 9«-B)C»8. 

Ex. 4. Form the eqnatuni of the line joining the piiliiti 




-jp'.^ + a'jr'-y/oO. 
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Ex. 9- Tonn the eqiutioiu of Qm btnetora of the Met of the triaogla dMccibel In 
Ei. 8. ^iw. 5i - By = ai i 17j - 8j = 26 ; Tjt + 9y + 17 E 0. 

Ex. 7. Form the equation of the line joining 

l^-muT y ^wy- Ii!-»x- I j-ny' 
l~m ' l-m l-n ' "l - » ' 

^«.*{ic— -y+K— o?'+-c'— vt-yW"— y+'-C"-'x+»(i-"y} 

= Ky*' - ^y") + "OV - I y-) + -/(yV - y'^-). 

30. Tojindtheconditioathat three points shall lie m ow riff ht 
line. 

We found (in Art. 29) the equation of tbe line joining two of 
them, and we have only to see if the co-ordinatea ofthe third will 
saUsfy thia equation. 

The condition, therefore, is 

d/i - yO^ - (^» - ab)y. + (x,!f2 - a^i) = 0, 
which can be put into the more symmetrical form, 

yi (a^ - Xi) + ya (aij - x,) + t/,(xi - Xi) = 0.* 

31. Tojindthe^rea ofthe triangle formed by three points; 
If we multiply the length of the line joining two ofthe pointa, 

by the perpendicular on that line from the third point, we ahall 
have double the area. Now the length of the perpendicular from 
Xi^s OQ the line joining x,y„ x^y,, the ases being rectangular, is 
(Art. 27) 

(yi ~yi)x3~ (x, - Xt)y, + jTiy, - x^i 

^^ l(yi - y^)' + (i^i - ^if) ' 

and the denominator of thia faction ia the length of the line join- 
ing x^„ x^3, hence 

yi (a;. - Xi) + y, (a;, - x,) + y^ (a:, - a;^) 
represents double the area formed by the three points. 

If the axes be oblique, it will be found on repeating the in- 
vestigation with the formulffi for oblique axes, that the only change 
that will occur is that the expression just given is to be multipUed 
by sin v. 

* In uung this uid other aimilii formates, which we ehall afterwards 
have occa^on to employ, the learaer must be careful to take the co-ordi- 
natea in a, flxed order (see engra^ng). For instance, in the 
ber ofthe fonnnla jnat given yi taliea the place ofyi, xa o( z,. 
Then, in Ihe third member, we advance ftom yj to yj, from ^ to 
bom «] to 4!i, tbrayB proceeding in til* ord«' joet Indicated. 
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Cos. 1. — Double tlis area of the triangle formed hj the linee 
joining the points x^i, x^t to the origin, is yia^ - jr*«i, as I4>peara 
hy making or, = 0, y, ■ 0, in the preceding formula. 

Cor. 2. — The condition that three points should be on one 
right line, when interpreted geometrically, asserte that the area 
of tbe triangle formed by the three points becomes •• 0. 

32. To eapreaa the area of a polygon m term* of the co-ordi- 
nates t^iti anffvlar points. 

Take any point xy vitlun the polygon, and connect it with all 

, the vertices x^i, as^t, . . . x„y^ ; then evidently the area of the 

polygon is the smn of the areas of all the triangles into whidi the 

figure is thus divided. But by the last Article double these areas 

are respectively 

« (yi - yO - y (*'-*») + '^i ?>-*• J" 

* (y" - y») - y (^ - i^) + ^y« - '.y» 

* (yi - yO - y (*» - *») + '^y^ - *'y» 



a'(s'.-i-y.)-y(*«-i-*-)+*^'y»-*«y"-'» 

^(yn-yi)-y («» - Xi) + x, yi - x, y.. 
When we add these together, the parts which multiply x and y 
vanish, as they evidently ought to do, since the value of the total 
area must be independent of the manner in which we divide it 
into triangles ; and we have for double the area 
(x,yt ~ Xtyi) + (x^yz - x,yi) ■+ (i,*/* - «,y») + ■ ■ ■ (x,y, - ir,y,). 
This may be otherwise written, 

"i (y. - y-) + ^ (y* - y.) + «, (y, - y,) + ■ . . », (y. - y^i), 
or else 

ff. (ic» - a-,) + y, (Xi - x.) + y, (x, - x,) + ■ ■ ■ y, (ar^, - x,). 

Ex.1. Find the area of the triangle (3, 1), (8, - 2), (- 4, - 1). Ant.Hl. 

Ej£. 2. Find the uea of the triangle (S, 8), (4, - 6), {- 8, - 6> .Atu. 29. 

Ex. 8. Find the area of the gnadrilateral (I, 1), (2, 8), (3, 8), (1, 1). An: 4. 

33. Tojind the co-ordinates of the point qf inter tection of two 
right linei whose equatums are given. 

Each equation expresses a relation whidi must be satisfied by 
the co-ordinates of the point required j we find its co-ordinates. 
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therefore, by eolving for the two imknown quantitiei x and y, 
firom ihe two given equations. Let tke eqaatdona be ^ven in the 
most general form, 

Air + By + C - 0, * A'a; 4 By + C = 0, 

*v -11 u r A EC' - B'C , AC - A'C 

then X will be loimd - -. ,., — irx"" andy~ ^vv, — . tj,. 

We said (Art. 14) that the position of a point was deter- 
mined, being ^ven two equatiojia between ita co-ordinates. The 
reader will now perceive that each equation repreeenta a locus on 
which the point muet lie, and that the point ia the int«reection of, 
the two loci represented by the equatione. Even the simplest 
equations to represent a point, viz., x^ a,y=-h, are the equatione 
of two parallels to the axes of co-ordinates, the intersection of 
which is the required point. * 

The reader will also now understand why two equations of 
the first degree only represent one point, and why two equations 
of higher degree represent Aore points than one (Art. 15). In the 
first case each equation represents a right line, and two right lines 
can only intersect in one point. In the more general case, the 
loci represented by the equations are curves of higher dimensions, 
which will intersect each other in more points than one. 

34 . Tojind the condition that three riffht lines shall meet in a 
point. 

Let their equations be 
Aa; + By + C = 0, A'a; 4 Fy + C = 0, A"* + B^ + C = 0. 
If they intersect, the co-ordinates of the intersection of two of 
them must satisfy the third equation ; and using the values found 
in the last article, we get, for the required condition, 

A'(BC' - B'C) + B"(CA' - C'A) + C"(AB' - BA") - 0, 
which may be also written in either of the forms 

A (B'C" - B-C^) + B (C'A" - C"A') + C (A'B' - A'B') = 0, 
A (B'C - B'C) 4 A' (B"C - BC") + A''(BC' - B'C) = 0. 

Ex. 1. To find the co-ordinsteB of the verticea af the trisDgle the equotioas of whoee 
■Ides ate * + y = aiiir-3y = 4;8ir+6y+7 = 0. 
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Ex. S. To find the co-M^natw ofthe toteneetlcat ol 



B* + y-i 


1 = 0: 


i*+sy 






= 0. 
1,3). 








i» + Sf = 


= 13; 


5x-,^ 


= 7i «-■ 


(f + 10 = 


0. 
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Ex. 5. FiodtheiDUracdimuof opposite ndei of ths HUM qa>diiUl«T«I Mid the eqna- 

lioD ottkelmej<Hiiiiig tbem. 



Aiu. They meet In ibe print (3, 9), 
Ex. 4. ItndthB co-ordloaln rf the veiticeas xod th« equtka of tb* dkgouli, of 
the qwulrilatera] the eqiutioiu of irtioae udes are 

3y-3x<=10,'2y + z«6, l&c - l(1y - 88, i3«+I4r + SO ■■ 0. 

""■ (-'.i)("'l}(f-i} (-'■!)' "-'-'■ "+"*'-•■ 

lea of the HUM qnadiiUlenJ Mid the eqna- 

r'}(-T'^)^ '»'-""-"••■ 

Ex. ^. Find the dUgoDAlg (^the pacalldogruii ftirniedbj X'O, f o', y »>, |i —b'. 
Ant. (b-b')r-(a-a')9 = ab~-b-i {fc - fc) « + (a - a") f = "* - "'*'■ 

Ex. 7. Tlie un (rf co-orduialea bdng the baae of a trikngle and the l>ii«cbir of tba 
baie, form the equadoni of the two blwcton of eidei, and find (he co-ord]natee of thdr 
iutenectiOD. Let the co-ordinates of the vertex be 0, y', thoae of the base angles a^, { 

Ant. 3i's-p'*-i-y' = 0i &r'y + y'»-ry = Ol l0,| L 

Ex. a Theeqaatiooa ofthe udeaotaquAdnlalecalare 



Snd the co-oidinatee of the intersectloiu of opposite tiAt» and of the middle ptdnt of the 
line joining thran. JL i ^, y.^ ^^ 

A«. {^istm '^<-t±^'}\ ("«■(*+*') w>jjot 

I 6a' - o*' ' ab-ab \' \ db' ^TT" a f - a*) ) ' 

Ex. 0. Find the equation of the line joining the middle points of the diagonals of tile 
same qnadiiUlerai. 8j 2y 

"■ o - o' S - *■ ~ 

Ex. 10. Teril^ that the co-oTdinates of the middle pcdnt (bond in Ex. 8 satisiy this 
eqtiatioa. 

/ • 35. Tofnd the area qftke triangle formed by the three linet 
Ar + Bj + C = 0, AV + B'y + C = 0, A'ar + B"y + C - 0. 

We find the oo-ordinatefl of the vei-tices by Art. 33, and sub- 
etituting in the formulaof Art. 31, we obtain for the double area 
the expreaaiou 
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BC' - BC f ACT - C'A' 
AB'-BA' IB'A"- A-B"' 
B'C" - B"C' / AT - C"A 



f A"C 
L B"A 




A'B"- B'A" I B"A - A"B " 
B-'C-BC f AC - CA ' _ -^ ^„ 
"^ A"B - B"A l BA' - AB' B'A" - A'B"J 
But if we reduce to a common deitoimiiator, and obseire tbat the 
numerator of the fraction between the first brackets is 

{A'XBC - B'C) + A (B'C" - B"C') + A'(B"C - C"B)} 
multiplied by A" ; and that the unmeratore of the fi-actione between 
the second and third brackets are the same quantity multiphed 
respectively by A and A', we get for the double area the ex- 
pression 

1 A (B'C" - B"C') + A'(B"C - BC") + A"(BC' - B'C))' 

(AB' - BA') (A'B" ~ B'A") (A'B - B'A) 

I If the three liaes meet in a point, this expression for the area 

vanishes (Art. 34) ; if any two of them are parallel, it becomes 

infinite (Art. 22). -^ 

N. 36. Gioen the equations qf two rtff At lines, to Jind the equation 

"^ qfa third through their point qf intersection. 

The method of solving thia question, which will first occur to 
the reader, is to obtain the co-ortUnates of the point of intersetv 
tion by Art. 33, and then to substitute these values for x'l/ in the 
equation of Art. 28, viz., y - y •= m(x ~ x). The question, how- 
ever, admite of an easier solution by the help of the following 
important principle : ^ S = 0, S = 0, be the equations qfany two 
loci, then the locus represented by the equation S + AS' = (where 
k is any constant) passes through every point common to the two 
given lod. For it is plain that any co-ordinates which satisfy the 
equation S = 0, and also satisfy the equation S' = 0, must likewise 
satisfy the equation S + kS ■= 0. 
Thus, then, the equation 

(Aa; + Bf/ + C) + A (A'a: + B'j- + C) = 0, 
which is obviously the equation of a right line, denotes one pastong 
tlirough the intersection of the right lines 

Aa; + By + C = 0, Ax + By + C = 0, 
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toT if the co-ordmateB of the point oommon to tlicm both be Bub- 
Btituted in the equation (A* + By + C) + i (A'« + Ky + C) - 0, 
they fvill satisfy it, since they make each member of the equation 
separately = 0. 

Bx. 1. To find the eqnatton of tfaa line joining to the Mtgia tha l af wc U on «l 

Az + By -I- G ° 0, A'« + Fy ■»■ C B 0. 

Haltiply Uw fUtt bj C7, tbaBSGoodbjC, andiiibtnctiUdtlwMimtiMiaflhanqi^td 

line ia<^AC'-A'C)« + (BC-CB')y=iO; forU puM thnmgti tba origin (An. IS), 

md by the preeent ulicle It puna tbronf^ Iht intanecUtm of the glVM Usat. 

Kx. 3. To find the equtiim of tba ttn* dnwn Unoagh the Intenwdm nf the wme 
Imea, paraUd lo the uie of {«: ^u (BA' - AB^ V + CA' - AC - 0. 

Ex. 3. To find the eqaation of the line Jcdning the intowetioa of tha nine linn to 
the point ifjf. Writing dovn b^ thia aiticle the gcmenl equttaa of a line throng tha 
inteaedjcoi of the givm Unea, we deteradoa h fTMU Iha oonsdanUm that it mnat ba 
aatiafiad b j the ctModinatea xy, and find for tha raqoired aqtutlOB 

(ii! + By + C) (AV + ffy' + C) - (Aa' + By + C) (A'« + Fy + CO- 
Ex. 4. Find the equation of the line Jdolng the pdnt (2, 8) to tha IntcmctiDn of 
S* + 8y + 1 c 0, Sz ~ 4r = 6. 

' Aif. 11 (2« + Sy + 1) + 14 (S« - 4y - e) = ; or Blx - IBy = SB. 

37' The principle established in the last article gives U8 a test 
for three lines intersecting in the same point, oflen more conve- 
nient in practice than that ^ven in Art. 34. Three right lines toiU 
past through the tame point if their equations bang multiplied each 
by amf comtant quarOity, and added together, the nan it identically 
= : that is to say, if the following relation be true, no matter 
what X and y are — 

I (Ax + By + C) + m (A> + B'y + C) + n (A"« + Wy + C") - 0. 
For then those values of the co-ordinates which make the first 
two members severally — must also make the third = 0. 

Ex. 1. TbetliieebiBecto«<tf theddesof atrian^meetlnapoint. TheEreqaadona 
BIB (Art. 2S, Ex. S>— 

(y* + jT- ay ) a! - (ar- + ^ - 3^ )y + (j-y - /^ ) + (i^y- - y«' ) . 0. 
Gr+ y - 2/) * - (j-+ *■ - 2a*)y + (£"/- y^O + (ar-y - y^) = 0. 

(V + y" ~ 2r)' - (jf + j^' - 20y + c*y- y*") + <?ry- - yo= o. 

^d aiDce the tbree eqoationa when added together Tanisb identicmlly, the tuee repre- 
sented b; them meet in a pdnt. Its co-ordinates ue fbnnd (Art. ES) 

/ fjt *lt^ y + y' + y" \ 
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Ex. 2. Prore tbt tune thing, taking for ixca two bMm c^ tba tiiuigle wboM leugthi 

""""■ ^„. !f^?.,.o.%a-i.o,=-;.o. 

a b a b a b 

" 38. To Jind the co-ordinates of the intersection t^ftiw line 
joitdng the points sify', afy', with the right line Ax + By + C = 0. 
' We might solve this questioii by forming the equation of 
; the line joining the two points, and then detentuning, by Art. 
' 33, Its intersection with the given line. There is, however, 
! another method (which we shall frequently employ) of deter- 
mining the point in which the line joining two given points is 
met by a given locus. We know (Art, 7) that the co-ordinates 
of any point od the line joining the given points must be of the 
form 

inx"+ Tiaf mt/'-v ny' 

x=— , y-^ — ~^ ; 

m+n ' m+n 

and we may take ae our unknown quantity —, the ratio, namely, 

in which the line joining the points is cut by the ^ven locus, and 
we may determine this unknown quantity from the condition, 
that the co-ordinates just written shall satisfy the equation of 
the locus. Thus, in the present example we have 

m+n m+n 

hence 

m Ay + B y + C . 

n S^^TBy" + C ' 

and consequenUy the co-ordinates of the required pdnt are 
' (Aa:' + By' + C) j;" - (Aa;" + By" + C) af 

with a similar espression for y. This value for the ratio m : n 
might also have been deduced geometrically from the consider^. 
tion that the ratio in which the line joining /y\ x'Y is cut, is 
equal to the ratio of the perpendiculars from these pointe upon 
the given line ; but (Art. 27 ) these perpendiculars are 
Ax' + By'+C ,A;b" + B/ + C 
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The negative sign in the preceding v&lue uisefl from the Act 
that in the case of internal eection to which the poaitive sign of 
m:n corresponds (Art. 7). Uie perpendiculBis fall on opposite 
Gtdes of the given line, and must, therefore) be understood as 
having diiFerent dgns (Art. 27). t'f- ■ " 

ffa right Une cut the tides of a triangle BC, C A, AB, m the 
points LMN, then ^ 

BL . CM . AN : ^ 

CL.AM.BN""'- "7 

Let the co-ordinatee of the vertices be zy, Bl'y", x'"y"'i ^lea 

BL _ AaT+Bt/'+C . M 

CL" Aa!"' + By"+C' 

CM A/'+By+C V 

AM°""Aa/ + By + C ' 

AN Aar'+By + C 

BN'" Aa^' + ^"+C' 
and the truth of the theo- . 




' 39. To Jind the ratio in which the Une joining two points 
«i3/i, x^i, is cut by the line joining two other points x^„ «,y». 
The equation of this latter line ia (Art. 29) 

(yi - y«) a; - (a;> - ».) y + '>y* - M' " 0. 

Therefore by the last article 

™ „ _ ( y» - y« ) i^' - ("' - '"') yi + »»yt - g.y. 

"" (Vi- y*) '^-{pt- JT.) y, 4 le^t - x^x 
It is phdn (by Art. 31) that this is the ratio of the two triangles 
whose vertices are 

Ziyi) a;^3> x^to and a^^„ x^a Xiyi, 
as also is geometrically evident. 

If the lines connecting any assumed point with the vertices of 
a triangle meet the opposite sides BC, CA, AB, respectively, in 
D,E, F.then ' BD.CEAF 
• - CBAE-BF ""^ ^' 

Let the assumed point be x^yt, and the vertices £iy„ x^^, x^„ 
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then BD _ X, (y, - y.) + jb, (y. - y,) -» «« (gi - yQ 

CD X, (y« - y,) + jt, (y, - y,) + a:, (y, - y.)' 
CE ^ -t. (y. - y.) + a:, fy^ - yO + x^ (y, - y,) 
3E"a:,(y, -y.) + a;. (y* - y.) + a;, (y, - y,) ' 
AF ^ a;, (y. - y,) ■+ a;, ^, - y.) + a:, (y, ~ y.) 
BF Xi ^j - y,) + ar, (^4 - y^) + a;, (y, - y^) ' 

and the trnth of the theorem is eTident. 

40. To find the angle between two linei, tchoie equations wit A 
regard to rectangular co-ordinates are given. 

The angle between the lines le manifestly equal to the angle 
between the perpemHcukrs on the lines from the origin ; if there- 
fore these perpendicularB make with the axis of x the angles a, a, 
we have (Art. 25) 

'^"^ V(AhB ^)'^''" V( AhB-) = 
A' . , B' 

*^'" = v(A'hB"/'"'' ° v(A"4B'>y 

„ ... BA' - AB' 

Hence «^ (« " «^ - vW^WVCS^T^ ' 

. . AA + BB' 

,^. p ^ , ,, BA'-AB' 

and tnereiore tan (a - o ) = a A' T ttR' ' 

CoK. 1. — The two lines are parallet to each other when 

BA' - AB' = (Art. 22), ,'.■- * ■ '^ ' ' 

mnce then the angle between them vaniehes- 

CoR. 2. — The two Unes are perpendicular to each other when 

AA' + BB' = 0, 

unce then the tangent of the angle between them becomes infinite. 

If the equations of the lines had been ^ven in the form 

g = mx + b, y = m'x + b ; 

since the angle between the lines is the difference of the angles 

they make with the axis of x, and since (Art. 22) the tangents of 

these angles are m and m', it follows that the tangent of the re- 
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quired angle is ,;— — — -, ; that the lines are parallel if m ■■ m'; and 

r to each other if mm' + 1 ■= 0. ■ ' "" 1 4' "?■ -' 



Wo find the angle between two lines, the co-ordmatta heitig 
obUgae. 

We proceed aa in the last article, using tlte expresaoiu <^ 
Art. 26. - 

Annw 
"^^""^ V(A' + B'-2ABcoflw)' 
, A' un w 

" t/ (A' + B" - 2AB' coe w) ' 

•' B - A coe to . 

™'" " V(A' + B'-2ABco6w)' 

, B' - A' cofl w 

^^ ° V(A'' + B'»-2A'B'coai..y 

(BA'- AB')giDM 

V(A' + B' - 2AB coBw) v" (A'» + B'' - SA'B'coeu)* 

BB' + AA' - (AB' + A'B) cos^ 

V'(A»+B»-2ABco8u>)V(A'»+B''-2A'B'oo8w)' 



consequently, 



Hence 

8b(a-«') = 



Coe(a-a') = 



(BA'- AB')Biniu 



' AA' + BB' - (AB' + BA') cosw" 
Cor. 1.— The Imes are parallel if BA' - AB'. 
Cor. 2. — The lines are perpendicular to each other if 

AA' + BB' = ( AB' + BA') cos w. 
42. To Jind the equation of a line passing through a given 
point and making a given angle, ^, with a given line y ■ ntx + d 
(the axes qf co-ordinates being rectangular). 
■ Let the equation of the required line be 
y-y' = mXx - X-), 

and the formula of Art. 40, 

m ~ m' 

tan* = r. 

'^ 1 + mm 

enables ub to determine 

, m - tan^ 
1 + m tan ^' 
r 
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To find the equation of a right line pasting through a given 
point, and perpendicular to a given line, g = nuc + b. 

The condition that two lines should be perpendicular, htiag 
mm' — - 1, we have at once for the equation of the required per- 
pendicular 

It is ea87, from the above, to see that the equation of the p^P- 
pendicular from l^e point i^g' on the line Ax + By -<- C = is 
A - y-) = B (x - aO, 

that is to say, we interchange the coeffi(»ente of x and g, and 
alt^ the sign of one of them. . 

tX-fi -f^i'-^'> 

Ex. 1. To find the eqasflnis of the perpeadicolkn from each vertex on the oppodta 
tide, of the triangle (2, 1), (3, - 2), (- 4, - 1). 
The eqaatioiu of the sidea tie (Art. S9, Ex. 1) 

a + ry + 11 = 0, Sy - z = 1, fls + y = 7 j 
and the eqiwtlont tf the peipeDdiculan 

7i-y = 13, ar + y-7, 8y-a=l. 
The trianf^ ia coiiBeqnentIf light-augled. 

Ex. 2. To Ond ths eqnaUons of the perpendicnlan at the middle polnta «f the lidea 
of the »me triangle. The eo-oidiiuite» of the middle p<nnts'bdiig 



(-|-|)(-...),(|-1} 



Tlie perpendiculars . 

7«-y+2 = 0, Bx + g + S = 0, Sy-x + t = a, 

Sx. S. FiiA the eqaationi of the perpendicuIaiB from the 
(3, B), (4, - fi), {- B, - 6) (see Art. 29, Ex. B). 
An*. 7a+y= 17, 6i-f9y + 2B = 0, iE-4y = 21: interaecting 



B of the trian^ 

"' [29' ~ W f 

Ex. 4. Find ths eqoatioiu of the perpen^colara at ths middle pmoU of the adea <^ 
tlu ume triangle. 
Ant. 7« + y4 2 = 0, 6* + 9y+ 16 = 0, i;-4y = 7; intCTaecting in [ - — , - ^)- 

Ez. 6. To find ingoDeraltbeeqiiatioiu oftheperpendlcnlais &om thOTerticei {mth« 
opponte aidea ot a triangle the co-ordinatts of vhoae vertJcea are ^ven. 

An,, (a" - o* + (y- - sfly + (i^^ + vV) - C^'z" + y-y ) = o, 

(ir- ^^ )z ^ (y--^ y- )y + (l-y + yy ) - K*'-+ y"yO = 0, 
^^y -^■■)z + (i,- -y")y + («rv+s,-yO-(zV + yY) = 0. 
. By Art. W theae Iiii«s intwaect in a pdnt, unce the eqofttiamt addad together vanlah 
ldaBlicaIl]r. 
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Ex. 8. Knd tiM wpulkM «r,llia pctpwtdfcaltii «t ft> wmu pehw gf th» Jto rf 
a triangH and allow Utat tlii7 meet in a point 

(«■"-«■)«+ Cy--y')y/i(,-»-xi)/iO-'~y')-0. 

Ex. 7. TskiDg for aiea tba baM of a trlan^ and Uu perpM^calar on it l^oa lb* 
vtrtex, find the equations of Uu other two peipMidtcBlar^ and the co-ocdinatea of Ibeir 
intenectioii. Tlie co-oidiiiaHB of tlie vertex an now (0, y"), and of the ban inglea 

(*', o),c-:.r,o). 



i-(* - *■) + yy = 0, iC^ + O-Zyo. (o. y^} 



Ex. 6. Uong tlie lame axes, And tlw eqnaiiraa cfibi penMndicnlan at the midlk 
pdnta of eidee, and tlie oo-ordinaUa of tlielT Intanectloo. 

A«. 2(,-* + yV) = yl-.-i, 3 («> - rV) - «» - P. »'-''- ''■(^"' *^^^} 

43 . 7V> Jind the e^ualitm qf the btsector qf the angle between 
two lines, x cOBa + y fsina ~ p - 0, x COS^ + y f^^ - p' - 0. 

We find the eqnatioD of tbis line most unpl; by expreeaing 
algebraca]]; the property that the perpendiculars let fall from 
any point xy o^ the biaeotor on the two lines are equaL Thu 
immediately gives oa the eqoation ' ' " ^, 

«COBa + ymna -p- jbco8/3 + yedn/3 -p', ' '\'f " ' 

dnce each side of this equation denotes the length of one of those 
perpendiculars (Art. 27). 

The reader will remember (Art. 27) that the sign of the per- 
pendicular changes as we pass frcon one ude of a line to the 
other ; consequently the equation 

X cosa -•- y sina -p — - (x cob/3 + y mn/3 - p') 

denotes the bisector of the supplemental angle between the two 
lines. 

If the equations had been given in the form Ax -t- By -t- C - 0, 
A'jB * By -f C » 0, the equation of the pair of bisectors would be 

Aj; + By + C A'a + B'y + C 
V(A'+B') "* ^/(A'" + F') • 

If we choose that ugn which wiU make the two constant 
terms of the same sign, it follows from Art. 27 that we shall 
have the bisector of that angle in which the origin lies ; and if 
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we ^ve the coiutant terms opposite signs, we «hall harve the 
equ&iioD of the bisector of the supplemental angle. 



. Kednce the equation 



of the bisectors of the inglei between 
-90'}+yrfn{J(a + «>') + 90'} 



2<iPl(<> 



»■)' 
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Ex. S. ProTe that tbe tbree bisectora of the angles of ■ triangle i 
origin being uifwheie witbin tbe trimgle, tbeir equatbma are 

(xeo«a + y<dnfl-p)-C,coe^ + ,rin;3-p') = 0, j ^ ^, T "^ 
C.ooe^ + yrfn^-p')-(«oo.y4irriny-p-) = 0, / l.tT^ -VvJ^.' 

(icoiy + ^dnr -p-) - (acoao -fy ana -p ) = 0. I Ok. /./", 

Ex. 3. Find tluequaUoiM of tbe bisectora of the angles between 
8« + 4y - 9 = 0, 12« + 6y - B = 0. 

.Jiu. 7r - Sy + M = 0, 9i + 7y = 12. 

44. To find the polar equation of a right line (see Art. 12). 

Suppose we take, as our 
fixed axis, the perpendicular 
on the given line, then let OB 
be any radius vector drawn from 
the pole to the given line 

OR = p, HOP = e, 

but, plainly, 

ORcosfl = OP, 
hence, the equation is 
p CO8 = p. 
If the fixed axis make an angli 
equation is 




n with the perpendicular, tbe 



p cos (S - o) = p. 

This equation may also be obtained by transforming the equa- 
tion with regard to rectangular co-ordinatee, 

aco8o+ysina=/>. 
Bectangular co-ordinates are transformed to polar by writing for 
X, pcoed, and for^, f>«n0 (see Art. 12); hence the equation 

p (cos 6 cos a + sin ein a) ° ^ ; 
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or, as we got before, • 

p COB (9 - a) = p. 
An equation of the fonn 

p(Acoed+ B8ine)=,C 
can be (as in Art. 25) reduced to the form p cos (fi ■- a) - p, by 
dividing by v'(A' + S() ; we shall then have 

°°" - vw^y ^ ' " 7(AHBi)> P - 7CAprwy 

Ex. 1. Seduce to rectangalai co-ordiuitea tb« tqiuUoD , 

Ex. 3. Find the poUi co-OTdinatea of the intenecUoD of the (oflowing lines, tmd alM 
the sngle between than: pcosffl — -| = 2«, peoelo — — ] = o. 



Ex. 3. Und &M fdar eqnatian of Um line paaaiiig tliroii^ the point* whoea polu 
«M>Tdiiuit«e aie p',ff; p", B". 

Ant. pY rin(fl- - fl^ + fiP ■'■"(9" - *) + pp' »lnCe - r) = 0. 



CHAPTER III. 

BXAHPLES ON THE RIGHT LINE. 

45. Havikg in the last chapter laid down principles by which 
we are able to espresa algebraically the position of any point or 
right line, we proceed to g^ve some furtherexamples of the appli- 
cation of this method to the Bolution of geometrical problems. 
The learner should diligently exercise himself in working out 
such questions, until he has acquired quickness and readiness in 
the use of this method. The examples given in this chapter being 
introduced, not so much for their own sake, as to show how such 
questions may be solved algebraically, will often be such as admit 
of simpler geometrical solutions. It must not be supposed, how- 
ever, that because in these instances the geometrical method has 
the advantage, it is in all cases to be preferred. iWh method has 
its peculiar recommendations. If the geometrical solutions of some 
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questions are clearer imd more simple, the algebraical method 
proceeds with more uniformity, and reaches its end with greater 
certainty. It should be the student's lum to make himself master 
of both instruments of inveetigation, so as to be able to apply 
either, according as the nature of the subject demands. We shall 
give examples of some of the classes of problems which are of most 
frequent occurrence : the student who has mastered these will 
find no difficulty in applying the same method to any others that 
may preaeat themselves. 

46- Problems where it is required to prove that three lines meet 
in a point. 

It seems mmecessary to add any illustrationB to those given in 
the last chapter, on this subject. The process we pursue is as fol- 
lows : We form the equations of the three lines : it may then 
happen that we observe at once that the three equations vanish 
identically when added together (multiplied, it maybe, by suitable 
constants) : if this be the case, we know, by Art. 37, that the lines 
represented by the equations meet in a point. Otherwise, we 
find the co-ordinates of the interBecti(»i of two of them, and exa^ 
mine whether they satisfy the equation of the third; or else we 
apply to the equations the teat of Art. 34. 

In the solution of this and every other class of geometrical 
problems, our equations may generally be much simplified by a 
judicious choice of axes of co-ordinat«a : since, by choosing for 
axes two of the moat remarkable lines on the figure, several of 
out expressions will often be much shortened. On the other 
hand, it will sometimes happen that by choosing axes uncon- 
nected with the figure, the equations will gain in symmetry more 
than an equivalent for what they lose in amplicity. The reader 
may compare the two solutiona of the same question, given Ex. 
1 and 2, Art. 37, where, though the first solution is the longest, 
it has the advantage that the equation of one bisector being 
fi>rmed, those of the others can be written down without further 
calculation. 

Since expresrions containing angles become more complicated 
by the use of oblique co-ordinates, it will be generally advisable 
to use rectangular axes in any question in which the considera^ 
tion of angles is involved. 
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J'roblemt where it u required to prove ffuit three poiKtt He in 

me right line. 

It maj happen that we observe that, the co-ordiiiat«B of tvo 
of them being x'y', af'y", those of the third are of the form 
mx" + no! my" + n^ 
m+n * m+n ' 
in which case it is obvious, Art. 7, that the three points are in 
one right line. Otherwise we form the equation of the line 
joitung two of them, and examine whether it is satisfied by the 
co-ordinates of the third. 

47. Loci. — AoalTtic geometry adi^ts itself with peculiar 
readiness to the investJgatioa of loci. We have only to find 
what relation the conditions of the question assign between the 
co-ordinates of the point whose locus we seek, and then the state- 
ment of this relation in algebraical laognage gives us at once dte 
tqaation of die required locmi. 

Ex. 1, GtvenbaaSknddiSeniicecif aqnanirfridMof ablaii^ to And thabeiHof 

T«ke the bsM tot &xis of x, and a perpeodica- 
l>r throng one eitnmi^ A Ibr axil <£ y. Call 
, the leogtli of bus e, and l£t Uie co-ordiiutca cf 
Tertez 1w x, y. Tbea 

BC« = CB» + KB» = )(*^-{c-»)^ . 

AC« = .« + y*, A R M » 

tlierefon BC - AC* => <^ - Sex ; 

uid, putting this equal to a iMiiiatsnt, 

ca - ac* = m> 
Bthe eqnation of the locot of yertoz; bat this is (Ait. 16) the equation of a tina pai- 
peodicolBT to the base at a distance from the origin = — - — . SnbtracQng this from 
', the other s^meat will be — - — , and we essil; Teriiy that the tocos will cat tha 

base 10 that the diffBi«nc« of the sqnuee of ac^ments = the diflbnnce of (qiuma of tidw 
(Ent I. 47, Cor. i). 

B^L 2. Given base and som of sides of s triuigle, if the peipendicnlar be prodaced 
befoudlhe Tertez nntil its whole length ie eqnal to one of the sides, to find the locus of 
the eztmni^ of tlia peipendicotai. 

Take the same axes, and let as iDqaire what relation exists between the co^idinatM 
oF tlie point whose locus we are seeking. Thex of this point pUoly is AB,and the y is, 
by hjpotheds, = AC ; andlf niM thoglTeD snmof ^de*, 
BC = m-y. 
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Saw (Endld, a 18), 

BC>xAB> + ACt-2AB.AB; or, denoting AB by e, 
(« - y)" = c> + y" - 2Mi. 
Bedndng tlib eqoation, we get 

amy — !ei = in' - c», 
the eqiullon of a rlgbt line. 

Ex. 3. Given two Sxed lines, OA uid OB, if any line be drawn to intersect them 
panllel to a third fixed line, OC, C« find llie tocos of the point where AB is cat in & given 

We may here employ oblique axes, since angles are not 
concerned (Art. 46). Let ua take the fised line OA for 
axis of X, and the fixed line OC for axis of y, then the 
eqoatjon of OB must 1m of the form y = mx, and it is in- 
quired to find the locos of the pdnt P catting AB, so that 
AP may, for instance, = iiAB. O A 

Since the pc^t B lies on the line whose equation ia y = mx, we have 
AB=mOA, 
theretbre AP = nuiOA, 

but AP la the y of the point P, and OA ita z, therefore the locos of P is eipreased by the 
equation y = miu, 

and is, therefore, a right line through the point O. 

£][. i. Given bases and sum of areas of any namber irf triangles having a common 
vertex, to find its locus. 

Let the equaSons of the bases be 

*cosa + y8inrt-p = 0, icos^ + y MU;3 — pi = 0, 
icosy + ysiny — pjcO, &c 
and th^ lengths, a, fr, c, tic. ; and let the given sam = m* ; then, since (Art 27) 
zcoso + j/eina — p denotes the perpendicnlar &am the point icf on the diet Bne, 
a(jrcaBa 4-y sina —p) will t>e double the area of the liist trisngle, Sx., and tlie equa- 
tion of the locus will be 

fl(icosa + yBin«-p) + 6(icofli3 + yBto^-pi} + cCicosy+y^y-p,) + &e. = 2w>, 
which, dnee it contains a: and y only in the first d%iee, will represent a right line. 

Ex. 5, Two verticM of a triangle ABC move on fixed right lines LH, LF, and the 
three tides pass through three fixed points O, F, Q which lie on a right line ; find the 
locns of the third vertex. 

Take for axis of I the right line OP, 
containing the three fixed points, and for 
axis of y the line OL jiuning the inteisec- 
lion of the two fixed lines to the point O 
thiongh which the bate panes. Let the 
id let 



ofCb. 
0L = 6, 0M = o, 



0N = 
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* J,? 



H>- 



Tim dbykaulj tba eqwrtliio* or LH, LH ue 

Ths sqnatitnl of CP Ummgh *>' and P (y - 0, x « c) ii 
The co-otdinites of A, the intenectton of tUi Bne with 

" »(*■-«) + '*■' *' 6(*'-.) + "*- 
Theco-ordiiuteBof Buefbondbyihaply aoMtitiMliDBtbBletUniiillia^teedliigi 
aTCr--0 + aVy- H»'-Oy' 

" 6(«'-0 + ay ' *^ iC-O + oV 
Now the conditum that two point*, zjr,, ny„ ghall Be on a ri^ Bne pudnf Umogk 
the orif^ to (Art. SO) ^ = ^. 
Appljiing thto tondition -we have 

o» («■ - e) + a^' a* C** - O + « "V 
lU* bong a leladoD tlun whidi mnt alwaji be BitiaSed by the c»«iditi«Ui «y, tke 
equation at the loctu I* obtained bjc dmptjr ramoving the acocnta from sV ; and dsaiing 

effractions, we have 

(. - [.-s (. - .0 + .V,] . (.• - o [•! C« - + •»]. 
<"' -■'')' t».i, 

ihe eqoadon of a right line thnmgh the point L. 

Ex. 6. If in the lait example the potntaP, Q lie <ai a ri^t line pudng not tbnngh 
bat thrODglL L, Sad the lociu of Tertei. 

Take for axis of r the fine LP, and (or axis of y the line 
LO. Let LP = a, LQ = a', LO = t, and let the M 
rfLU, LN be y = Mf and y = iia'x. Ihe eqoation (^ CP 
Ihroo^ xy and (a, 0) is 

y'C*-i.)-C^- 
The co-ordinatee therafora at the point X nhtn tliia line i 







In like mannei the eo-ordlDatei of B are Xt = ~. rr . «» => - — — — — 

y'-Mi+oW " y-mV+aW 

W« must now express that the line joining theae points prtmnn throng 0. Sabstihila 

the co-cndinatea x k 0, y = t, in the eqnaUon of the line jtnning two ptdnta ^i, nyt 

(Art 29), and it becomea 

(*'-*,) 6 = /a'i-i'i%; or, ^iCy,-*) = ii,Oi-&). 
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EXAMPLES C 



I THE RIGHT LINE. 



SobUitnM in thl« the Tallies JDit obtained fDir„y„ zi, yi, and ckar of fnctioiw ; theeqna' 
tion becomes dividble hj y, ancl wB havB tot the relation to be aatiafied b7 the point x'y% 

• ((»■»•- •)» + »'»C"'-«OI -«■!(•»-»)» + -»(•-•)), 

the equation of t. Hght Hue. It passes (Art 86) throagh the intersection of tlwlinet 
fonnd by equating each side of the equation separately to 0. It will be foond that th«M 
tie the lines joining P and Q to the polata when a parallel to LQ throogh meets Uf, 
LN. 

48. It ia oflen conrenieDt, instead of expressing the condi- 
tions of the problem directly in temia of the co-ordinateB of the 
point whose locus we are seeking, to express them in the first in- 
stance in terms of some other lines of the figm:e ; we must then 
obt^n as many relations as are necessary in order to eliminate 
the indeterminate quantitiea thus introduced, so as to have re- 
maining a relation between the co-ordinates of the point whose 
locus ia sought. The follomng Examples will sufficiently illus- 
trate this method. 

"Ex. I. To End the locos of the noddle poltila of t«dAnglet[ inscribed in a givoi 
triangle. 

Let na take for axes CB and AB ; let CB = 
BR = *, AB = *'. The equations of AC and BC 



Now if we draw any line FS parallel to the base at a 
distance FE = k, and whose equation, therefore, ii 



we can find the absdssn of ths points F and 8, ii 

which the line FS meets AC and BC, by substjtutiog in the equadoas of AC and BC 

this Tahie, y ^^k. Thns we get from the first equation 





/ 


K 




/ 


" 


K 


\ 


A 


k: 


R 


L B 



= l.-.«orKB.- 



and from the second equation 



Haring the abedane of F and S, we hare (by Art 7) the absdssit of the middle point of 
FS,TiE., i = lyi ,1 1 - - I This is evidently the alwdssB of the middle pdnt of tho 
rectan^ Bnt Its ordinate Is y = - . Now we want to find a lelatioa which win 
snbsist between this ordinale and abselsM wbaterer il be. We Iutv only then to dlml- 
nate I between these equations, by snbstitBting hi the flirt the Talne of i (= iy), derived 
ftom tbe second, irtien we have / 2y\ 
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TUaiathe eqiution oTtha locttt which w« Mtk. It lArloatj npnmaU ft i)|^ 11m, 
mdif irs examme the inteicqita whkh it enls cdT on tha azca v« ibkll find It to ba tte 
Hnejoining the middle point of tin prnpendicnlaT CB to ll» ndddla {mint df the ben. 

Ex. S. A'paralM is dnim to the baae ol > trian^^ uid peipandicnlen to the dim 
occted at its extremities, find the tocu of tbair intersection. 

Take the same axes u in Ex. 1. Then the line FQ, vhieh ii ■ pwpeodleolM to tb* 
lineAcf^--, = ll through th« point F|-t'[ 1--\<| bMlteiUeqaatton 

In Hke manner, the eqnatioQ (^ SQ is 

Kow mice tlie p<dnt vhoae lociu we are seeing lies on both the Hum FQ, SQ, Mdi of tU 

cqoatioiiB just written aipressa a nlatlDn which mart be latirfed bj its co-onUnalea. 
SttQ, once th«sa equationa involve t, they expreai idaUoni which aie only tma for that 
particolai point of tha lacns which correqKinds to the ctso where tbo paralkl FS is drawn 
at a height i above tbe base. It, however, between the eqnationB, we dlminate the Inde- 
terminala A, we shall obtun a relation involving only the co-ordinal«a and known qaan- 
titice, and which, dnce it must be ratiefied whatever b« the podtioD of tbe penUel FS, 
^ be (he Rquiied equation of the locus. 

In nder, then, to eliminate A betwem the equations, put them into the form 

p p ^ \» p'j 

8« l-'. + i.Jl^LY 
* p p \» p'/ 
and (Jiminating, we have fin tha equation of the locus, 

but Qiis is evidently the equation of aright line, shice > and y are only In tha first d^;t«e, 
led it will be foondthat it passes thronghthevotex of the given tziangle, fortheM-ordl- 
ialeaofthevBrloi« = 0, y = p, will wtjriy the equation. It also paawB (Art B6) throngh 
the Intersection of the lines formed by equaling each side ot the eqoMion s^iarately to 
1- It win be found that theee are the lines drawn at the extianities of the base perpen- 
^cilar to the conlermlnons tides. 

Bx. 3. A line is drawn ptmllal to the base of a tTiao^ and the pohits where it 
ixeete tbe sides Joined tosny two fixed pcdnts on tbe base; to find the locus of the p<dat 
°f interaectltm ot the joiniog tines. 

Ve Shan preserve the same axes, be, $s in Ex. 3, and let the co-ordhiatee of tha 
■UedpointB,TandT, onthebase, beA>rT(a>, 0),andfiirT(ii, 0). 
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The'eqoitlon of FT wiD be fbnnd to be 



fatting the eqnatioiu into the form 



{■■('-J)"}'*'-'"''- 

m of the locQj 



»nd ST (,_,),_»( 

and, flUTnlnatlng j(, we get for the eqnfttion of the locuj 

Bnt this Uthe eqiullon of 1 light liiw, since i and y m« Milj' In the fint di^ne. 

Ex. 4. A line ia dnwn panDel to the b*s« of s triune, and il« extmnldee Jdned 
tnnsverself to thoee of the base; to find the loou of tike point of intanedioii of tb« 
jdoing lines. 

This ia s particnlBi ease of the foregoing, bnt admita of a Blmple solution by choo^ng 
for axee the aided of the triangla AC and CB. Let the lengths of those lines l>e a, t, and 
let the lengths of tho piopoitioQal intenx^ts mads l>7 the panDel be jia, nh. Then tfas 
eqnatiaiii of the tcanivenalj will be 

' + ■^ = 1 and— + J=1. 

Snbtract oat from the other i divide t^ the constant 1 — , and ire gat fiir tho eqaation 
ofthelocni t * — (1 

which wa hare dwithenfbtmd (eeep, 80) tobeUiseqnatioDofthelriseetorof thebaae 
of the triangle. 

Ex. 6. If OD the base of a tdangle we take any portion AT, and on the other aide of 
the base anotbei portion BS, in a fixed caUa ia AT, and di»w FT and F3 parallsl to a. 
fixed line CE, to find the locos of 0, the point of int«raection of EB and FA. 

Take CB for axis of y; .let AT = 1, BB - >, ^ 

AB = i', CB = p, let the fixed ntiobem, thenB 
win = ni*i Uie «o-oidinat«a of S win be (« - mJ[, 0), /\'^\..F 

MldofT{-(.'-i),OJ. ' ' ^ 

The oidinatce of E and F will be fonnd by anb- 
ttitntdng these values of « in the eqnations of AC and i rn — ^ — 
Ba We get Ira 

and for 

F, IS*-™*, y = ^^. 
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Now fonn the eqaationi of tlie tniamB Hon, and the eqiutiiio itf EB b 

and tlie eqfiulion of AF if 



-'"^(?*f)"(=^-?)-». 



whkhla the «qiutioiiof srij^tllne. 

Ex. 6. PPaod QQ'tm u>y tiro p«n>lld« to thi iUn id a 
the locna of the intenection of the linea PQ Biid F'Q'. 

Let na take two of the sides fbionruM^ and let . ^^ 

tbelmgths oftheeidegbeaaiidft, aDdletAQ' = ii, / / 

AP=n. Thentheeqnatioiiaf PQ, joiiifaigP(D, !<} / / 

toQC«,iJie </ / 

C6--),-»y + »« = 0, P/-y 

arkl the (qnadon of FQ' joining F(o, ■) to Q'(iii, 0) Jtq' d 

Then bdng teo indetennittMOj ■■ and ■, w« ahanld it flnt wppMe that it would 
not be pwmble to diminale them from fvo eqnaUoiu. Howerw, If we >M the abOT* 
equations, it will be foniid that both vanish together, and we get for oni locus 

ft*-oy = 0, 
the equation of the i'«c""»i of the panllelognun. 

Ex. 7. Giyen a point and two fixed linee : diaw anj two Unet thTOil(^ tbi fixed 
point, and jda transTenely the points where th^ meet the fixed lines, to find the locus 
of int«9ectioii of the tranirerBe lines. 

Take the fixed linea toi axes, and let the eqnatloM of the lines through (be fixed 
p(^t be 

The condition that these lines should pass throngh the fixed p«int >'y' give* n« 



Now the equations of the 



svene Uaes dearl? an 

i--. = 1, «id-^ + -=l; 
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How from tM» ud tbe equation jiut finmd ire em diiiiiii«t« 



(i-iO -(=-«• 



*V + s^* = 0, 

the eqiutko of a right line throngh tlie origin. 

Ex. S. Atanjpirintof Ihebaaeof a trisngleisdiAwnaliiMof givmlengtb, parallel 
to a given one, and eo aa to be bisected bj the baee : find the lociu of the intenecUon of 
the linea Joining ita extremitiea to those of the base. 

Ex. 9. The base of ■ triangle is gireQ, and the Bidea meet aflzedliaeAS parallel to 
the base in pcnnte C, D, anch that the ratio of AC: BD is given; find the locos of veitez- 

Ex. 10. Given the vertical an;^ <^a triangle and the sum of sidea, find t^ locna of 
tbe pidnt where the base ia cut in a ^ven rado. 

. Ex.11. Oiven two fixed points, A, B.toie on e«ch of the axea: if A'aBdB'betaken 
on the taea, so that OA' -<- OB' = OA + OB, find the locna of the intuwctton of AB', 
A'B. 

49. Problems where it is required to prove that a moveable 
right Une passes through a fixed point. 
We have Been (Art. 36) that the line 

Aj! + By + C + -E (A'a; + B'y + C) = s 
or, what is the eame thing, 

(A + iA') a! + (B + AB')y + C+ hC"- 0, 

where h is indeterminate, always passea through a fixed point, 
namely, the inteiBectJoa of the lines 

A* + By + C = 0, and A'« + B'y + C « 0. 
Hence, if the equation qfa right line contain an indeterminate 
quantity in the first d^ree, the right Une will alwayfpass through 
ajixed point. 

Ex. 1. Given vertical angle of a triangle and the anm of the ledprocals of the eidea; 
the base will always paea tbrongh a fixed point. 

Take the mdea Cor axes; the equation of the base is - -)- r = l^ uid we are ^ven the 



therefore, equation of base is 



where e is constant and a indetennloate, that is, 
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There -iaindstcrmiData. HaM* th* but most iliraj* p«« thno^ thilatanNllMaC 
the two Ena * - jr = 0, and jf a «. 

Ex. 8. <^TentlimBiedIiii«i,OA,OB,0<^ mettinginapi^t, [TtlMthMnrtkw 
of itriao^ move oDe'mcachof theM linM, and two Mt» of tha bian^ pum thiMuk 
bed pdnts, to proTe that the mnaining Me pawn thnm^ a fixed pi^t. 

Take for axes the fixed line* OA, OB, on which 
the lawe an^ea UUfvt, then th« line OC on whkb 
theveilex moves will have an eqaMiaii of the fmn 
•I = mx, and let the fixed ptrinta be r'f', xV*- N^ow, 
in any positiDn of the vertex, bt its co-ocdiiutes be / ji^ \ t^y' 

Hon gf AC is 

(x ^ u)y ~ (y- - «o)i + aCr' -■*■)- 0. O " B 

SimHady, tbeequatirai of BC i« (x" - a)y - ^'' - lui)* + a (y' - auO ~ <>- 

Now, the length of the Intmept OA b (bund I7 maUng i b In tqnttioa AC, w 




Similaiir, OB i« fooad bf making y = in BC, ta 

Hence, from these inteicepts, equation of AB it 

But once a is Indstemioate, and only In the fint degrae, this Use ahrajs panM throngfa 
a fixed ptont. Hie paiticnUr point is fomd ij amnging the eqnatiou in the fgnn 




ud 

Ex. S. If in (he last example the Una on idiich the vertex C movM do not ptM 

throng 0, to delecmins whether in anj* case the base win pass throned a fixed pcdiit. 

Te retain the sama axes and notation aa before, with the aify difibreoce that the 
equation of the Una on iddch C mov«a wmbey = mx-f a, and the co-ordlnatM of the 
vertex in anj podtioa wilt lie a, and ma + n. Then the aquation of AC in 

(/-<.)y-O---8-«)« + BO'-«*:)-«- = 0. 
II10 equation of BC is 

(«" - a), - Cr" - "W - »> + aCy- - mO - ■«' ■= 0. 
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Tfas aqiuUioii of AB ii therefbie 



a(y" -mx")-»x' aQi' ^ mx~) - nx' 

Now -wbtoi Ihia is cleared of fnctiona, it will in general coctain a id tlie secoDd decree, 
imd therefoce, Lhe base irill in gensra) not pass Uuoogh a fixed point ; if, hovmer, the 
pointi x'y, ^y", St in a rigU line (y = tx) patring through 0, we maj Bobstitata La the 
denominators y" = kx", and y' = ix, and the equation becomes 

which on^ oonUina a m tb jlrri dtgrti, and, thereiiare, denotes a right Una paunng 
throngh a fixed point. 

Ex. 4. If a line be such that Che aom of the perpendiculara let foil on it from Oi 
nnmbor of fixed points, each multiplied bjc aconsbml, ma7 = 0, It will pass throogb a 
fixed point. 

Let Uie equation of the line be 

then the perpendicnlar on it from I'y' is 

f ' cos a + y' laa a —pj 
»nd the conditions of tlia problem give us 

Bi'(*'cosa + y'Bna-p) + Bi"(i"coSB + y"stila— ii) + m'"(i'"cofla + y'"*inn - p) 

+ fcc, = 0, 
or, tudcg the abbreriations X (mx) for the sum* of the mr, that is, 

»V + mV + m" V + fta, 
and in like manner S (mg') for 

my + my + «■>" + &c,, 
and S(n) for the aom of them's oi 

m' + m" + «■" + fee. 
We maj write the preceding equation 

ZCmO COSH + 2C«y-)dna -pS(m) = 0. 
Substitnting in Uie oiiglnBl equation the value of p, hence obtjuned, we get for (he equa- 
tion of the moveable line 

x2(m) coao + y2(m) rina - S(m*') ooso - 2 («?■) ^a = 0, 
xS(m)-X(mx')+ (,2(«)-r(™y-)}tana = 0. 
Now as tMa equation involves the indeterminate tan a in the first degree, the lice 
passes through the fixed point deteimined by the equations 

xS(m)-'S(mx') = 0, and y2(») -S („),■) = 0, 
or, writing at full length, 

^ ^ m >• + w"g~ + nTx" + &c _ my + m'y" + »"y™ + ftc 

m' + «" + n"' + &o. " m' + m" + m" + fe. 

This point has sometimes been called the rtntre ofnuan ponA'on of the given point*. 

^ Bf earn we mean the algebraic mm, for any of the quanljtiea m', n", &c., may be 
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50. If the equation of an^ line inTolTe ilie co-oidin«tM of « 
certain point in the first degree, thus, 

(Ay + 3^"+ C):c + (AV+ B'y' + C)y +(AV+FV+ CT)- 0. 

Then if the point dr'^ move along a right line, the line whose 
equation has just been written will always pass through a fixed 
point. For, suppose the point always to lie on the Une 

W+My+N-O, 
then if, by the help of this relation, we eliminate J from the 
^ven equation, the indeterminate y* will remun in it of the first 
degree, therefore the line will pass through a fixed point. 

Or, agun, if the coefftderUt in the equation Ajb + By + C ■> 0, 
be connected by the relation aA + bB + eC " (wAere a, b, c an 
constant and A, B, C may vary) the Ime repretented by tkii equa~ 
lion will alwaya pass trough a fixed point. 

For by the help of the given relation we can eliminate C and 
wiite the equation 

(ca!-a)A + (cy-4)B = 0, 

a right line passing through the point (x~-, y - - ). 

51. Polar co-ordinates. — It is, in general, convenient to use 
this method, if the question be to find the locus of the extremities 
of lines drawn through a fixed point according to any given kw. 

Ex. 1. A and B are two Ozed ptdnta; draw throng B anj llns, and kt bll on It ft 
perpendicalaTfrDmA,AFj produce AP lO tliat tha lectangla AP ' AQ may Iw MauUnt i 
lo find the lociu of the point Q. 

Take A for the pole, and AB for the fixed axis, tlien AQ Q 

IB ODT radiiu vector, deaignated bj p, and the an^ QAB = 8, 
and oar otiject U to find the reUtion eiiating between p and 
8. Let US call tha constant length AB = t, and tram the 
ri(^angled triangle APB we have AP ^ e coe 0, hot AP - AQ 




but we have M«n (Art. 14) that this ia the equation of a right line peipendicolat lo AB, 
and at a distance from A = ~. 

£x. 2. QivBi 
I bed riglit lii< 



^cinzeaoyGOOQlC 




50 SXAHPLBS ON THE KISBT LINE. 

Taks the flz«d vertez A (or pole, »nd AP peipendieiilar 
to the fixed line far axis, then AC = p, CAP •= 0. Kow 
riace tbe uiglea of ABC are given, AB ii in a fixed ntio to 
AC(=)nAC) uidBAF<=«- a; bat AP = AB cei BAP g 
therefoie, if we call AF, a, we hsTS 

mpco8(9-a) = n, 
nUch (Alt. 44) i> the eqoallon of a right line, nuking an 
■ng^ a witli the ^Ten line, tmd at a iiirf""-^ Crom 



Ex. 8. QiTm base andsantofddeHOfa triangle, ifat either extramitj of the base B 
a parpeodicolai be erected to the conUrmiaona side BC : to find the locos of F the point - 
where it meet! the external bisector of vertical angle CP. 

Let ua tttke the point B fn our pole, tiiGD BP will be 
our radlDB vactoi p ; and let ns take the bue produced 
fbr onr fixed axia, then FBD = 6, and onr object is to 
express p in terms of 0. Let us designate the ddes and y""^ \ ^^'j? 

(^poaite angles of the triangle a,b,e,A, B, C, then 11 la ^y^ \y^ 

msj to see, that the angle BCP = 90° - iC, and turn J^ Q ]^ 

thetrionglePCB, that a = p tanJC. Hence f t is erideot, 

that if we could eiprese a and tan^C in terms of 0, we could expieaa p in terms of 6- 
Now from the triangle ABC we havo 




but if tlie f^Tan lom of sides be m, we mj^ sobsUtnle fbr A, m - 
= afaiS; lunce 

■•* — 3am + s* = <i> 4- e> - SovduS, 



Thus we have expreued a In terms of G and constants, and it 



e BinB = e oosfl; and 6 coaC = a- ccoeBi=a - 



We an now able to express pin terms of6,for, sobatitate inthaeqaatlwia = ptanlC 
the TaloM we have fonnd tbr aand tan^C, and we get 

«' — e* pccosfl »■ ~ ^ 

!(»-. .«»)■(,-■■• 9)' "'""" — ir- 

Eenc« the Iocib is a line perpendicular to the base of the tilangle at a distance from 

The student may exeidte himself with the correspanding locus, if CP had been tbe 
iattntal bisector, and if the digerentt of ^dcB had been g^Ttn. 
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Ex. 4> GiTen h fixed right iinea and kftxed point O; ifthioiij^ tlii) point anjiadiiii 
vector be dnwn meeting the right linea in the pointa r„ 1% Pg . . . . r., and 00 this a point 

E be taken each tiat ^ == yr- + n-, + ~r- + . . .: — -, to finl Uu locni at B 
UB vri ^'' Uri Or* 

Let the eqnationi of the right lines he 

peo.(9-o)=i.,; pco.C9-ffi=n.fte. 
Hence it is msy to we th«t tbe eqoation of the locui ti 

■ co»(fl-a) ^ coe(9-ffl ^ ^^ 
p Pi pt 

tlte equation of a right line (Ait. 44). Hue tlieomn i» onfy a pvttcnlai case of a gtmaral 
one which we ehall prove aftenraida. 



' CHAPTER IV. 



52. Wb have seen (Art. 36) that tiie line 

(x cosa + y sino - p) - A (a: cos^ + y sin/S - p) ■ 

denotes a hne parsing through the interBection of the lines 

X caaa + y ana - p » 0, « coa^ + y ffln^ - p' = 0. 

"We shall often find it conTenient to use abbreviatioDS for 
these quuitities. IJet ns call " 

X coBa + y ana - p, a: x cos^ + y anfi - p\ ^. 
'Dien the theorem just stated may be more briefly expressed, the 
equation a - k^^O, denotes a line passing through the intersec- 
tion of the two lines denoted by a = 0, /3 = 0. We shall for 
brevity call these the lines a, ^, and their point of intersection 
the point aj3. We shall, too, have occasion often to use abbre- 
Tiations for the equations of lines iu the form Ax + By + C = 0, 
We shall in these cases make use of Roman letters, reserving the 
letters of the Grreek alphabet to intimate t^t the equation is in 
the form 

X cosa + y fma -p = 0. 
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52 THE RIGHT LIHB — ABBIDGRD HOTATIOIT. 

53. We proceed to examine the meaning of the coefficient k 
in the equation a - i/3 = 0. We saw (Art. 27) 
that the quantity a (that is, x coaa + tf aaa - p) 
denoted the length of the perpendiciilar let &I1 &om 
any point xj/y on the line OA (which we suppose ^_ 
represented by a). Similarly, that /3 is the length ** 
of the perpendicular from the point xy, on the line OB, repre- 
sented by /3. Hence the equation 



-i/3 



.0, (o,^ = 4 



asserts, that if from any point of the locue represented by it, per- 
pendiculars be let &U on the lines OA, OB, the ratio of these 

PA 

perpendiculars, that is, p^, will be constant, and = k. Hence the 

tocns represented by a - i^ = is a right line through O, and 

PA ainPOA 

A-pgi ""^"BbPOB' 

It follows from the conventions concerning signs (Art. 27) that 
a + kp = denotes a right line dividing externally the. angle 

AOB into parts such that - . „„„ " k. It is of course aa- 
■^ smPOU 

sumed in what we have said that the perpendiculars PA, PB 
are those which we (^;ree to consider poMtive ; those on the op- 
posite sides of a, /3 being regarded as negative. 

64. The reader is probably already acquainted with the fol- 
lowing iundamental geometrical theorem : — " ^a pencil of four 
right lines meeting in a point O be intersected by any transverse 
right line in the four points A, P, P, B, then 

AP-PB 
the ratio „„ is constant, no matter how 

the transverse Hne be drawn." This ratio is 

called the anharmonic ratio of the pencil. In 

fiiot, let the perpendicular from O on the transverse line ■= p : 

then p ■ AP = OA . OP ■ sin AOP (both bemg double the area 

of the triangle AOP) ; p • P'B = OF ■ OB sinFOB; p ■ AF 

= OA-OP'»nAOF; p . PB = OP ■ OB ■ sinPOB; hence 
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TBS RIQHT LINB — ABRIDGED NOTATIOy. £3 

p«.APFB-OA OP OFOB-wnAOPrinFOB; 
^j'-APPB-OAOFOPOB-BinAOFemPOB; 

APFB eJpAOP-ainFOB 
AF - PB ■ Bin AOF • Mn POB ' 

but the latter is a constiiat quantity, indepesdent of the potdtirai 
of the tnmsreTBe line. 

65. If a - 1I3 - 0, a - if^ >■ 0, be the equatdons of two lines, 
then p will be the anharmonic ratio of the pencil fonned hj the 
four lines a, ^, a- k(i, a - ^(5, for 

ainAOP -, anAOF 

, sinPOB' *"sinFOB' 

A Bin AOP • ainFOB 

•"' k' ' flinAOF ■ sinPOB' 

but this is the anharmoDic ratio of the pencil. 

The pendl is a harmonic pencil whrai p = - 1, ibr then the 

angle AOB is divided internally and externally into parts whose 
ones are in the same ratio. Hence we have the important theo- 
rem, two lines whose equationt are a-kfimOya + k^" 0,Jvrm 
with a, /3 a harmonic pencil. 

66. Id genoitl the anharmonic ratio of four lines a ~ k^, 
a~i^, «-mj3) a-n/3, " /" ~ \7i ~ ty For let the pendl be 
cut by any parallel to /3 in the four . 
points K, L, M, N, and the ralio 

. Nli.MK „ , . at. .^. 

IB -j^ - - y. . But smce p baa the 

same value for each of these four 

points, theperpcndiculars&omthcBe O ? 

points on a are (by virtue of the equations of the lines) proper^ 
lional tok,l,m,ni and AK, AL, AM, AN, are evidently pro- 
portional to these perpendiculars ; hence NL is proportional to 
n-l; UK.iom-k; NMtott-m; andLEto/-'t. 



ciiiizedoy Google 




04 TBI KIOHT LIKE — ABRIDOSD NOTATIOIT. 

Ex. I. To •>}««» In tlua Dotctioi) the proof Uuttiiethneblaecton ofthean^ea of 
k triaoglB meet in ■ point. 

TheeqaadonaotthTeebiKctonare obrionelr (aeoArtB. 43, G8) 0-^ = 0,^-7-0, 
■f — a = 0, whtch, ftdded together, vmiah identicallj. 

Ex. 3. Any two of the extanulbiaectoia of the tnglM of s triangle meet on the tMrd 
internal bisector. 

Attending to the conveDtion about aJgnc, It Is eaij to na that the eqnaliona of two 
irrtjTiul tjaectors area + ^:=0, a + y:=0, and anbtractlng one from the other ire get 
— y = 0, the eqnaUon of tha third internal bisector. 

Bx. 8. The three peipendiculara of a triangle meet in a pdnL 

Let the anglea opposite to the tidea a, /3, y, be A, 6, C, respectiTel;. Then itince the 
perpendlcolar divides any angle of the triangle into parta, vbich aie the compIemenU of 
the rn mm'ning two anglea, therefore (by Att. fiS) Iheir eqaatione are 

acosA-/3GosB = 0, /3 ooaB ~.y coaC - 0, ycosC- a caaA = 0, 
which obrionaly meet in a point. 

Ex. 4. The three biaectora of the aides of a triangle meet In a ptnnt. 

The ratio of the perpendioulaxa on the rides from the point where the biaectof meetB 
haae plainly ia ainA : ainB. Hence the eqn^ons of the three biaectora ara 

a BinA - ainB = 0, /3 rinB - y ainC = 0, y dnC - a ainA = 0. 

Ex. G. To fbrm tlie equation of a perpendicular to tiie base of a tdangle at its ex- 
tHodtj. Aiu. (( + j3caaC = 0. 

Ex. 6. If there be two triangles anch that the perpeniiUcuIarsfiimi thsvertlcce of one 
on the aidea of the other meet in a point, then, nee verii, the perpendicolara from the 
vertices of the second on the udes of the firat will meet In a point. 

Let the aides be a, ^ y, a, p, y', and let na denote by (o^ the ao^ betweaa 
a and (3. 

Then the equation of the perpendicular 

fromnpony-ia a coat^y'>-^0M(ay') = 0, 

from ^ on o' ia /3 «iB(yo') - y Coef^O = 0, 

from ay on^'iaycosta^T)- acoB(y^^ = 0. 

The condition that these ahonld meet in a point la fbnnd by dinunatiDg p between Iba 

first two, and examining whether the resorting equation ccdncides with the tlurd. It ia 

co.(,«30 caiosrt ""(rO 7 "•(•■» «»(/»r) '»•(»'")■ 

Bnt the aymmetry of this equation ahowa that thia is Am the coniiUtion that the parpen- 
dicolarsfrom the vertices of the second triangle on the aidea of the first ahonld most in a 



67. The lines o - A|3 = 0, and Aa - /3 = 0, are pltunly such 
that one mates the same angle vntk the line a which the other 
makes with the line ^, and are therefore equally inclined to the 
bisector a- (3. 
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Ex. Htliron^ th« v«rtic«t of > trtugh tlirae be dnim »ay tliraa Iidm nuctiiig in * 
pi^t, the threa liim draifn thiongh the aame luglM, equllj Im-HnjH to the UKCton of 
tlie (nglo, will alBO meet in a point. 

Let the Bides of the trian^e be o, /3, ft "^^ ^ the eqactlons of tlu fint thne linn 
be 

la-MJi^O, m/3 - »7 >= 0, nj-la = 0, 

which, l^the principle of Art 86, are the equitiooa of three linai meeting In > point, and 

which obTionelj pws through the points a/3, py, end ya. Now, from thi« Article, ths 
eqaa&ma of the aecraid three lines will be 

whidi ^7 Art 36) most also meet in a point 

68. Given the equations of three right lines,^>rm.ing a triangle, 
L = 0, M = 0, N = 0, the equation tff every right Hne can be 
throvm into theftrm 11, + mM + nN ■= 0. 

LetL=Aa: + By + C, M=A> + By + C', N = A"jf + B"y + C", 
then in order to tlirow the equation of any fourth line 

ax + bj/ + c~ 
into the form Ih + mM + nN >• 0, we should have three equa- 
tions to determine three unknown quantitieB, namely, 
I A + m A' + n A" •= a, ffi + mB' + nB" =4, MI! + mC + nC" » c ; 

a (BV - B"C') ^- b (C'A" - A'C) + c ( A^"- B'A") 
whence / = ^ ^^.^., _ ^,^'^ ^ ^ ^^,^, _ ^^„^ ^ ^ (A'B"- B'A")' 

with corresponding valnes for m and n. It is plain (Art. 34) 
that ifthethree right lines L,M,'N meet in a point, the theorem 
of this article would not be true, since the values of I, m, n would 
then become infinite. We have used in this article equations of 
the form A;ir h- By + C = 0, because it was with regard to equa- 
tions in thb form that the condition for three lines meeting in a 
- point (Art. 34) was ^ven ; but had the equations been given in 
the form x cosa + y sin^ ? p, it would of coiuise be equally true 
titat tiie equation of any fourtii line can be thrown into the form 
io + m/3 + ny ■= 0. 

69. To write in the form, la + mji + By = the equation of the 
Uae Joining two gieeh points x'lj, sl'y". 

Let a denote the quantity*' cobb + y sina - p found by sub- 
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Btituting the co-ordinates «'y' in the equation a = 0, Sic. Then 
the condition that the co-ordinates w't/ shall satisfy the equation 
la + m^ + ny -0, may be written 

la + m^' +ny'=0. 
Similarly we have la + m/3" + n^" = 0. 

Solving for -, — , from these two equations, and substituting 

in the ^ven form, we obtain for the equation of the line joining 
the two points 

. m" - tW + p W' - /-') + 7 («/3- - .•« - 0. 

This article obnously proves, independently of the last ar^ 
tide, that the equation of every right line can be dirown into the 
form la + tn^ + ny = 0. 

Ex. 1. To fiudthe tqwitiaii oFtlisliiiejoiiilDg two pidiiU given bftheaqiutioiu 

(ia - /3 = 0, fa - y -= 0), (*a - 3 = 0, To - y - 0> 

FromthBfirat»rtcpfeqnatiiHi>, ^^ia, y = Ia'; from the second, j3" = *'o", y" = ra"; 

sabstitudDg these v*Iuw in the equation of thli aiticis, it becomes divlalble by a'a", and 

!t (Art 86) be oqwUe of bdng tlirawn into 

(ia -,/3) + A.(la - y) = 0, (k'a - /3) + X^ra - r) = 0- 
"nieeeeqnatioiuniaBtbe identity ; the coeffident of j3 li the Bune In tnth ; uideqiu- 
tjng ihe eoefficienti of a ind y ws gat 

i-K 



A=A=-- 



■nd BnbBlitating thia valne we get tbr the required line the ume equation u bdbre. 

Ex. 2. To fbnn the equation ofthelinejolning thaintenectlraiof theperpendicolan 
of a tliang^ to the intanection of the bincCon irf ^dea. 
Wo have (Art. 67, Ex. 9, 4) 

^ a'coaA , o'coeA a"sinA „_Q"»inA 

BubetitntiDg tlHee valnea, tlie eqaation becomes 

a iin2Adn(B - C) + /3 dn2B nDfC - A) + y dn!C rin(A - B) = 0. 

60- The following examples will turther illustrate the general 
principle, that being ^ven the equations of three lines, a =■ 0, 
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j3 _ 0, y <= 0, it is possible to express the equation of any other 
line in tenns of these. 

Ex. 1. To deduce uialTtieally the hamanic propertiei of a eompIiU qMdriUtenL 

Lettfaeeqii>lioDafACb«a = 0; of AB, ^ = ; of BD, y=ll;ot AI>,la-mp = l}; 

ind of BC, n^ - ar = 0. Tben irs an ■ble to 




of ill th« other linea of tLe figure. 
For iostance, the equttioD of CD i« 

fbr it ia the equation of a right line pwvng Umagh 

the interaectioa of la - tuff and y, that U, the 

point D, and of a aod m^ - ny, that is, the point 

C. Again, la - xy = Is the equation of OE, ^ 

for it paoea throvefa 07 or E, and it abo pane* 

tlTODgh the interaection of AD and EC, nnce it ii = (la -n/3) + (n^ — nf). 

EF joioa the point ay to the point (la — n^ + »y, P), and ita equation will be fboad 
to be fo + «Y = 0. 

From Alt. 65 it appean, that the foorUnea ZA, £0, EB, and £F, fonn an harmonic 
pendl, fi)r thoc equations have been diown to ba 

a = 0, y = 0, and la ±n-f = 0. 
AgMO, the equation of FO, which joins the prints (/a + ny, (^ and (In - Mi,3, Bi(3 - my), 
'' la- imp + ny = 0. 

Hence (Art 6fi) the four lioeaFBiFC, FO, andFB, are on barmonie pencil, for their 
eqnationaare 

la ~«^ + N7 = 0,^ = 0, *iiA la ~ m0 -i- ny ± mp = 0. 
Again, OC, 0E| OD, OF, are an hannonlc pendl, tai thdt eqaations are 
(a - m|3 = 0, mP-»y-0, and la -m0± (iM/3 - ny) = 0. 

Ex. S. To discuss the propeitles of the STStem of Hues formsd b; drawing throagh4b» 
aoglee of ■ triangle thne lince meeting in a point 

Let the equation of AB be y » ; >{ 

ofAC^=Oi otBCa-0; then we 
shall asanme for OC la- mp; for 
OA mj3 - ny ; and for OB ny - la 
(u in Alt. 67); these three lines 
meet in a point, since these three 
qoautities added together are = 0. 

Now we can fonn the equa 
of all the other lines in the figure. 

For example, the equation of EP 
" Bi/J + «7 - Za = 0, 

^ncB it passes Ihroogh the ptanta (j3, ny - fa) or E, tad (y, mp - la) 01 
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tmdofDE 

la + tap — ny = 0. 

Now w« caS pniTe, that the tlue* p^ti L, U, H ore all in one ligbt lioc^ nhose 
«!"<''" i* la + m^ + «7 = 0. 

fitt Uiis lino pasflcflthrongh the points ((a + Bi^- By, 7)orN', (la ~ m^ + n-/, f^otlS, 
•nd (iB|3 + By - la, o) Or L. 

The eqnatian of CN id la + mp=li, 

tor this i> eridenllj' a line through (a, /^ or C, aod it also paasea through N, dnce it 
= (Ia + m/J + «r)--T- 

EcoiM BN is cut harmonicall}', for the eqnatiom of the tout lines CTS, CA, CF, CB 
are, 

a = 0, ;3 = 0, la - m^ = 0, /a + m^ = 0, 
We shall often aftcnraids meet vith cqantioos of the tana discniBed in this ezamfle. 

Ex. 8. If two triangles bs such that the iatoisections of the corresponding ^des lie 
on the saino right line, the lines joining the corresponding vertices meet in a point 

Let the ndes of the first triuigle be a, /3, y j and let tiie line on vhich Uie corre- 
sponding sides meet be 2a + m^ + ny : then the equaUon of a tine tliroDgh the intersection 
of this iriUi a must be of the form Ta + tn/3 + ny c= 0, and similarly those of the other 
two sidea of Ihe second triangle are 

la + j«';3 + My = 0, lm + m0 + n'y = 0. 

Bnt sabtractiug Baccesarrelf each of the last three equations from another, we get for 
the equations of the lines jcdning corresponding vertices 

C;-i)"-C--»W (---')(i-("-»')T, (»-.5r-P-r)<.- 

which obviousl}' meet in a point 

6 1 . We lutve seen that haying assumed any three right lioes, 
we can express the equation of any right line in the form 

Aa + B^ + C7 = 0, 
and so solve any problem by a set of equations expressed in terms 
of a, pf y, without any direct mention of a; and y. This^suggests 
a new way of looting at the principle laid down in Art. 58, &c. 
Instead of regarding a ae a mere abbreviation for the quantity 
X cos a + T/BHa -p, we may look upon it as simply denoting the 
length of the perpendicular from a point on the line a. We may 
imagine a system of trilinear co-ordinates in which the position 
of a point is defined by its distances from three fixed lines, and 
in which the position of any right line is defined by a homoge- 
neous equation between these distances of the form 
Ao + Bp + C7 = 0. 
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The advantiige of trilinear oo-ordinatea u, thftt whereu m 
Cartesian (or x and y) co-ordinates the utmoBt eimpUfication we 
can introduce is by chooeuig tuto of the moet reniarkable linea in 
the figure iat axes of co-ordinates, we can in trilinear co-ordinatca 
obtun still more simple expreamons by obooung thrtt of the most 
remarkable lines for the lines of reference a, % y. The reader 
will compare the brevity of Uie ezpresrions in Art. 06 with thote 
corresponding in Chap. ii. 

€2. To reduce a lum^iomogeneout equation {for exarmfie^ a - 3) 
to the homogeneous form la + n>j3 + ny » 0. 

Let a,b,che the lengths of the udes of the triangle formed 
by the three lines of reference ; then dnce a denotes the length 
of the perpendicular from any point O on a, aa is double the area 
of the triangle OBC ; in like manner i|3 is double OAC ; and cy 
doable O AB ; therefore, no matter where the point O be taken, 
the quantity aa + bji + cyia always constant, and equal double 
the area of the triangle ABC. The reader may suppose that this 
is only true if the point O be taken within the triangle; but he 
is to remember that if the point O were on the other side of any 
of the linesof reference (a), we nnist give a negative sign to that 
perpendicular, and the quantity aa -t b^ + cy would then 

-2(0AC + 0AB-0BC), 
that is, etill = twice the area of the triangle. If, then, we call 
the double area M, the equation a = 3 may be written 

Ma = 3(ao + 6^ + cy), 
which is the required form. If A, B, C be the angles (opposite 
a, 0, y respeotiTely) of the triangle formed by the lines of refe- 
rence, it is plain that o sin A + j3 sinB + y einC is also constant, 

, . M sin A 
bang= — 

63. To express in trilinear coordinate* the equation qfthe pa- 
rallel to a given line Aa + B)3 + Cy = 0. 

In Cartesian co-ordinates two lines are paraUel if their equa- 
tions A* + Bj/ + C = 0, Aa: + By + C - differ only by a con- 
stant. It follows, then, that the equation 

Aa + B^ + Cy + k(a Mn A + tf wn^ + y sinC) - 
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denotes a line parallel to Aa + B^ +€7 = 0, since the two equa- 
tions differ only hj a constant. 

Ex. 1. To find the eqnati<m ot ■ paraliel to the bue ot a trimgla ilnwn through th« 
Tertez. Ata. a ^A -I- ^ sinB = 0. 

Fra tlui, obvioual^, is « line thnmgh o/J, and writing the egoaUon in the form 
T wnC - (o sinA + ^ BinB + y unC) = 0, 
it ^ipMTS tliMt it differs oolj' by a cooBlant from j = 0. 

We see, also, that the panllel nainA -)- f) idnB, and the biMctOr of thebasa aunA 

— pOaBIorm a harmonic pendl wilha,;3 (Art. 66). 

Ft. 2. Hie line jdaing the nuddle points of aides of a triangle ia parallel to tiie base. 
Form (Art. 69) the eqnalioQ at the line jtdning (^ sinB ~ y ainC, a), (a ainA 

- y anC, ^t-rrheawe eni aiiaA. + 0eiaB - f einC = 0, irbich, by this article, la 
parallel to y. 

Ex. 8. To find the equation of a perpendionlai to any side at its middle pcant. 

This ia to draw a parallel to the line a coaA - (3 cObB = throngh the p«nt 
(a DuA - (3 JunB, 7). A,u. a^A - ;3^B + y Bin(A - B) = 0. 

£x. 4. The three sndi peqKndicnlarB meet in a point. Their «qnatioiia Taniah wbeo 
mnltiplied, respectively, byaln2C, einSB, unSA, and added together. The equations of 

tlie lines joining their Intersection to the vertices will befbond to be r = -— - &c. 

Ex. 6. Verily that this point lies on the line whose equation is given Art. 69, Ex. 2. 
Ex. e. Findthelengtbottiie perpendionlaifroms point a'^y onAa + B/3 + Cr = 0. 

.^ _- ^''■ + ^fl + Cy ^_^_ 

" V(A« + B" + C»- 2ABcoaC-2BCooaA-2CAcoaB)' 

64. To examine what line ts denoted by the equation 
a sin A + /S&inB + y sinC =■ 0. 

This equation is included in the general form of an equation 
of a right line, but we have seen that the co-ordinates of any finite 
point render the quantity a sinA + /3 sinB -f -y sinC = a certain 
constant, and never = 0, IJet us return, however, to the general 
equation of the right line, Ax + By + C = 0. We saw that the 

intercepts which this line cuts off on the axes are - -j, - -s ; con- 
sequently, the smaller A and B become, the greater will be the 
intercepts on the axes, and, therefore, the more remote the line 
represented by Aa; + By + C « 0. Let A and B be both = 0, then 
the intercepts become infinite, and the line is altogether situated 
at an infinite distance &om the ori^. Hence we arrive at the 
conclusion, that the paradoxic^ equation C = 0, a constant = 0, 
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(and there&ret likewise, asinA + jSHinB + yrinC-O), repre- 
Benta a right line fdtuated altogether at an infinite distance &om 
theori^. 

65. We saw (Art. 63) that a line parallel to the line a - has 
an eqtiation of the form a + C = . Now the last Article shows that 
this is only an additional illustration of the prindple of Art. 36. 
For, a parallel to a may be considered as intersecting it at an infi- 
lute distance, but (Art. 36) an equation of the form a + C — 
represents a Une.through the intersection of the lines a > 0, C - 0, 
or (Art. 64) throu^ the intersectiou of the line a with the line at 
infinity. 

66. We have to add, in condusion, that Cartesian co-ordinates 
are only a particular case of trilinear. There appears, at first sight, 
to be an essential difference between them, since trilinear equa- 
tions are always homogeneous, while we are accustomed to speak 
of Cartesian equations as containing an absolute term, terms of 
the first degree, terms of the second degree, &c. A little reflec- 
tion, however, will show that this difierence is only apparent, 
and that Carte^an equations must be equally homogeneous in 
reality, though not in form. The equation x " 3, for example, 
must mean that the line x is equal to three feet or three inches, 
or, in short, to three times some linear unit ; the equation xp^d 
must mean that the rectangle xt/ is equal to nine square feet or 
square inches, or to nine squares of some linear unit ; and s« on. 

If we wish to have our equation homogeneous in form as well 
as in reality, we may denote our linear unit by a, and write the 
equation of the right line 

Aa: + By + C^ » 0. 
Comparing this with the equation 

Aa + B3 + C-y = s 
and remembering (Art. 64) that when a line is at an infinite dis- 
tance its equation takes the form 2 » 0, we learn that equations in 
Cartesian co-ordittates are only the particular Jbrm assumed by 
triliTtear equations when two qftke lines ofr^rence are what are 
caUedthe coordinate axes, lohile iheXhirdii at anit^mte dittaaee- 
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CHAPTER V. 

EQUATIONS ABOVE H 

67. Bbfore proceeding to speak of the curves repreaented by 
equations above the first degree, we ahall examine eonie cases 
where these equations represent ri^ht lines. 

If we take any number of equations, L = 0, M =■ 0, N = 0, 
&c., and multiply them together, the compound equation LMN, 
&e. - will represent the aggregate of all the lines represented by 
ita factors ; for it will be satisfied by the values of the co-ordinates 
which make any of its fectors = 0. Conversely, ifan equation <^ 
any degree can be resolved into others ofloKer degrees, it wUl repre- 
sent the aggregate of all the loci represented t>g its differoitfactors. 
If, then, an equation of the ft** degree can be resolved into fl 
fiictors of the first degree, it will represent n right lines. 

68. A homogeneous equation, of the n"' degree between the 
variaUes, denotes n right lines passing through the origin. 

Let the equation be 

afl ~ pi^-'y + jaf-'y' - &c. ■ ■ ■ + ij/" = 0. 
Divide by y", and we get 

Let a, b, c, &a., be the n roots of this equation, then it is re- 
solvable into the fitctors 

and the original equation ia therefore resolvable into the factors 

(ar - ay) (x -by) {x - cy) &x,. = 0. 
It accordingly represents the « right lines a; - ay = 0, &c., all of 
which pass through the origin. Thos, then, in particular, the 
homogeneous equation 

x' -pxy + yy* = 
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repreaente the two right lincB x - ajf = 0, x -bjfmO, where a and 
i are the two roots of the quadratic 



©•-© 



+ J- 0. 



It is proved, in like manner, tlut the equation 
(«-«)"-y(*-a)-'(y-ft) + }(a:-a)-'(y-A)' ■+*(y-6)" = 
denotes n right lines passing through the point (a, b). 

Ex. 1. Wlutl(iini«tai«pK«oUdb7tbecqB>tioDf]r = 0? 

Am. TIm two axai, taaee the eqnntion ii wtiafiod by elttieT of the 

Bnppositioiw x = 0, y = 0. 
•~ Ex.2. Wli»t locos is represented by **-j(» = 07 

Amt. The biwcton of the uiglea between the uea, z±f=0 (aee Art. 43). 

" Ei. 3. What locus is rqii«e«Qled ly*'-6*y + V = 0? 

.:<■». x~iy = a, jT - 8y = 0. 
^ Ex. 4. Wll»t locus is repraeented bjif-lxy secfl + jr" = ? 

Am. i = yt»n(«°±ie). 
- Ex. S. Wlut lines are represented by z> ~ Siy t«a6 - y> = ? 

Ex. 6. Wluit Hnes am represented bjx'- e2*y + llx}* - 6^ = ? 1^ 

69- I^et us examine more minutely the three cases of the solu- 
tion of the equation a? -pxjr+ ^ = 0, according as its roots are 
real and anequal, real and equal, or both imaginary. 

> The first case presents no difficulty : a and b are the tangents ; 
of the angles which the lines make with the aus of y (the axes 
being supposed rectangular), p is therefore the sum of those tan- 
gents, and q their product. 

In the second case, when a « ft, it vas once usual among geo- 
meters to say that the equation represented but one right line 
(x-ay = 0). We shall £nd, however, many advantages in making 
the language of geometry correspond exactly to that of algebra, 
and as we do not eay that the equation above has oiUy one root, 
but that it has two equal roots, so we shall not say that it repre- 
sents otily one line, but that it represents two coinculmt right lines. 

Thirdly, let the roots be both imaginary. In this case no real 
coordinates can be found to satisfy the equation, except the co- 
ordinates of the origin x = fi, y ° ; hence it was usual to say 
that in this case the equation did not represent right lines, but 
was the equation of the oriig^. Now this langaage appears to 
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UB Tery objectioiiable, for we saw (Arts. 14, 15) that two equa- 
tions are required to determine any point, hence we are unwilling 
to acknowledge ar^ »ingle equation as the equation of a point. 
Moreover, we have been hitherto accustomed to find that two 
different equations always had different geometrical signiScations, 
but here we should have innumerable equations, all purporting to 
be the equation of tbe same point ; for it is obviously immateri^ 
what the values of ^ and q are, provided only that they give imar- 
ginary values for the roots, tliat is to say, provided that j^ be less 
than 4^. We think it, therefore, much preferable to make our 
language correspond exactly to the language of algebra ; and as 
we do not say that the equation above has no roots when p'^ts less 
than Aq, but that it has two imaginary roots, so we shall not say 
that^ in this case, it represents no right lines, but that it repre- 
8ent« two tTnaginary right lines. In short the equation a^ - pxy 
+ yy' = being always reducible to the form {te - ay) (x - by) = 0, 
we shall always say that it represents two right lines drawn through 
the origin ; but when a and b are real, we shall say that these lines 
are real ; when a and b are equal, that the lines coincide ; taid 
when a and b are ima^nary, that the lines are imaginary. It may 
seem to the student a matter of indifierence which mode of speak- 
ing we adopt ; we shall find, however, as we proceed, that we 
should lose eight of many important analogies by refusing to adopt 
the language here recommended. 

Similar remarks apply to the equation 
Ajc" + B^ + Cy" = 0, 
which can be reduced to the form x' - pxy + qy' = 0, by dividing 
by the coefiGcient of af. This equation will always represent two 
right lines through the origin ; these lines will be real if B' - 4 AC 
be positive, as at once appears team solving the equation ; they 
will coincide if B' - 4AC = ; and they will be imaginary if 
B' - 4AC be negative. So, again, the same language is used if 
we meet with equal or imaginary roots in the solution of the 
general homogeneous equation of the n"* degree. 

70. To find the angle contained hy the lines represented by the 
equation x'' - pxy + yy" = 0. 

Let this equation be equivalent to (a: - ay) (x - by) = 0, then 
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the tangent of the angle between the lines is (Art. 40) ^ — -ti bat 

the product of the roots of the giren equation - q, and ihar dif- 
ference = v' 0"* - 4g). Hence - 



tan^ 



1+5 ■ 



If the equation faadlwen given is the fonn ' /^ , ^' ■ 4'^ ~ 

Aji" + Ba;y + Cj(" - 0, ( ' f c 

it will be found that \ 

Cor. — The Unes will cat at right angles, or tan ^irill become 
infinite, if j = - 1 in the first case, orifA+C«Oin tlie second. 

Ex. Find die uigle between tfae llnea 

«» + i»-ej*=0. Mm. 46*. 

«>-Si]incO-f7*=0. 4m. e. 

: * If the axes be obtiqoe, we shoold find» in like manner, 

^ A+C-Bco8w 

71. Tofittdtke equatioa which mil represetU the Ututhitectmg 
the angles between the lines represented by the equation 
Aa? + Bary + Cy» - 0. 

Let these lines be z - ay° 0, « - ^ = ; let the equation of 
the bisector be x~ fxy m 0, and we seek to determine /i. Now 
(Art. 22) ft IB the tangent of the angle made by this bisector with 
the axis of ^, and it is plain that this angle is half the sum of the 
angles, made with this axis bj the lines themselTes. Equating, 
therefore, tangent of twice this angle to tangent of sum, we get 

bat, firom the theory of equations, 

I. B . C 

2(1 B 

l-i.»""A-C' 
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^' - 2^3-^ -1 = 0. 

This ^vee ns a quadratic to determine fi, one of whose roots will 
be the tangent of the angle made with the axis of y by the internal 
bisector of the angle between the Unes, and the other the tangent 
of the angle made by the erterjia? bisector. We can find the com- 
bined equation of both lines by substitatang in the last quadratic 

for 11 its value « -, and we iret 

and the form of this equation shows that the bisectors cut each 
other at right angles (Art. 70). . ' ' i ■ - ' / ■ ' . 

The student may also obtain this equation by forming (Art. 
43) the equations of the internal and external bisectors of the 
angle between the Unes x - at/ = 0, x~ly r^ 0, and multiplying 
them together, when he will have 

i^-ayy (x-byy 

\ + a' 1 + 6» ' 

and then clearing of fractions, and substituting for a + &, and ab 

their values in terms of A, B, C, the equation already found is 

obtiuned. 

'* 72. Tojtndtkeconditionthattheffejterai equation of the second 
degree should represent two right lines. 
Let the general equation be 

Aoif + Bvcy + Cy" + Da; + Ey + F = 0: 
write it in the form 

Aa? + (By + D)a: + Cy' + Ey + F - 0, 
and solving this quadratic &r x, the roots are found to be 

Bi/ + D±^/((B'-4AC)y' + 2(BD-2AE)« + D"-4AF} 

^ = ^ . 

* It iaremAibble that the roots of thiaUst equatkni nill alirajv b« nal, cvaiiTtlie 
roota of tlie equation Az* + Biy + Cy< = ba lma^u7, wblch leads to the caritnu 
nanlt, Uiat a p^ of imaginary lines maj have a pair of real linea UsedJng tlta tagbi 
between Uiem. It is the existence of snch relatioiiB betveen nal and itmgiiWTy linea •. 
which makei the consideration of tbe latter profitable. 
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Now this value cannot be redoced to the fonn x mmif + n,'i 
nnlesB the quantiCy under the radical be a perfect square. The 
conditdon that this should be the case is 

(B" - 4AC) (D' - 4AF) - (BD - 2AE)', 

or expanding and dividing by 4A, 

AE> + CD' + FB» - BDE - 4ACF - ; 

which is the required condition that the equation of the second 
degree should represent right lines. 

Ex. 1. Verify that tlieMloiriiiceqaUlDiinpiMenU right line*, uid find the Uim. 

Aiu'. Solving tbr X u In the lazt, the linsi tm foond to be 

x-y-lcO, #-4j + a = l). 
Ex. S. Teiify thkt the following equation repreeenti ij^t lines : 

Ex. S. What linM an Tqneaented hj the eqution 

Ant. The imaginaiy line* »+ 9y+ 6' = 0, « + fl'y+9«iO, where fli» one 
of the imaginary cube roota of 1. i 

Ex. i. DetamiDe B, to that the following cqastlun may lepieaent right lioea ; 
ifl + Biy + »> - 6* - 7y + 6 = 0. 
Ant. Snbetitdting theflevataeaof thecoefficientsinthegeiiera1oondidon,we 
get foi B tha qcwdralle, 6B> - 9EB + GO = 0, wboM root* are — and -. 

" 73. The method used in the preceding Article, though the 
most simple- in the case of the equation of the second degree, is 
not applicable to equations of higher degrees : we therefore give 
another solution of the same problem. It is required to ascertain 
whether the given equation of the second degree can be identical 
with the product of the equations of two right lines 

(oar + i3y-l)(a'* + 0'y-l)-O; 
multiply out this product, and equate the coefficient of each term 
to the corresponding coefficient in ibe general equation of the 
eecond degree, having previously divided the latter by F, so as 
■ to make the absolute term in each equation = 1 . We thus obtain 
five equations : four of them enable us to determine the four un- 
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known qoantitiea, a, u, p, ^', in terms of the coefficients of the 
general eqiiation ; and then &eee values being substituted in the 
fiflh give the condition required. The five equations actually 
are 

From the first four we con at cmce Ibrm two quadratio equa- 
tions for determining a, a', ^, ^, aa indeed we might have other- 
wise inimed &om the con»deration that these quantities are the 
reciprocals of the intercepts made by the llines on the axes ; and 
that the intercepts made by the locns on the axes are found (by 
making alternately x ~ 0, ^ = 0, in the general equation) fi^m the 



Aa? + Da! + F = 0, Cy" + Ey + F - 0. 

Now if the locus meet the axes in the points L, L'; M, M'; it is 
plun that if it represent right lines at all, these must be either 
the pur liM, L'M', or ebe LM', L'M, whose equations are 
(aa! + /3y-l)(a'*+i3'y-l) = 0, or(a:i: + /3'y~l)(«'x + |3y=l) = 0. 
Multiplying out, we see that ^ might not only have the value 

pven before a/3' + ^o', but also might be o^ + a'^'. The sum of 
those quantities 

and their product 

,/o fl.,x oav, ,v A(E'-2CF) C(I>-2AF) 

hence ^ is ^ven by the quadratio 

B» DE B AF> + Ciy - 4ACF 

F" ~ ^ ' I' ^ F» " 

which, cleared of fiwJtiona, ia the condition already obtained. 

Et To deWtmine B»otlut«'-(-Biiy + y«-6«-7r+6 = may i^ne«iit right 
lines. 

The Intenqita aa the axa aie given by the eqnoiiaiii 

H-6i + 6 = 0, t»-7y + 6 = l), 
whose TOOU Brex = 2, x = S; y=l, # = 6. Farmliig, then, the eqnsUon of the linw 
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* 14. Tojbnd how many amditiont mut be tatitjud m order 
tiiat the general equation <^the r** degree may repretent riyht 
Imet. 

We proceed ae in the last Article'; ire compare the general 
equation, having first by divinon made tlie absolute term » 1, 
irith the product of the n right lines 

(ae + ^y- 1) (a'« + /^y - 1) (at + ^> - I) &c - 0. 

Let the number of teruui in the genenl equation be N ; tliea 
firom a oomparifion of coefficients we obtun N - 1 equations (tiie 
absolute term being already tlie same in both) ; 2n of these eqoa- 
tiona are em^dc^^ in determining the 2n unknown quantities 
a, a, &c., whose values bong substituted in the remaining equa- 
tions i^ord N - I - 2r conations. Now if we write the geneial 
equation a 

+ Rr + Cy 

+ D*» + Eay + Fy* 

+ G*» + Hjb^ + Kay* + IV 

+ &c., 

it is pbun that the number of terms is the sum of tiie arithmetic 

"^ N.l + 2 + 3 + ...(,*l).fc!Jiit±2. 
henoe 

N-l-i&J^i N-l- 

' 16. Tojind how many conditions must beJidfiUed in order 
that the general equation of the n^ degree should represent n right 
lines, each passing through a given point. 

We should now compare the general equation with the equa- 
tion 

{j, - j/ - m(x - oT)} {y-/-m'(«-a!")l&c-0. 
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There ore now but the n unknown quantitiea, m, m', &c., to be 
determmed ; hence the number of conditions ia 

1.2 
• 76. To find the number of conditions which must bejiiifilled 
in order that the general equation may represent n right lines, all 
passing through the same point. 

We now compare the general equation with 

{y-^-m(x-i>f)] {y-y-m'(«-a/))&c..O. 
Beside the n unknowns m, m', &c,, there are ahio the two x'l/ to 
he determined ; hence the number of conditions 



= N- I -(n + 2) = 
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77. Befoeb we proceed to the general investigation of the 
curves represented by the general equation of the second degree, 
it eeems desirable that we should examine the equation of the 
circle, which ranks next to that of the right line in simplicity. 

To find the equation o/ the circle whose centre is the point (^ab) 
and radius is r. 

Expressing (Art. 5) that the distance of any point from the 
centre is equal to the radius, we at once obtain the equation 
(jj - a)" + (y - by = r'. 

If the axes be obliquCf we have (Art. 6) 

(x~ay + (^- 6)' -/2(a: - a) (y - 6) cosw = r" ; 
but we shall seldom use oblique axes in questions relating to 
(urcles. J 

CoR.l. — The equation to rectangular axes of the circle whose 
centre is the origin ia ^ . „j ^ _j 
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Cor. 2. — Let the Kzie of x be a diameter, and the axis of ^ a 
perpendicular at its estremity, then the co-ordinates of the centre 
are obviooaly (r, 0), and on aubstitutiag these values for a and b, 
the equation of the drcle becomes 

a^ + y" ■ 2ri. 

The two forms just mentioned are the simplest which the 
equation of the circle can be made to assume b^ a particular choice 
of axes ; and are those which most frequently occur in practice. 

78. By comparing the equations found in the last Article 
. with the general equation of the second degree, 

Aj? + Bxtf + Ci/" + Dd! + El/ + F - 0, 
we can ascertain the conditions that this latter equation should 
represent a drcle. 

If the axes be rectangular, it is evident that B must ■> and 
A = C, in order ^lat when we divide by A the equation may be 
capable of being put into the form 

(« - a)» + (y - i)» = r', or a;* + y" - 2ax - 2Sy + a' + i' - r* - 0. 

If the axes be oblique, we must compare the general equation 
vrith the equation 

(j: - o)» + (y - by + 2{x - a) (y - J) costu = r', 

and we find that in this case the general equation will represent 

a circle, if A = C, and -r = 2coau. 
A 

If the general equation of the second degree, referred to rect- 
angular axes, fulfil the conditions B = 0, A ^ C, we canjind the 
radius of the circle repretented hf it, and also the co-ordinates of its 
centre, thus fully determining the circle, both in magnitude and 
position ; for, comparing the equations. 





--^-^-ly^-". 




and 


.r> 4 y' - 2aa: - 2iy + o= + *> - r» = 0, 




■we get 


l'-^- 1 = -^. l"-*'^---' 
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and, thereibre, 

and the general equation is equivalent to 

The rule, then, for brining the equation of any drcle to the 
form (x - a)' + (y - 6)' = r*, may be expressed as follows : " By 
division make the coefficient of x* and ^' ■= 1, transpose F, and 
then complete the squares by adding to both eides the sum of the 
squares of half the coefficients of x and j/." 



\ V(fl9) 



1. 


, Find the otwadiiutM of the centre uid the mdlM of 




^ + ^- 


6* - 4s = 7. ^ 


2. 


Bednoe to the form of Art. 77, 






«• + ?>- 


2* - *y = 20. 

An,. (I- 


S. 


, ¥liu] the lioe Joining OiecsDtr 


nofUiecircIai 




,J + j^=2y: 


; a« + y> = a«. 



>-l)' + 0-3)» = 6'. 



Since F does not occur in the values jost found for the co- 
ordinates of the centre, we leam that two circles will be concentric 
fftkeir equationg only differ in their constant term. 

79. We condder in this Article the efect of two or three 
particular suppositions on the general equation. 

(1.) If F ■= the ori^ is on the curve. For then the equ»~% 
tion is satisfied by the values x = 0, y = ; that is, by the coordi- 
nates of the origin. The same argument proves that if an equa- 
tion, of any degree want the absolute term, the curve represented hy 
it passes through the origin, 

(2.) If D" + E' = 4AF ; it appears from Art. 78 that the ra- 
dius of the drcle vanishes, and that the equation may be reduced 
to the form 

(a; - a)' + (y - J)' - 0. 

It is pltun, that this equation can be satisfied by the co-ordi- 
nates of no point save tbose of the point' (x = <z, y = &) ; hence it 
has been common to say, that the equation just written is the 
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equatioD of this point. We object to this mode of exprearion 
for the reasons given, Art. 69) and prefer to call it the equation 
of an iitfinitely small circle, having for centre the point (ab). We 
have seen (Art. 69) that it niay also be considered as the equation 
of tv)o imaginary right lines passing through the point (di), unce 
it can be resolved into the factors 

{X- a) + (y - i) V(- I) - 0. and (« - a) - <i/ - *)*/(- I) ■= 0. 
These remarks, of coarse, apply, in like manner, to the equation 

a- + y- = 0, 
which is a particular case of the above. 

(3.) If D' + E" be less thaai 4AF, the radius of the arole 
becomes imaginary, and the equation, being equivalent to one of 
the form 

(a! - a)" + (y - 6)' + r- = 0, 

cumot be satJsEed by any real values of the co-ordinates x and y. 

80. To find the co-ordinates of the paints in ivhich a given right 
line meets a given circle. 

Let the equation of the circle be *' + y' = r*, and that of the 
right line x cos a + j/ siaa = p. These two equations are sufficient 
(Art. 15) to determine the sc and y of the intersection. For ex- 
ample, finding the values of y from both, and equating tbem to 
each other, we get for determining «, the equation 
p ~x coso , , , ,, 
ema ^ ' 

or, redudng a? - 2^xco8a +/»' - r^sin'o - 0; 
hence, x=p cosa ± muo V (r' - p'), 

and, in like manner, 

y=psino + cosa V(''' -/>')■ , 

(The reader may satisfy himself, by substituting these values 
in the given equations, that the - in the value of y corresponds 
to the + in the value of x, and vice versa.) 

Since we obtained a quadratic to determine x, and since every 
quadratic has two roots, we must, in order to make our language 
conform to the language of algebra, assert that every line meets a 
rarcle in two points. 
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81. Let us, hovever, estmine separatdy the tliree cases of 
t3us solution : 

First. If p, which is the distance of the line from the centre, 
be less than the radius, we get two real Talues for x and y, and 
the line meets tlie circle in two real points. 

Secondly. Let p = r, or the distance of the line from the cen- 
tre = the radius. In thb case it is evident geometricaUj that 
the line is a tangent to the circle, and our analysia points to the 
same conclusion, since the two values of :e in this case become 
equal, as do likewise the two values of y. Consequejitly, the 
points ansnrering to these two values, which are in general diffe- 
rent, will in this case coindde. We shall, therefore, not say that 
the tangent meets the cuwle in only one point, but rather that it 
meets it in two coincident points ; just as we do not say that the 
equation for this case 

x^ - 2rx coset + r'cOB'a = 0, 
has only one root, but rather that it has two equal roots. And, in 
general, we define the tangent to any curve as the line joimog 
two indefinitely near points on it. 

Thirdly. Let p be greater than r. In this case it is usual to 
say, that the line does not meet the circle at all. Analysis, how- 
ever, though it ^s to furnish ua with real values for « and y, yet 
supplies us with imaginary values. We shall, therefore, find it 
more consistent to say that in this case the line meets the circle 
in two imaginary points. By an imaginary point we mean nothing 
more than a point, one or both of whose co-ordinates are imagi- 
nary. It is a purely analytical conception. We do not attempt 
to represent it geometrically. But the neglect of those imaginary 
points would lead to as great a want of generality in our reasonings, 
and to as much inconvenience in our language, as if, only paying 
attention to the real roots of equations, we were to deny that every 
equation has as many roots as it has dimensions, or to assert that 
the equation 

«»- 2parco8a = r»6nn'a - p= 
has no root at all when p ia greater than r. We shall presently 
meet with many cases in which the hue joining two imaginary 
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points IB real, and eDJoja all the geometrical properties of tlie cop- 
responding line in the case where the pmnta are real. 

82. "We ehould proceed aa in Art. 80, if itTpere required to 
find the points where the line ax + h/ + e '= meets the <»rcle 

Aa? + Ay' + D* + Ey + F - 0. 

Bliminating dther variable between the equatJona, we have a qua- 
dratic to determine the other ; and if this quadratic have equal 
roots, the line touches the circle. We only think it necessary to 
notice particularly the case where the given line ia one of the axes 
of co-ordinates. By making alternately y = 0, x -• in the equar- 
Hon of the circle, we find that the points in which it is metbythe 
axes are determined by the quadratics 

A3!' + Da: + F = 0, Ay" + Ey + F = 0. 

The axis of x will be a tangent when the first quadratic has equal 
root«, that is, when 

D" - 4AF, ' 

and the axis of y when E* ■= 4AF. 

When seeking to detemune the position of a drcle represented 
by a given equation, it ia often aa convenient to do so by finding 
the intercepts which it makes on the axes, as by finding its e^itre 
and radius. For a circle is known when three points on it are 
known; the determination, therefore, oftbefour points where the 
circle meets the axes serves complet«ly to fix its poBiti<Hi. 

Ex. 1. Find tbe Cfi-ordlnat«s of iatereecMoD of><-)-y>:^6fi; 3z-l-y = !E. 

AuM. (7, 4) ind (8, 1). 
Ex. 2. Find interaeotioiu of (*-«)' + - 2i!)> = 26e* ; *i + 8y = B6e. 

Am. Tbe line touches at tbe pdnt (tic, Be). 
hx, 3. Findthepolntsirheie tKenxeesrecnt byzi-f y^-fij — Ty-f 6 = 0. 

Ami. 1 = 3, x = 2; y = S, y=l. 
Ex. i. What ie the eqnalioD of the circle which tonches the am at dtstaacea from 
the origin = o ? Ant. a" + y" - 2ax - Soy + o> = 0. 

Ex.6. 'WIien'willy = n>«-|-6toiichit4 + y> = r>7 Am. WlMinJ> = r'(l +»t*). 

Ex. e. Rnd the tangent from the origin lo A (i* + y)) -f- Dc + ^ + F = 0. Ilie 
pconta vbere any line through the origin (y = mx) meela the circle aw given b; tlie 
'^'""^ AC»,' + l)r> + (D + E«). + F = 0. 
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If the line toochea, this qtuulratic will have equal looU, 
or(D + Em)' = 4AF(».« + l), 
-wMch gives a qoadratic far detennioing n. 

Ex. 7. Hod the tangents traai the origin Ui^+!/'-6x-ig + 8 = 0. 

Am. » - y = 0, 7i + y = 0. , 

- - - yj^ + 

83. To find the equation of the tangent at tke point sly to a ~ 
ffiven circle. 

The tangent having been defined (Art. 81) as the line joining 
two indefinitely near points on tJie curve, its equation will be 
found by first forming the equation of the line joining any two 
points (x'y', as'y") on the curre, and then making of = 3!' and y •= y" 
in that equation. 

To apply this to the cu?cle : first, let the centre be the origin, 
and, therefore, the equation of the circle x'^ + y^ = r'*. 

The equation of the line joining any two points (x'y") and 
(«y)ifp(Art.29), 

y-y' ^ y'-y" . 

_ now if we were to make in this equation y' = y" and af = x", the 
righ1>-Iiabd member would assume the indeterminate form of -r. 

The cause of this is, that we liave not yet introduced the condi- ' 
tion, that the two points (a^y, ic'y") are on tke circle. By the help 
of this condition we shall be able to write the equation in a form 
which will not become indeterminate when the two points are 
made to coincide. For, since 

r" = a;'' + y" = a;"" + y"', we have x'^ - x"' = y"' - ^\ 

and, therefore, y' - y" x'+x" 

a^-x"' y+f 
Hence the equation of the chord becomes 

y-y' ^ _ ^ + 3!" 
(E-a-'" y+y"* 

And if we now make a/ •= a;" and y* = y", we find for the equation - 
of the tangent, y_. ^ 

X~3i~ y' 
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or, reducing, and remembering tfaat x*' + y = r', we get finally 

xnf + yy' = r^. 
If we were now to transform the equations to a new origin, so 
that the co-ordinates of the centre should become a, h, we must 
substitute (Art. 8) x- a, x' ~ a, y - h, y - b for x, a;', y, y, re- 
spectively : the equation oi' the circle would become 

{x - ay + (y - by = r', 
and that of the tangent 

-(x-aXaf-a)^(y-b){^^b) = r^; 

a form easily remembered, irom its sinularity to the equation of 
the drde." 

We might have obttuned the equation of the tangent 
xx' + yy' = 3^ 
in another way, by forming the equation of a line through the 
point afy^, perpendicular to the radius, whose equation is easily 
seen to be i/x-= xy. W"e have preferred, however, the method 
actually adopted, both because it is the same as that wliich we 
shall employ in the case of other curves, and also because we wish 
the learner to perceive that all the properties of the circle can be 
deduced irom its equation without a previous acqumntance with 
the geometrical theory of the curve ; as in the present instance, 
where the equation just found may be used to prove that the tan- 
gent to a drcle is perpendicular to the radios. 

84. To Jind the equation of the tangent to the circle whose 
equation referred to any axes is 

Aa> + B«y + Ay' + Da; + E5- + F = 0, 
where B = 2A cosw. "We form, as in Art. 83, the equation of the 
line joining two points, and then by the help of the conditioiw 
that niy', x"y" are points on the circle, we can get an expression for 

^, — —„, which will not become indeterminate when the two points 

X -X "^ 

ctnndde. We have the two conditions 

Ax'^ + 'Bx'y + Ay= + Dx" + Ey + F = 0, 
Aa:"> + Ba/'/+ Ay'^ + Dx" + Ey" + F = 0. 
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SnbtractiDg one fi^m the otter 

A(^-a!"') + B(/j^-a;y)+A{y'-y-') + D(3^-ar'') + E(y-jO=0. 

Now a;^~!^f^x{y'-y") + jf{x'-jr)- 

Hence, diriduig by :r* - x", aod solving for —, — ^, we find 

y-y" A(a^ + a/')+ B/ + D 
ai'-iB"" A{y + y")+ B»' + E" 

The equation of the chord ia, therefore, 

y-j/ A (3/ -f a^') + By + D 

a -a/" Aty + y')+ Bar" +E' 

If the points /y, ^'y" coincide, we have the equation of the tangent 

y-y ^A^ + 8^ + 

x-^f" 2Ay' + Be" + E' 

oc reducing, and rememhering that x'y satiefies the eqnatioii of 

the curve, 

(SAy + By + D)a! + (2Aj' + Bx' + E)y + Da;^ + Ey' + 2F = 0. 

Ex. 1. Rna ttw tangiat at the fcAM (6, 4) to (z - S)* + O - S)! = 10. 

.4u. , 3f -I- y = 19. 
Ex. i. WI1U B the eqtution of the dioid joiniag the pointa «>', z"y° o" *^ <=^^ 
i» + j,i = 7*? 4«. ■(!' + 0^ + 0^ + v")V = r» + «■*■■ + yj,"- 

Ez.>. Findthacooditioittlut A«-fBy + C = Odioald toach(x-ii}i + (y-b)<'>r>. 
Ao + B* + C 
^M. -^Tp^Tj — ^jT- =■"; dnce tliepeip«ndiailuon tbaliiufrcmaft ia«9i«l tor. 

85. Tojind the pomta of contact qftangmts drawn to a circle 
from a given point. 

Let the given point be afy', and let the co-ordinates of the 
point of contact which we are seeking be y, y". Then (Art. 83) 
the equation of the tangent will be 

a^' + yy" = r^; 
but by hypothesis this line passea through the point x'}/, hence 



we get the condition 



a-y + i/y" = f i 



and since the point x"y" is on the circle, we have also the condi- 
tion f„ .,. , 
x' + y'T\ 
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'Hwee two conditioiis are sufficient to deteimine the oo-ordinates 
ify j/". Solving the equatJonfi, we get 

»'• + 1/** » y " «■• + /' 

Hence, from every point may he drawn ttoo tangents to a circle. 
These tangents will be real when x'^ + y"* is > r", or the point 
OQtside the iMrcle ; they will be ima^uaary when x'* + y* is < r', 
or the point inside the circle ; and they will coincide when 
x"^ -y y'^ = r*, or the point on the circle. 

86. Tojindthe equation of the line joining the points of contact 
(^ tangents from any point. That is, to form the equation of the 
line joining the two points whose co-ordinates were found in the 
last article. It will not, however, be necessary to set about this 
in the nsual mum^, if we attend to the remaric at the end of 
Art. 29. W^e saw in the last article that the co-ordinates of each 
point of contact were connected with those of the given pomt l^ 
the relation v^^" + yy = r'. 

The equation, therefore, of the line joining the potnte of contact, 

ibr this is the equation of a right line, and is satbfied for each 
point of contact. In &ct, since the co-ordinatea of the points of 
contact were found by solving Jbr x and y &otn the equations 

act! + ^ = r^i «' + ^ = r»; 
the geometrical meaning of these equations is, that these points 
are the intersections of the circle «' + y* >■ r* with the right line 

3^ + y!/ = T'. 

We see, then, that whether the tangents from 3I1/ be real or 
imaginary, the line joining their points of contact will be the real 
line xx' + yy' = r', which we shall call the polar of x'l/ with regard 
to the drcle. This fine is evidently perpendicular to the line 
{x'y -jfx = 0), which joins a^i/ to the centre ; and its distance 

from the centre (Art. 25) is ■ . . ,„ r;. Hence, the pohir of 

any point P is constructed geometrically by joining it to the centre 
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C, taking on tlie joimag line a point M, Buch that CMCP " r", 
and erecting a perpendicular to CP at M. We see, also, tliat 
the equation of the polar is similar in form to that of the tangent, 
only that in the former case the poiat s!^ is not supposed to be 
necessarily on the circle ; if, however, a^y he on the circle, then 
its polar is the tangent at that point. 

87. Tojind the equation of the polar qf x'y with regard to the 

"^"^^ A:r' + Bory + Ay" + Da; + Ey + F. 

We adopt the same process as in Art, 86. The equation of 
the tangent at any point x"y" may he Tritt«n (Art. 84) 

(2Ajr + By + D)^' + (2Ay + Ba; + E)jf" + Da; + Ei/ + 2F = 0. 

This expresses a relation between the co-ordinates of any point 
ay on the tangent, and those of the point of contact tfy'. Let us 
then suppose the former to be known, and the latter to be un- 
known ; let us denote the known co-ordinates by the accented 
letters 3!^, and the unknown co-ordinates by the unaccented let- 
ters xy, and the relation just WTitt«n becomes 

(2Aaf' + By + D)a: + (2Ay' + Ba:' + E)ff + Da;' + E/+ 2F = 0, ■ 

the equation of a line on which both points of contact must lie, 
and therefore the equation of the line joining them. It is still 
^milar in form to the equation of the tangent. 
Cob.— The polar of the origin is 

Da? + Ey + 2F = 0. 

Ex. 1. PlDd tbe polar of (4, 4) nfth r^ud to (x - 1)> -)- (ji - 2)> = 13. 

Am. fla + 2y = 20. 
Ex. 2. Find the polar of (4, 6) wifli regard lo i* + y* - 8r - 4y = 8. 

Am. 5x\ty = 48. 
Ei. 8. Kod the pole ofAi!; + Bs + C = with regard to i« + y« = r*. 

/ Ari Bf«\ , . . ... 

Ant. I — -z^, — — l ae appears from comparing tbe given equation with 

aar' + yy' = r". 
Ex. 4. Elnd the pole of 3z ■;- 4y = 7 with regard to i> -)■ yi ^ 14. Am. (6, 8> 
. Ex. 6. Knd Oiepol«of!t* + 8y = 6 with regard to (i - l)i -(- (y - 2)i = 12. 
Am. (-11,-16). 
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68. To find the length qfthe tangent drawn from any poaU to 
the circle, whose equation is 

(x - a)' + (y - 6)' - r» - 0. 
The sqoate of the distance of any point from the centre 
= (« - a)' + (y - by ; 
and since this square exceeds the square of the tangent by the 
square of the radius, the square of the tangent from any point is 
found by substituting the co-ordinates of that point &r x and y 
in the first member of the equation of the drcle 

(a - a)» + (y - ft)» - j^ = 0. 
Since the genenU equation to rectangular co-ordinates 

Ax* + Ay' + Dj! + Ey + F - 0, 
when divided by A, is (Art. 78) equivalent to one of the form 

(a - o)» + (y - *)' - r' = 0, 
we learn that the square of the tangent to a circle whose equa- 
tion is given in its most general form is found by dividing by 
the coefficient of te', and then substitnling in the equation the co- 
ordinates of the given point. 

The square of the tangent &om the ori^n is found by making 
a; and y = 0, and is, therefore, = the absolute term in the equation 
of the circle, divided by A. 

The same reasoning is applicable if the axes be oblique. 

* 89. To find the ratio in which the line joining two given 
pointa, a!g', jr"y', is cut by a given circle. 

We proceed precisely'as in Art. 38. The co-ordinates of any 
point on the line most (Art. 7) be of the form 
y + ma' Ig" + my' 
Z + m ' l+m ' 

Substitadng these values in the equation of the cdrcle 

a;* + y» - r' = 0, 
and arranging, we have to determine ihe ratio / : m, the qua- 
dratic 
/'(«"'+ y^ - r') + 2?m (x'x'+ y'g" - r") + !»'(/* + y"" - r') = 0. 
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Tbe Ttiluea of I : m being determined from tliis equatJon, we have 
at once the co-ordinatcB of the pointa where the right line meeta 
the circle. The symmetry of the equation makes this method 
sometimes more convenient than that used Art. 80. 

If x't/' lie on the polar of jfp', we have x'x" + y'p" - r* = 
(Art. 86) and the &ctors of the preceding equation must be of the 
form I + fim, I - fxm ; the line joining x'y, x'y" is therefore cut 
intemaUy and externally in the same ratio, and we deduce the 
well-known theorem, at^ line drawn through a point is cut har- 
monically by the point, the circle, and the polar of the point. 

* 90. To find the equation of the tangatts from a given point 
to a given circle. 

We have already (Art. B5) found the coHDrdinatea of the points 
of contact; substituling, therefore, these values in the equaticm 
rx" + yg" - r* = 0, we have for the equation of one tangent 

r (a;x' + yy' - «^ - y ) + (xi^ - gx') v'(a^ + y» - H) = 0, . 
and for that of the other, 

r(3^ ■+yg'~x''- g'*) - (xi/ - yx') V {x"* + s" - r») - 0. 
These two equations multiplied together give the equation of the 
pMr of tangents in a form free from radicals. The preceding 
article enables us, however, to obtain this equation in a atill more 
simple form. For the equation which determines / : m will have 
equal rbots if the line joining x'y', s"g" touch the given circle ; if 
then ar'y be any point on either of the tangents through a/y, its 
co^nUnates must satisfy the condition 

(^r" + !,'»- r') («> + y' - r") = {xx ^g^ -r^)\ 

This, therefore, is the equation of the piur of tangents through 
the point x'y'. It is not difficult to prove that this equation is 
identical with that obtained by the method first indicated. 

91. To find the equation of a circle passing through three 
given points. 

We have only to write down Uie general equation 
a? + y* + Dj; + Ey + F = 0, 
and then substituting in it, suoceaalvely, the co-ordinates of each 
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of the given points, we hare three equatione to determine the 
three unknown quantities D, E, F. 

Ex. 1. FlDd the djcletbroagb the origin, and through (S, 3) uid (S, 4). 
S W L'^ ^"* F = 0, and we have 

13 + 2D + 3E = 0, 26 + 8D + *E = 0, -mhtiux D = - 28, E = U- 
Ei. 3. Find the drcle through (1, 2), (1, 8), (2, 6). ' 

We have 8 + D + 2E + F = 0, 10 + D + 8E + F = 0, 29 + 2D + 6E + F = 0, 
iriKnce D = - 9, E = - B, F = 14. 

Ei. B. Find the dwle throagh (2, - 8), (8, - 4), (- 2, - I> 

Am, D = 8, B =s 20, C x 31. 
Ex. 4. Tini the circle muHng inteicepla a and b on the axia of x. 

Aju. D = -(a + 6), F = 06, E indeterminate. 

i Ex. 6. Taking the game axes as ia Att 48, Ex. 1| find the equation of the drcle 
'thiODgh the oii^ii and throagh the middle points of sides. 

An,. 2p(i« + y«)-pC.-.>-{p« + .Op = 0. 
He circle, therefore, also pssBca thnmgh the middle point of baae. 

" 92. To express the equation of the circle through three poilUs 
xy, iB"y, ^'y"' *'* terms of the co-ordinates of those poiiUs. 
We have to substitute in 

the values of D, E, F derived from 

(a;'' + y"" ) + Dj;' + Ey + F = 0, 
{:r"" + y"') + Dx" + Ey" + F - 0, 

(a;"^ + y"^) + Da;" + E/' + F = 0. 
The result of thus eliminating D, E, F between these four equa- 
tions will be found to he 

(;r^ +y» )W (y" - ir> + x'\y"'- y' )+ x"'(y' - y")] 
-(a/» +y'')l^"(!'"'- J')+'^"'0' -?")+» (/'-/")) 
+ {j^+f')[x"Xy -y')+^0'-y"') + :E'(y'"-y )} 
-(^' + y"'»)|^ (y'-y')+*'(y"-y) + a;"(y -y')j = 0, 
, as may be seen by multiplying each of the four equations by the 
quantities which multiply («» + y') &c. in the last-written equa^ 
tion, and adding them together, when D, E, F will be found to 
vanish identically. 

If it were required to find the condition that four points 
should lie on a circle, we have only to write Xi, y* for x andy 
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in the last equation. It \b easy to see that the following ib the 
geometrical interpretation of the resulting condition. If A, B, 
C, D be any four points on a cirde, and O any fifth point taken 
arbitrarily, and if we denote by BCD the area of the triangle 
BCD, &c., then 

0A» ■ BCD + OC* ■ ABD = OB' ■ ACD + 0I> ■ ABC. 

93. We shall conclude this chapter by showing how to find 
ihe polar equation of a circle! 

We may either obtain it by substitutiDg for x, pcos 6, and 
for y, p sind (Art. 12), in either of the equations of the circle 
already ^ven, 

Aa:= + Ap' + D« + % + F - 0, or {« - o)" + (y - A)" = r», 
or else we may find it independently, from the definition of the 
drcle, ae follows : 

Let O be the pole, C the centre of 
the circle, and OC the fixed axis ; let 
the distance OC = 'd, and let OP be any 
radius vector, and, therefore, = p, and 
the angle POC = B, then we have 

PC o OP^ + OC - 20P ■ OC cosPOC, 
that ifl, r" = p* + (f - 2pd cos 9, 

or /)* - 2dp cosO + (f - r* » 0. 

This, therefore, is the polar equation of the circle. 

If the fixed axis did not coincide with OC, but made with it 
any uigle a, the equation would be, as in Art. 44, 
p" - 2dp cos (fl - a) + d' - r» = 0. 

If we suppose the pole on the circle, the equation will take a sim- 
pler form, for then r = d, and the equation wiU be reduced to 

p = 2rcose, 
a result which we might have also obtained at once geometrically 
from the property that the angle in a semicircle is right; or else 
by substituting for x and y their polar values in the equation 
(Art. 77, Cor. 2), a;' + i/' = 2rx. 



jcirizeaoy Google 



THBORBHS AND BXAHPJ.B8 ON THB CIRCLE. 



CHAPTER VII. 

TUEOBBHS AND BXAHPLBS ON THB CIRCLB. 

94, Having in the last chapter shown how to form the 
equations of the circle and of the most remarkable lines related 
to it, we proceed in this chapter to illuetrate these equations b^ 
Examples, and to apply them to the establishment of some of the 
principal properties of-the circle. Having sufiBciently shown, in 
Chapter iii., how in general to apply the analytical method to 
the solution of problems, we do not think it necessary to enter 
into the subject here with equal minuteness, and shall feel our- 
selves at liberty to suppress many details which can easily be 
supplied by the reader who has worked out the examples there 
^ven. 

We commence with some Examples of circular loci, wHch 
will serve as examples of the method of determining the position 
of a circle from its equation, if the learner will in eat^ case, by 
Art. 78, determine the co-ordinates of the centre and the radius ; 
or else find, by Art. 82, the points where the circle meets the 



E^ 1. Given bue and vertiaU angb of ■ triangle, to Gml the local of vi 
Let HI take tbe baee foi tula of z, and a perpendicnUr throagh its middle pi 

axi» of y ; let the co-ordinates of the Tertez be z, y, and 

let the boee = 2c, Then tlie tangent of the base angle 

CAB wal be ^, or -^, and o( CBR = ^, 
Hence we can find the tangent of the eum ol 

angles, and make it s — the tangent ot C, the giren ver- J^ 

Heal angle, or 




and, reducing tliis equation, the eqnatirai of the locus will be found to be 

iC+ y"-2eycotC-e« = 0, 
whkh reprraenta a dide which passes tliroagfa the.eztremiUesof thebase, w 
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ia -r^, and centre (0, eotC). The centra wUl therefore be above, on, or below Iha 
base, according m C is ncnte, right, or obtuse. 

Es. S. To BOlre the last example, the aSee having any poHdon. 

Let tlie co-ordinatea at the extremittcfl of base be x't/', x"g". Let the eqnatloQ of 
oneddebe 

thtn the equation of tlie other dde, making irith this the angle C, will be (Art. 12) 

(! + »!«. C)0-,-).C«-t«iC) (»-.-)• 
EliminatJDg m, tlie equtian of the locoa is 

wliich reduces to the equation of tholast example if !i' = !f" = Oi x't + c,x" = -t. 
If C be s right aogle, the equatioDa of the sides are 

and that of the locns 

to -!■') (J - y") t (»-■■)(»-''')- »• 

Ex. 3. Given base and vertieal angle, to And the locus of the intersection of perpea- 
dicolsiB of the triangle. 

Tlie equations of the perpendiculais to the wdea are 

.(>-,0 + («-.T.o, (»-ttnC)Ci.-,:> + (i + »t«,C)C.-.o.o. 

£limiDtitiS£ n, the eqiudon of the loem u 

an equsdon which only difFeis from that of tbe last article by the sign of tan C, and 
vhich is therefore the locna we should have found for tbe vertex bad we been given tbe 
same base and a vertical angle equal to the sapplement of tbe g^ven one. 

Ex. 4. Given base and ratio of ddea of a triangle, find locns of vertex. 

With tbe same axes as in Ex. 1, it ratio be n : ■, we find, for eqnatJ(Hi of locus. 

Hence the locus is s circle, whose centre is on the axis of x, at a distance from ori^ 
= c ; whose radius = — — - — -c ; and which meets tbe base at the prints 

Since the co-ordiaates of tbe extremities of the base are x = ±c, these (Art. 7) are 
the two points where the base is cut in the ratio m : n. 

mes square of me side, ± li times square of 
A drcle whose cmtre is 1, ]. 

Ex. 6. Find the locns of a point the square of nbose distance from a given pdnt is 
proportional to its distance ^m a given right line. 
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Ex. B. In geneTHl, given anjr number of poinU, to find locni of s point Boch Ibtt ■>' 
times sqiuue of its distvice from tbe fint + m~ tiinea square of its dietsoee tram the m*- 
cond-H &c., = a consUnl: or (adopting the notation used In p. 48) such that X (iiir>) nuiy 
be constant. 

The square of the distance of ui]> point ly from t'y' it 

Uultipty tU> t^ ■■', and add it to tlie eomspooding t«rn>s found bj expraaaing the dia- 
tance of tlie point ly frum the other poinu z'jf", &c If we adopt the noUtioa of p. <S 

we may WTil«, for tlie equation of the locus, 

s (•) *> + 2 {«) y» - as C"^) * - as (»^ p + s (»•**) + s (»iy>) - a 

Hence tlie locus will be a circle, the co-ordinates of whose centra will be 

E(.) ' ' ic«) ' 

tliat is to BBj, tbe centre will Im the point wliicb, in p. 18, was caUed the centre of mean 
poiitiau of the given poiuts. 

U ws InvestigBle the vahie of tbe radius of tliis drcle, we shall find 

E»r(i») = 2C'"*)-s('»/'»), 

where £(nir)'= C = »nm of n times square of distance of each of the given points from 
on; point on the circle, and S (np') = sum of in limes square of distance of each point 
from the centre of mean position. 

95, We shall next give 'one or two examples involving the 
problem of Art. 80, to find the co-ordinates of the points where 
a given line meets a given circle. 

Ex. 1. To find tbe locus of the middle points of chords of a given circle, drawn pa- 
nUti to a given line. 

Let the equation of aiif of the parallel chords bn 

IC08O + ysina — p •■ 0, 
where a is, bjr hypolheais, given, and p is indeterminate; Che atisdssse of the points 
whoe this line meets the circle are (Art 80) found fhim tbe equation 

I"- 2p*C08rT + p'-r'sin'a = 0. 
Sow, if the roots of this eqoaUon be z' and z", the z of the middle point of the chord 
win (Art 7) be — r — , or, fhim the theoi^of equations, will — pcosa. In like manner, 
the y of the middle pdnt will eqoal p aa a. Hence the eqaacion of the locus la - = tan a, 
that is, a ligbt line drawn throagh the centre perpendicular to the system of parallel 
eboida ; idnce a is tbe an^ made with tbe axis of z bf a perpendicular to the choid 
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Ex. S. To find the cottditioD that the intercept made by the drcle an the line 

Bhoold subtend > right angle at the point ^y. _ 

We ftinnd (Ait. 94, Ex. 3) the condiljon that the liaea jaiolng the points iV'i '"V " 
to sy ahould be at right angles to each other ; viz. : 

(r-OC«-«":) + (y-0(y-!'"> = (»- 

Let i V. ^'V~ t* *^' P"l"'» '•'^re the line meela the dide, theo, by thelast example, 
^■ + ir"' = 2pco»a, r"i" =;)> -ra rin'o, y" + jT = 2p ain a, y"y'" = p"-r«cotfo. 
Pnttiog in these valoee, the required condition is 

*'" + y^- 2pi!'cosa - 2py'aiQa + 2|j» - r" = 0. 
Ex. 8. Toflndthelocoaof the middle pcdnt of a chord nhichenbtenda A right angle 
at ■ given pdnt. 

Jt t and jr be the co-onlinataa of the middle point, ire have, b; Ex. 1, 
prMa = x, p^a=y, p■ = a<-l-y^ 
and, (abatitatiag these valnes, the condition found in the last example becomes 

Ex.4. To And the locos of the foot of a perpendienlar from z'y' on a chord which 
subtends a right angle at that pcdnt. 

The eo-ordintites of (he Cut of perpendicular are determined by the equaCiona 
jcoao + yein«=j.j (*-*')dno - (y -?■)««« = 0; 
vbencs, if we write for shortnesii, 

Bi = (*-^' + {y-y^. 
we have Kaina=ji-y', Bcosa = x~ ^, Ep = a3 + yi-aiz'-jy'[ 
bnt the condition in Ex. 2 may be written 

■0 = i^+y''-r*+2|»0'-*'cosa-y'rina)=.»'»-Hj^-r«+2p[(«-i')'M9o+C)F-y^«ina); 
bnt (* -»')coeo + -y) eino = B; 

bane «'» + y'«-ri + 2(*ii + ,i-i»'-jv^ = 0i 

or, the locus is the same as that found in the last examine. 

Ex. 6. Given a line and a circle, to find a point such that if any chord be drawn 
through it, and perpendicnlars let ^11 from ite extremiliflH on the given line^ the rectangle 
under these perpendiculars may be constant. 

Take llie given line for asis of y, and let the axis of * be the perpeodioular on It 
bom the centre of the given drcle, whose length we shall call p. Then the eqoatioa of 
the circle ia (Art. 77) 

y« + (a -p)" = A 

Agun, if the co-ordinates of the songbt point be x\ y', the eqoation of any line through 
(y - fO = «(* - O. or y = ■» + /- mi". 
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fiubadtute tUi valne of y in the eqoatioD ot the drcle, ind m shall gat, to dMemtine the 
X ot tbe points wbere the line meets the circle, 

(I + ««) «i + {2m 0' - mx) - 2p) :t + (y' - m^-)« + p> - r- = 0. 

Bnt X is the perpendicular on the given line, sod the product of the two pcrpendleulsn 
(bj' the theory of eqnaUons) 

^ (y- - m^y + p' - n ^ 

Thia irill not be independent of nt, nnless (ha nnineralor be diriaible b^ 1 4- m\ and 
it will be fonnd that this cannot bo the case unlesa y' = and x* ap' - r". Hence 
there are two euch points situated on the axia of z, and at a distaoce from the origin 
= the tangent drawn from it to the given circle. 

Ex. S, If uiy chord be drawn through a fixed point on a diameter of a drcle, and its 
extremitieB joined to eithei end of the diameter, the joining lines will cut off on the tan- 
gent, at the other end u! the diameter, portions whose rectangle is constant. 

Let ns take the diameter for axis of z, and dlha extremity of it for origin, then 
(Art 77, Cor. 2) the equation of the circle will bt x' + j/' 1= 2rx, and that of any chord 
tbronglia fixed point on the diameter will be ^ = i»(z — x'). By combining these equa- 
tions we can determine the co-ordinatea of the extremities of the chord. We can, how- 
ever, without BDlviog for these co-ordinates, obtain directly from the equations the equa- 
tion of Uie Unej joiuing these extremities to the oiigio. For if, by combining the equations, 
we can obtffln a homogeneous function ot the second degree, it will be, by Art. 68, the 
equation of two right lines drawn through the origin, and it evidently must be satisfied 
by the co-ordinates of the points which satisfy the two given eqi»tiana. 

Write these equations thus, 

i!i + yt = 2rr, and mi' = nil - y, 
and, multiplying them together, wc get 

mx' (x* + y*) = Srx (mx — y). 
This bMng bomogeneona in x and y, is the required equation of the joining lines. It may 
be written thus, 

n«'.y« + 2r.ii, + «(i'-2r)i' = 0. • 

Thia equation enables us lo find the valaes of y corresponding to u^valoo of*, and 

WB see that the product of thcee values will be ; — jr>, and, therefore, independtnt of «. 

The intercepts made on a perpendicular at the extremity of Ha diameter are fonnd by 

making z = 2r in the preceding equation, and their product is 4r> -, — , wliich will be 

(onstaot as long as z' is constant. ' 

96- "We shall next obtain one or two of the properties of the 
polar of a point from its equation (Art. 86). 

If any chord be drawn through a fixed point and tangents at 
its extremities: to find the locus of their intersection. 
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Let any point on the locus be XY, then the chord joining 
points of contect of tangents paij;dng through XY is 

Xa: + Yy = r'; 
but by hypotheeis, this line passes through the point xy, there- 
*°"' XE'+Yy = r=; 

tlus is the relation connecting the co-ordinates of the point XY, 

its locus, therefore, is the line 

aa/ + yy' = r% 

or the- polar of the point x'y. 

The proposition just proved may be stated otherwise, thus : 
If one point lie on the polar of a second point, the second point 

will lie on the polar cff the Jint poiiU. 

For the condition that x'j/ should lie on the polar of x"y" is 

a^^" + y'f = '•'- 

But this ia also the condition that the point x"y" should lie on the 
polar of x'y. 

97. Given any point O, and any two lines through it; join 
both directly and transversely the points in which these lines meet a 
circle ; then, if the direct lines intersect each other in P and the 
transverse in Q, the line PQ will be the polar of the point O, lailh 
regard to the circle- 
Take the two fixed lines for axes, and let the intercepts made 
on them by the circle be a and a', b and b'. Then 

a b a b 

will be the equations of the direct lines ; and 

a b a b 

the equations of the transverse lines. Now, the equation of the 
line PQ will be 

a a b b 
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for (see Art. 36) this line passes through the intersection of 

? + ?_!, £+l!_i, 

a b a' b 

■nd also of * ^ _ i * ? i 

ah ' a! b 

If the equation of the circle be 

Aa;' + Rry + Ay' + Dar + Ey + F = 0, 
a and a' are determined trova the equation Ax* + Dx -i- F •■ 
(Art. 82), therefore, 

11 D , 1 1 E 
. a^Z'^-W'^'^^b^V-T 

Hence, equation of FQ is 

Dj; + Ey + 2F = 0; 

but we saw (Art. 87) that this was the equation of the polar of 

the origin O. Hence it appears, that if the point O were given, 

and the two lines through it were not fixed, the locug of the points 

P and Q would he the polar of the point O. 

98. Given any two points A and B, and their polars, with 

respect to a circle whose centre is O : let fall a perpendicular AP 

from A on the polar of B, and a perpendicular BQJram B on the 

, , . ,. OA OB 
^ polar of A; then -^^^. 

The equation of the polar of A (ai'y') is *«' + y^' - r" = ; and 

BQ, the perpendicular on this line from 'B{x"i/"), is (Art. 27) 

x'x" + y'y" — r' 

Hence, since \/(a:'' +^"0 = OA, we find 

OABQ = a:V' + /y"~r». 
and, for the same reason, 

OB. AP = ar'a^' + ?>"-?-. 
Henes OA OB 

■ AP " BQ' 
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99. Given a circle and a triangle ABC, if we take the polars 
with respect to ike circle of the three vertices of the triangle, we 
shall firm a new triangle A'B'C (where A' is the pole o/BC, B' 
the pole of AC, and C thepole 0/ AB), then the lines AA', BB', 
CC, will all pass through the same point. 

The equation of the line joining the point xfi/ to the intereec- 
tion of the two linea xx" + yy" - r* = and xxf" + yy" - r" = is 
(Art. 36) 

AA' {x'x'" 4 y'j/" - r') (xx" + yy" - r') 

- (xx" + yY - f') (J^a^" + yy'" - r') = 0. 
In like manner, 

BB' (x'x" + ^y" - r') (xa;'" + yy' - r') 

- (si'x" + y'y - r') {xx' + yy - r=) = ; 
and CC (ss'ai" + y"y" - r=) (xx' + yy' ~r^) 

- {x'a:"' + y'y'" - r=) (:rrc" + yy" - r') = ; 
and by Art. 37 these lines must pass through the same point. 

Thafollowing is a particular case of the theorem just proved. 
If a circle he inscribed in a triangle, and each vertex of the triangle 
joined to the point of contact of the circle with the opposite side, 
the three joining lines will meet in a point, 

Ex. Prove, by Art SS, that the three pohita af inteisectioii of AB and A'B', of AC 
and A'C, and of BC and B'C, lie in one right line. 

lOOi In working out questions on the circle it is often con- 
venient, instead of denoting the position'of a point on the curve 
by its two co-ordinates x'y\ to express both these in terms of a 
single independent variable. Thus, let & be the angle which the 
radius to x'y makes with the axis of a;, then x' = r cos B',y' = r sin B', 
and on substituting these values our formulse will generally be- 
come simphfied. 

The equation of the tangent at the point x'y' will by this 
substitution become 

3;co86' + ysinO' = r; 

and the equation of the chord joining x'^, x"%/', which (Art. 63) is 

x(^^ + aT) + y(y' + y) = r' + x'd' + y'y". 
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"wiU, by a similar substitution, become 

a;co8i(fl' + r) + ysini(0' + &") = r cosKf - 0"), 

0'and 0" being the angles wbicb radii drawn to the extremities 
of the chord make with the axis of*. 

This ecLuation might also have been obt^ed directly from the 
general equation of a right line (Art. 25), 

arcosa + ysina =p, 

for the angle which the perpendicular on the chord makes with 
the axis is pltunly half the sum of the angles made with the axis 
t^ radii to its extremities ; and the perpendicular on the chord 

= rco9i(0'-r). 



Ex. 1. To find tbe co-oidiDatei of the u 
Uu drcle. The tangeDts being 


CtnectlDDoftMigenti 


rco98' + yainff = r, 


icoa9" + j'Sine" = 








^ -'coxice'-O 


Ex. 2. To find the lotaa at the iDteraee 
nhosa length is conaUnL 


ion of tangents at the 



(*' - i")i + (j,' _ y")i = constant, 

it rednceatoi!osCe'-9")=conit, or ff - 9" = court. If the given length of the chord 
be 2r sin I, then 9 -V = tS. The co-ordinates then foond in the lut example fulfil 
tbe condition 

(,•+»■)»•■»-''■ 

Ex. 8. What is the locns of a point where a chord of a constant length is cnt in ■ 
glren ratio ? 

Writing down (Art 7) tbe co-ordinates of tbe point where tbe chord is cut in agiven 
ratio, it will be found that ttie}' satjafy the condition x* + i/' = conat 

Ex. 4. The diagonals of a hexagon circomacribing a circle meet in a poinL 

Let the angles made with the axis by radii to the points of coutact be 2a, 3jd, iy, 
iS, S(, 2^; then the equation of the line joining the Interaction of the tangents at 2a, 
^ to that of the tangentB at 2?, 2i, will be . _ {icos(a + J) + y ainfa + i) 

-roO8(a-J)} + ^-j^^i-^^(4rcO.03 + .)+y»in03 + O-'-™8(/3-01 = 0!*l^li, 
when added to the other two equations of like form, vtuuBhes identically. 
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101. We have seen that the tangent to any circle «' + ^= r* 
has an eqaation of the form 

xcoaB + yBm6 = r; 

and it would appear, in like manner, that the equation to the tan- 
gent to (i - a)* + (y - by = r' may be written 

(x - a) C03S + (y - i) sinS " r : 
conversely, then, if the equation of any right line contain an in- 
determinate 6 in the form 

(x - a) ooad + (if - b) Biad = r, 
that right line will touch the circle 

(x-ay + (t,-by = r'. 



hj the last article, 9' - 0" la kntVD, mi (f + 6" iadeUrminate ; the chord, thenfora, 
alvaya toudua the circle 

Ex. 2. Giy«]l any number of pt^nta, if s right line be anch that m timea (be perpeS' 
dicolar on it from (he first point, + »" tioiea the perpendicular from the second, + &c., 
be constant, the line will alwaya tonch a circle. 

Thia only differs from the qnestlon, p. 48, in Ibat the sum, in place of bang = 0, ■■ 
constant. Adopting then the notation of that Article, instead of theeqiuli'ni there fbtind, 

{:t2(«) - Z(mx-)) cosa + {,2C«) - S(«j,')( ana = 0, 
we have only to write 

{xSBi-~S(mx')}co»a+ {yS(m)-7i(mf')] sina = eonit. 
Boice thia line must aln^s touch the circle 

[• M'->I*V £(.)]■""'■■ 

whose centre ia the centn of mean posidfin of the ^ven pdnts. 

102. .We shall conclude this Chapter with some examples of 
the nse of polar co-ordinates. 

Ex. 1. If throngh a fixed point toy chord of a dccle he drawn, the rectangle nnder 
ita segments will be constant (Euclid, III. 35, 36). 

Take the fixed point for the pole, and the polar eqaation is (Art. 9S) 
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ths roots of which are BTidontiy OP, OF, the v«luefl of the r«Iiug vector aoBiTBriag to 
•ny givan valne of 6 ot POC. 

Now, by the (heoi7 of dqaetlons, OP . OF, the prodact of tbeae roots will = di - r', 
■ quantity indepenittst of 9, &Dd therefore constant, whaterer be the direction in wtiich 
the liae OP ie drann. If the point O^ outside the circle, it is pl^n that ^ ~t* miut 
be = the aqnare of the tangent. 

Eli, 2. If through a fixed point O any chord of a cinJe be draim, and OQ taken aa 
arithiDBtic mean between tbe aegmenta OP, OP ; to find the locua of Q, 

We have OP + OP', or the stun of the roots of the qoadratic in the last example 
= 2icose ; bnt OP + OF = 20Q, thetefbre, 

OQ = dco8S. 
Hence the polar equation of the locos is 

p = <f cose. _ 

Sow it appears from the ilnal equation in Ait. 
93, that this is the eqaation of a circle described on 
the line OC as diameter. 

The qaeetion in this example might have been olherwiae stated : " To Hud the locua 
of the middle pirinis of chords which all pas9 tbrongh a flzed point." 

Ex. 3. If the line OQ had been token an harmOtic mean between OP and OF, to 
And the locns of Q. 

OAp OP' 
That is to say, OQ = ^|p-^, but OP. 0F= *- r>, and OP + OF = 2rf cos 6, 

therefore, the polar equation of the locus is 

"^ rfcose' '^ d ■ 

This is the equation of a right line (Art 44) perpendicular to OC, and at a distance 

from ^ d — -:, and, therefore, at a distance from C = -r- Hence (Art S6) the locua 

is the polar of the point O. 

We can, in like manner, solve this and umilar qaestiona when ths equation is given 
in the form 

Ar« + AjfS + D2 4 Ejf + F = 0, 

for, transforming to polar co-ordinates, the equation becomes 



and, proceeding precise^ as in this example, we find, for the locua of harmonic means, 
-gP 
'"^ Dcosfl + Esine' 
and, returning to rectangular co-ordinates, the equation of the locus is 

Dx + Ey + 2F = 0, 
the same as ths equation of the poloi obtained already (Art. ST). 
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El. i. Given a point and a ligbt Une ; if OQ be takea inversely ag OP, ttie radius 
vector to the right line, find the locus of Q. 

Ex. S. Given veitex and verUcal angla of a ttiajigte and rectangle under sidea ; if 
one base angle describe a right line or a dicle, find locus described by the other base 

Take the vertex for pole ; let the lengths of Ihe sides he p and p', and the angles they 
make with the asis 9 aod ff, then we have pp' = k' and — ff = C, 

The student mnst write down the polar eqnadon of the locns which one base angle 
is said to descrilte ; this will give him a relation between p and ; then, writing for 

p, —. , and for 9, C + 9", be will find a relation between p' and S', which will be the 

P 
polar equatjon of the locus described by the other base angle. 

This example might be solved in like maouer, if Ihe ratio of the udes, instead of their 
rectangle, bad been given. 

Ex. 6. Through the intersection of two circles a ri^t line is drawn ; find the lotns 
of the middle point of the portion intercepted between the circles. 
Hie equations of the cirdea will be of the form, 

p = 2roos(e-a)i p = ai-'cos(e - nT i 

and the equation of the locus will he 



which also npreseula a circle. 

£x. 7. It through any poiat O, on the circumibrence of a circle, any three chords be 
drawn, and on each, as diiunet«r, a circle be described, these tbree circles (which, of 
conrae, sU pass through 0) will intersect in three other pointy which lie in one right 
line. (See Cambr. Math. Joxcr., I. 169.) 

Take the fixed point for pole, then if d be the diameter of the ori(^aal drcte, Its 
polar equation will be (Art. 93) 

p=dCOBS. 

In like manner, if the diameter of one of the other circles make an angle a with the fixed 
atls, its length will be = dcosa, and tbe equation of this drcle will ba 

p=rfcoaa.cos(S-a). 
The equation of another circle/ will, in like manner, be 

p = rfcos/3.cos(e-,3). 
Toflnd the polar co-ordinal«a of the point of intersecWon of these two, we should seek 
what value of S would render 

»>,«.».C»-.)-'c./J.iM(»-/!), 

and it is ea^ to find that 6 must = a + ^, and the corresponding value of p = d casn cos /f . 

Similarly, the polar co-ordinates of the intersection of the fiist and third circles are 
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Nov, to find the poUr eqiutton of the line jinniiig time tiro pdnta, Uke the general 
eqoatioD of h right line, p co9(A — 6)~ p (Art 44), and sntwtitute JD It rocceaaiTely 
these ralaes of 6 and p, and vre shall get two equations to detomine p and k. We shall 

B« __ 

p = dcosa co»/3 C08(* -a + a) = d coaa cob y cosf* - o + y)- 
Haace 

k ^ a + p + Y, andp ^dcosa coipaaty. 

The Bymmetry of these rallies shows that it Is the ume right line which joins the 
ialersectiODS of the fint and second, and of the second and third drclea, and, thererore, 
that the three paints ars in a right line. 



• CHAPTER VIII. 



103. If we have tin equation of the eecond degree expressed 
in tlie abridged notation explained in Chap, iv., and if we desire 
to know whether it representa a tarcle, we hare only to transform 
to X and y co-ordinates, by substituting for each abbreviation (a) 
its equivalent (« cos a 4 ;/ sin a - ^) ; and then to examine whether 
the coefficient of ay in the transformed equation vanishes, and 
whether the coefficients of :r* and of y' are equal. ' This is suffi- 
ciently illustrated in the examples which follow. 

When iDill the locus of a point be a circle if the product of per- 
pendiculars from it on two opposite sides of a quadrilateral be in a 
given ratio to the product of perpendiculars from it on the other 
two sides ? 

Ijet a = 0, /3 = 0, y = 0, S = be the equations of the four 
aides of the quadrilateral, then the equation of the locus is at 
once written down 07 = i^S, which represents a curve of the 
second degree passing through the angles of the quadrilateral ; 
since it is satisfied by any of the four suppositions, , 

a^ 0,0 = 0; a = 0,5 = 0; /3 = 0, t = 0;-^ = 0, S = 0. 

Now, in order to ascertain whether this equation represents a 
circle, write it at Ml length 
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(jB coBa+y ana ~ p)(x (MRy + y any -p,,) 
•=k(xcoB^ + y wii/3 - ;)J (a: COB 8 +y sin 8 -;>„). 

Multiplying out, equating the coefficient of a:' to that of y*, and 
putting that of jt^ >• 0, we obtain the conditions 

co»(a + T)-Acos03 + S); 8in(a + y) - AeinO + 8). 

Squaring theae equations, and adding them, we find £ = ± 1 ; and 
if this condition be fulfilled, we must have 

a + y=^ + S, or else - 180° + ^ + 8 ; 
whence n-^-8-7, or 180 + 8 -7. 

KecoUecting that a - ^ ie the angle between the perpencUcu- 
lare fi-om the origin on tiie lines a and p, and is, therefore, the 
supplement of tbat angle between a and /3, in which the origin 
lies, we see that this condition will be fulfilled if the quadrilateral 
formed by 0^78 be inscribable in a circle (Euclid, iii. 22). And 
it will be seen on examination that when the origin is within the 
quadrilateral we are to take k = ^ \, and the angle (in which the . 
origin lies) between a and ^ is supplemental to that between y 
and 8; but that we are to take &>°+ I, when the origin is without 
the quadrilateral, and the opposite angles are equal. 

104. When will the locus o/a point be a circle, if the square t^ 
its distance Jrom the base of a triartgle be in a constant ratio to the 
product of its distances from the sidesf 

Let the mdes of the triangle be a, ji, 7, and the equation of 
the locus ia a/3 = hy*. If now we look for the points where the 
line a meets this locus, by malting In it a = 0, we obtain the per- 
fect square y* = 0. Hence a meets the locus in two coincident 
points, that is to aay (Art. 83), it touches the locus at the point 
ay. Similarly, ^ touches the locus at the point ^y. Hence a and 
^ are both tangents, and y their chord of contact. Now, to ascer- 
tain whether the locus is a drde, writing at fail length as in the 
last article, and applying the tests of Art. 78, we obtain the con- 
ditions 

cos (a + P) - A cos2y ; sin (a + ^) = * sin 2y, 

whence (as in the last article) we get A > I, a - y - 7 - ^, or the 
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triangle ib isoaceles. Hence we may infer that if from am/ point 
of a ctrckpeTpendicttlartbe.let fall OH any two talent* and on their 
chord of contact, the tquare of the last will be equal to the rectangle 
under the other two, 

Ex. Wlien win the lociu of ■ p^t be ■ drcia if tlw nun of the aqiuiea of the per- 
pendicnlara from it on ths sidee of wij triuigle be conitant. 

The lociu ia a* -I- /3> + 7' = e* : and the oonditioaB that thii should rapreuDtk dida 
coa 2a + CM 2^ 4- 009 37 = ; on 2a + lin 2^ + ain J^ = 0. 
co.2fl = -2co.(fl + y)co.(;3-y); «iB2a = - 2da(j3 + t)cO«{|3 - J-). 
Sqoaring Hid kddlng, 1 = 4 ca^(p — y)\ P~y = SO*- 

And go, In like nuuiner, each of the other two u^M of the triaa^ ara prorsd to ba 
60°, or tlie triangle mnat be equilateral. 

105. To lAtain the equation of the circle circumscribing the 
trianffle formed by the lines a -> 0, ^ = 0, 7 = 0. 

Any equation of the form 

l^y + mya + na^ = 0, 
denotes a curve of the second degree circumecribing the ^ven 
triuigle, since it is eatisfied by any of the suppositionB 

(,-.0,^=0; /3 = 0, 7 = 0; 7=0, o = 0. 

The conditions that it should represent a drcle are found, by the 

same piocees aa in Art. 1 03, to be 

/cos(/3 + 7) + mco8(7 + a) +ncoB(o + ^) = 0, 
7 sin O + 7) + m sin (7 + a) + n sin (o + /3) - 0. 

Eliminating succesBiTely m and n between the equations, we get 
*" _ s'°(t ~ «) " Mn(a - f3) 

Now, if C be the angle contained by tlie sides a, f3, then 

sin C = Bin(a - 3)| &c. 
(dnce a - ^ is the angle between the perpendiculars on those 
sides), hence the equation of the (drde circumscribing a triangle 

f37sinA + 7(isinB + a^sinC - 0. 

1 06. The geometrical interpretation of the equation just found 
deserves attention. If from any xwint O we let &11 perpendicu- 
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IftreOP, OQ, on the lines a, P,then(Art.53)«,p are the lengths 
of tbese perpendicuLirs ; and since the 
angle between them is the supplement 
• of C, the quantity afi sinC is double the 
area of the triangle OPQ- In like man- 
ner, ya sin B and /3y Bin A are double the 
triangles OPB, OQR. Hence the quan- 
tity 

(3y sin A + ya sinB + a/3 sin C 

is double the area of the triangle PQK, and the equation found 
in the last article asserts, that if the point O be taken on the cir- 
cumference of the circumscribing circle, the area PQR will va^ 
nish, that is to say (Art. 31, Cor. 2), the three points P, Q, B 
will lie on one right line. 

If it were required to find the locus of a point from which, if 
we let fall perpendiculars on the sides of a triangle, and join theb 
feet, the triangle PQB so formed should have a constant tuE^i- 
tude, the equation of the locus would be . 

jSy sin A + -ya sin B + o/3 sm C « const., 

and, since this only differs from the equation of the circumsraib- 
ing circle in the constant part, it is (Art. 78) the equation of a 
circle concentric with the circumscribing circle. 

107. Prom the equation 

^T sin A + ya sin B + oJ!i sin C = 0, 

we can find the equations of the tangents to the circle at the ver- 
tices of the triangle. Put the equation into the forin 

y (fi sin A + a sin B) + o/3 sin C = 0, 

and we saw (in Art. 105) that 7 meets the circle in the two points 
where it meets the Unes a and /3, since, if we make 7 = in the 
equation of the circle, that equation will be reduced to o/3 = 0. 
Now, for the Tery same reason, the two points in which the line 
^ ain A + a ^ B meets the circle, are the two points where it 
meets the lines a and ^. But these two points coincide, since 
^sinA + a sin B passes through the point o/3. Hence, since the 



■A.Ocli^lC 



THE CIRCLE — ABRIDGBD NOTATION. 101 

line f3 sin A + a sin B meets the circle in two coincident points, it 
is (Art. 83) a tangent at the point afi. 

"We saw (Art. 63) tliat a sin A + f3 sin B ia the equation of a 
parallel to the base (7) drawn through the vertex a/3. Hence, 
by Art. 57, the tangent a sin B -<■ j3 sin A makes the same angle 
with one side that the base makes with the other (Euclid, in. 32). 

From the forms of the equations of the three tangents, 

_A- + -^ - -^ + -X- = 0, -J- + -A- = 0, 
sin A sinB ' sinB sinC sinC suiA 

it appears, that the three poiots in which they intersect each the 
oppodte side are in one right line, whose equation is 

smA smii sinC 
It will be found that the equations of the lines joining the ver- 
tices of the inscribed triangle to those of the circumscribed are 

_fL,_^.o J^- .•'' .0 .r / Q. 

sinA sinB ' sinB sinC ' sinC sinA ' 
and these meet in a point (Art. 36). 

108. We shall next show how to obttun the equation of the 
circle inscribed in the triangle a, /3, y. The equation 

fa* + m'^' + n'-y» - 2mn^y - ^nlya - 2/mo/3 " 0, 
represents a ciure of the second degree, touching each of the lines 
«> /3, 7; for if we seek the point where any side (7) cuts the 
figure, making 7 = 0, we obtain the perfect square, 

the roots of this equation being equal, we infer that the two points 
coincide in which y cuts the figure, and therefore (Art. 63) that y 
is a tangent. 

In the same manner it can be proved that the sides a and f3 
touch the curve represented by the preceding equation. 

This equation may also be written in a convenient form, 
fia* + m*;3' + ny = ; 
for if we clear this equation of radicals, we shall find it to be iden- 
tical with that just written. 
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For the Bunplest method of obttuDiDg the particular values of 
I, m, n, for which the preceding equation represents a circle, I am 
indebted to Dr. Hart, who derives the equation of the inscribed 
drcle &om that of the circumscribed, as fellows : Join the points 
of contact of the drcle inscribed in a triangle ; let the equatioiu 
of the sides of the triangle so formed be a' => 0, j3' - 0, y = 0, 
and its angles A', B', C; then (Art. 105) the equadoa of the 
drcle must be 

py sin A' + f'a sin B' + o'/3' sin C >= 0. 
Now we have proved (Art. 104) that for any point on the drcle 

«'' - /3t : p'' « 7fl ; 7'' = 00, 
and it is easy to see tliat 

A'-90=-iA! B'-SO^-iB; C - 90° - iC. 
Substituting these values, the equation of the circle becomes 

«*cos JA + ^»co8 4B + 7*cosiC = 0. 
The general equation wiU, tlierefore, represent a drcle if Z, m, n, 
be proportional to 

cos' iA, cos' JB, cos' JC. 
It can be proved, iu like manner, that the equation of the drcle 
touching the dde a, and the sides b and c produced, is 
at cos JA + /3» sin iB + 7' Hn iC = 0. 

109. Since the general equation given in the last article may 
be written in the form 

»7 (ny - 2/0 - 2m/3) + {la - m/3)' = 0, 

it follows that the line {la ~ nij3), which obviously passes through 
the point a^, passes also through the point where y meets the 
curve. The three lines, then, which join the points of contact of 
the ddes with the opposite angles of the circumscribing triangle 

la - mj3 = 0, m^ - ny = 0, ny - la = 0, 
and these obviously meet in a point. 

The very same proof which showed that y touches the curve 
shows also that ny - Ha ~ 2m^ touches the curve, for when this 
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quantity U put = 0, we have tiie perfect square (la - n»j3)* •■ ; 
hence t^is line meets the carve in two coincident points, that is, 
touches the curve, and la - f»/3 passes through the point of eon- 
tact. Hence, if the vertices of the triangle be joined to the points 
of contact of opposite aides, and at the points where the joining 
lines meet the circle agun, tangents be drawn, their equations are 
ila + 2m/3 -nyO, 2mj3 + 2By - /a - 0, 2ny + 21a-m^ = 0. 

Hence we infer that the three points, where each of these tan- 
gents meets the opposite side, lie in one right line, 

la + m/3 + ny = 0, 
for this line passes through the intersection of the first line with 
y, of the second with a, and of the third with ^ 



CHAPTES IX. 

PROPERTIES OF A STSTBH OF TWO OR MORE CIRCLES. 

ilO. To find the equation tfthe chord of mterteclion of two 
circles. 9 

If S •■ 0, S' = 0, be the equations of two circles, then any 
equation of the form S - kS » will be the equation of a figure 
pasung through their points of intersection (Art. 36). 

Let us write down the equations 

S-(x~ay+(if-by~T'~0, 
S'-lx-ay+df- by - r** = 0, 
And it is evident that the equation S - AS' - nill in general 
represent a circle, eonce the coeEBcient of xy = 0, and that of 
X* > that of y*. There is one case, however, where it will repr^ 
sent a right line, namely, when h-l. The terms of the second 
degree titen vanish, and the equation becomes 
S - S' = 2 (a' - a) « + 2 (ft' - i)y + r" - r" + fl' - o'* + 4» - ^ - 0. 
This is, therefore, the eqoation of the right line pasung through 
the points of intersection of the two drcles. 
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Lll. The points of intersection of the two drcles are found 
by seeking, as in Art, 80, the points in which the line S - S' 
meets either of the given circles. These points will be real, co- 
incident, orima^nary, according to the nature of the roots of the 
resulting equation ; but it is remarkable that, whether the circles 
meet in real or imaginary points, the equation of the chord of in- 
tersection, S - S' = 0, always represents a real line, having impor- 
tant geometrical properties in relation to the two circles. This 
is in conformity with our assertion (Art. 81), that the line join- 
ing two points may preserve its existence and its properties when 
those points have become imaginary. 

In order to avoid the harshness of calling the line S - S' ■ 
the chord of intersection in the case where the circles do aotgeo~ 
metrically appear to intersect, it has been called* the radical axis 
of the two circles. 

112. One of the most remarkable properties of this line is 
found by examining the geometric meaning of the equation 
S — S' = 0. We saw (Art. 88) that if the co-ordinates of any 
point xy be substituted in S, it represents the square of the tan- 
gent drawn to the circle S, from the point tey. So also S' is the 
square of the tangent drawn to the circle S', and the equation 
S - S' *= asserts, that if from any point oWthe radical axis tan- 
gents be drawn to the two circles, these tangents will be equal. 

The line (S - S') possesses this property whether the circles 
meet in real points or not. When the circles do not meet in real 
points, the position of the radical axis is determined geometri- 
cally' by cutting the line joining their centree, ao that the differ- 
ence of the squares of the parts may »> the difference of the squares 
of the radii, and erecting a perpendicular at this point ; as is evi- 
dent, since the tangents from this point must be equal to each 
other. 

If it were required to find the locus of a point whence tangents 
to two circles have a given ratio, it appears, from Art. 88, that 
the equation of the locus will he 

S - -fS' = 0, 

* By M. G&qltier of Tours (/mmat di TEcoie Fotytechnique, Cahier xvi. ; ISIS). 
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wluch (Art. 1 10) repreeenta a circle pasaing through the real or 
imaginary points of intersection of S and S'. When the circles 
S and S' do not intersect in real points, we may express the rehi- 
tion which they bear to the circle S ~ A' S' by saying that the 
three circles have a common radical axis. 



113. From the form of the equation of the radical axis of two 
(urclea, we at once derive the following theorem : 

Given any three circles, ifv>e take the radical axis ofeadi pair 
qf circles, these three lines will meet t'n a point, and thii point is 
called the radical centre qfthe three circles. 

For the equations of the three radical axea are 
S - S'= 0, S'- S"- 0, S"- S = 0, 
wUch, by Art. 37, meet in a point. 

From this theorem we immediately derive the following : 

If several circles pass through tico fixed points, their chord of 
intersection tcitk a fixed circle will pass throvgh a fixed point. 

For, imagine one circle through the two given points to be 
fixed, then its chord of intersection with the given circle will be, 
fixed ; and its chord of intersection with any variable circle drawn 
through the ^ven points will phunly be the fixed line joining the 
two given points. These two lines determine, by their intersec- 
tion, a fixed point through which the chord of intersection of the 
variable circle with the first given circle must pass. 

■Ex. 1. Viai ths radical axu of 

** + y'-l*-6y+7=0; T' + y»+6» + 8y-9 = 0. 
Ex. 2. Elnd the radical centre of 

[ 16' 16 J- 

1 1 4. A system of circles having a common radical axis pos- 
sesses many remarkable properties which are more easily investi- 
gated by taking the radical axis for the axis of y, and the line 
joining the centres for the axis of x. Then the equation of any 

where S* is the same for all the circles of the system, and tha 
p 
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equatioQB of the diferent drclee are obtained hy giving different 
values to k. 

For it is evident (Art. 78) that the centre is on the axis of ^, 
at the variable instance A, and if we take any two circle, 
a* + y» - 2k'x + ?• = 0, 
*' 4 y - 2Fa! + S> - 0, 
and subtract one equation trom the other, their chord of interseo- 
tion will be X <^ 0, or the axis of y. 

When we give to S' the sign +, the radical axis will meet the 
cirtJes in imaginary points, and when we give the sign -, in real 
points. 

115. jtf several cvcks pats through two Jixed points, tkepolar 
of a givenpoivt, vnth regard to any of them, will alwayn pass 
through ajixed point. 

The equation of the polar of nfg' with regard to 

is (Art. 87) xx' + yy ~ k(x + 3f)+ S^- 0; 

therefore, since this line involves the indeterminate k in the first 
degree, this line will always pass through the intersection of 
a:x' + yy' + S' = 0, and ar + a/ = 0. 

1 16. There can always be found two points, however, suck that 
their polars, with regard to any of the circles, mil not only pass 
through a fixed point, but v>Hl be altogether fixed. 

This will happen when xaf + yy' + S" = 0, and a; + a^«> 0, re- 
present the same right line, for this right line would then be the 
polar whatever the value of A. But that this should be the case 
wemu.th.Te „, . o and .- - S-, or /- ± S. 

The two points whoee co-ordinates have been just found have 
many remarkable properties in the theory of these circles, and 
are such that the polar of either of them, with regard to any of 
the circles, is a line drawn through the other perpendicular to the 
line of centres. 

The equation of the circle may be written in the form 

y" + (a: - A)' - A» - S*, 
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wticli evidently cannot represent a. real circle if A' be less than 
S'; and if A' = S", then the equation will be of Class II. (Art. T9), 
and will represent a circle of infinitely small radius, the co-ordi- 
nates of whose centre are y = 0, x = + S. Hence the points just 
found may themselves be considered as circles of the system, and 
have, accordingly, been termed by Poncelet* the Umiting points 
of the system of circles. 

117. If from any point on the radical axis we draw tangents 
to all these circles, the locus of the points of contact must be a 
circle, since we proved (Art. 1 12) that all these tangents were 
equal. It is evident, also, that this circle cuts any of the given 
system at right angles, since Its radii are tangents to the given 
system. The equation of this drcle can be readily found. 

The square of the tangent from any point (a;= 0, y = A) to the 

being found by substituting these co-ordinates in this equation, 
is A' + 8'; and the <drcle whose centre is the point (« = 0, y = A), 
and whose radius squared = A' -<■ S^, must have for its equation 

«" + (i/ - A)' = A' + S", 
or a? A- y* - 2Ay « S*. 

£(|Dce, whatever be the point taken on the radical axis (i. e. 
whatever the value of A maybe), still this circle will always pass 
through the fixed points (^ = 0, x^±S) found in the last Article. 
And we infer that all circles which cut the given system at right 
angles pass through the limiting points of the system. 

E^ 1. If the polar of A with respect to the qietein pass tbraogb tbe fixed point B, 
prove that the aemicirde described on AB paasee through the limiting points. 

Ex. 2. The Bqaare of the tuigent from any point of one drcle to asother ia la a 
constant ratio to the perpendicular from that point upon Ihdr radical azia. 

Ex. 8. To find the angle (a) at which two circles inlersect. 

Let the radii of the circles Ite B, r, and let D be the distance between thdr centre^ 
tben D' = S' + ri - 2Bj' cos a. 

Since the angle at which the circle intersect la eqnal to that between the radii to the 
point of in 



* TVoitj da ProprUUt I^igtttiva, p. 41. 
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Ex.4- If ■moTMble circle cut twafixeddrdea ftt conBUnt angles, itwill cut tJI cir- 
cles having the wma radical axis at constant angles. 

Let the equations of the tiro fixed drelee be S = 0, S'=0, and thdr radii r, r*] then 
llie co-ordinates of (he centre of the moveable drcle foMl the lelatioos, 

R" - aEr cosa = 8, R' - aBi-' eoB(3 = 8', 
dtWM Di - r* = the iqnare of the tangent to the flrat fixed drde c S (Art. 88). Tbea, 

"'"• E.-aB ""°;f--^ .g±g. 

which is preciiely the craiiiition that the moreable drcle should cut the dicle A3 + IS' at 
the constant an^e 7 ; where {i + '■'<»' 7 =*^'=o»'> + fr''»W A r" being the radios of 
the drde *8 + IS 

Ex. 6. X cirde which cuts two fixed drcle* at constant angles will also touch two 
fixed circles. 

For we can determine the ratio i: I, so thst y shall = 0, or cosy = 1. It will assilf 
befoondthatif D be the distance between the centres of S and S', 

C* + !)• '■"' = (* + (»^ + fr'O - "O"- 
Substif ntiag this vahu for r" In the eqoalioii of the last example, we get a qoadcatlc to 
determine k.L 

118. To draw a common tanffent to two cirdet. 

Let their etjuationa be 

{X - ay ^{y-hy = f (S), 

and (« - aO' + (p - ft')' = f* (S"). 

We BKW (Art. 83} that the equation of a tangent to (S) wat 

(* - o) (a^- a) + (y - 6) (j/- ft) - r'; * 

or, as in Art. 100, writing 

of - a y - b 
■>c08a, »Bma, 

r r 

(a: - d) 0O8 a + (y - ft) ain a = r. 
In like manner, any tangent to (S*) is 

(:e - oO COB/3 + - ft) sin p = r'. 

Now, if we seek the conditiona necessary that these two equa- 
tions ahould represent (he tame right line ; first, from comparing 
the ratio of the coefficients of x and y, we get tan a " tan J3, 
whence /3 either ^^ a, or ■=180"+ a. If either of theee coniUtione 
be fulfilled, we must equate the ;ab8olute terms, and we find, in 
the first ca«e, 

(a - oQ COB a + (ft - A') sin « + r - r' = 0, 
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and in the second caee, 

(a - a') coaa + (ft - i*) sina + r + r' = 0, 
Kither of these equations would give us a quadratic to det«r- 
mine a. The two roota of the first equation would correspond 




to die direct or exterior common tangents, Aa, A'a' ; the roots 
of the second equation would correspond to the transverse or in- 
terior tangents, Bft, B'b'. 

If we wished to find the co-ordinates of the point of contact 
of die common tangent with the drcle (S), we must substitute, 

jf - a 
m the equation just found, for cosa, its value, , and fiwr 

an a, , and we find 

(o-a')(»'-«) + C»-»')(j'-») + >-(<--O-0l 
or else, 

(a ~ a-) (3f-a) + (b' h) (,,'~b) + r(r + r) = 0. 

The first of these equations, combined with the equation (S) 
of the circle, will give a quadratic, whose roots will be the co- 
ordinates of the points A and A', in which the direct common tan- 
gents touch the (^rcle (S); and it will appear, as in Art. 86, that 

{a' - «) (ar - a) + (ft' - i) (y - i) = r (r - r') 
is the equation of AA', the chord of contact of direct common 
tangents. So, likewise, 

(«■-«)(.- a) + (»■-»)(!,- J). r(r + rO 
is the equation of the chord of contact of transverse common tan- 
gents. If the origin he the centre of the circle (B), then a and ft « 0; 
and we find, for the equation of the chord of contact, 
a'x + b'if = r(r + r'). 
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Ex. 1. Find the common tingcnta to the drcles 

*> + j»-ti!-!y + 4 = 0, i« + y' + 4« + 8y-* = 0. 
Tba cbordi of cMiMet of comiaod tangeota witli the firat dide an 
2* + )i = 6, 2i + y = 3. 

/U 2\ 
The fint chord oeeti the drcla hi Ota pdnb (^ ^)' I '7~< T t <^ tanganti at vhidi ue 

y=2, 4*^8y^l0, 
and the lecondchoid meets the drcis in the pamts (1, 1), I -i - I thatongenta at which 
■re * = l,B* + 4y = 6. 

119- The points O aod O", in which the direct or tranBrerse 
tangents intersect, are (for a reason ezplmned in the next Ar- 
ticle) called the centre* of similitude of the two drclee. 

Their co-ordinates are easily found, for O is the pole, with 
regard to drcle (S), of the chord AA', whose equation le 

Comparing this equation with the equation of the polar of the 
point jE^y*, 

<,' -„)(«-«) + (»■- J) to- J), r', ■ 

"'Bet ^_„.<fL^,„J."^LZ^, 

So, likewise, the co-ordinates of CX are found to be 



These values of the co-ordioates indicate (see Art. 7) that 
the centres of similitude are the points where the line joining the 
centres is cut externally and internally in the ratio of the radii. 

Ei. Find the commoa tangents to the circles 

*> + y»-ei-8y = 0, a> + y«-4j!- By =8. 
The oqnatioD at the pair oC tangents through z'y' ^ 

Is timtid (Art. SO) to b« 

{C«'-»)*+0''-*)'-H){(x-a)>+O-S)»-r«} = {C,-a)(*'-a)+O-S))>'-t)-^}' 
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Now, the co-ordinitea of the exterior centra of slmilitade urn found to be (~ 2, - 1), lod 
bence the pair of tangents throngh it U 

25(*»+y'-e*-8y) = (6i + 6y-10)ii or «y + » + 2y + 2 .Oj or (* + 2) (y + ])=0. 

Ab the given drclee intersect in real points, the Other psii d conmiOD tangents become 

itnaginuy ; but their equation is fonud, b; colcnUting the pair of laogeulA through the 

/ 22 81 \ 
other centre of sinulitude f — , — I, to be 

iO«» -t- ly + 40y" - 199t- STSy + 7S2 a 0. 

120. Every rxght line dravm through the hiiertection o^com- 
mon tangent* U cat similarly by the two circlet. 

It ia evident that if on the radius vector to any point P there 
be taken a point Q, such that OF - m times OQ, then the x and 
y of the point P will be respectively tn times the x and y of the 
point Q ; and that, therefore, if P describe any curve, the locus 
of Q is found by substituting mx, my for x and y in the equation 
of the curve described by P. 

Now, if the common tangents be taken for axes, and if we 
denote Oa by a, OA by a', the equations of the two (urcles 
are (Art. 82, Ex. 4) 

i' + y' + 2ary cos tu - 2ax - 2ay + a» = 0, 
a!'4y' + 2a;y COBw - 2a'aT- la'y + a'"= 0. 
But the second equation is what we should have found if we 
had substituted — r, -7, for x, y, in the first equation ; and it 

therefore represents the locus formed by producing each radius 
vector to the first circle ui the ratio a : a'. 

CoR. — Since the rectangle Op ■ Op' is constant (see fig. next 
page), and since we have proved OR to be in a constant ratio to 
Op, it follows that the rectangle OR ■ Op' = OR'- Op is constant, 
however the line be drawn through O. 

121. If through a centre of similitude ice draw any two lines 
meeting thejirst circle in the points R, R', S, S', and the second in 
the points p, p', a, a, thaithe chords RS,pa; R'S'jpV; willbepa- 
rallel, and the chords RS, p'a', R'S', pa; will meet on the radical 
axis of ike two circles. 
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Take OR, OS for axes, thea ^P 

we aaw(Art.l20)thatOE-mOp, 
OS = mOiT, and that if the equa- 
tion of the circle papa' be 

Aa^ + Bjiy + Ay* + Djt + Ey 
+ F=0, 
that of the other will be 
Aid' + "Bxy + Aj/' + m (Da; f E j) 

+ m'F = 0, 
and, therefore, the equation of the 
radical axis will be (Art. 1 1 1) 

Da: + E|/-^(m+ I)F = 0. 
Now let the equations of p<r and of pa' be 

?+y„ 1 - +^= 1 
a b ' a' b' 
then the equations of KS and of R'S' muat be 

£ + £.,, £, + ^-1. 

It \a evident, from the form of the equations, that KS is pa- 
rallel to pa; and KS and p'a must intersect on the line 




/I 



'h, 



»l + n 



or, as w Art. 97, on 

D;r + Ey + (l+m)F = 0, 
the radical axis of the two circles. 

A particular case of this theorem is, that the tangents at B 
and p are parallel, and that those at B and p meet on the radical 
axis. 

122. Given three circles ; the line joining a centre of similitude 
ofthejirst and second to a centre of similitude of the first and 
third will pats through a centre of similitude of the second and • 
third. 

Form the equation of the line joining the points 

/ ra' - ar' rb' ~ br' \ ( rd' - ar" rb" - br" ^ 
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(Art. 1 19), and we get (see Ex. 7, p. 24), 

{r(N ~ i") + ''(*" - 4) + r" (6 ~ b')] x 

' ~ \r(a'-a")+t'(a"-a)-^r^{a-a')\y 

+ T {ha" - b"^ + r (b'a -bt^ + r'(ba'~ h'a) = 0. 

Now the symmetry of this equation sufficiently shows, that the 

line it represents must pass through the third centre of similitude, 

r'a" - r"a' /fi" - r"b' 



ofgimUitude of the three circles. 




This line ia called an axi 
Since for each piur of 
drcles there are two cen- 
tres of similitude, there 
will be in all lix for the 
three circles, and these 
will be distributed along 
Jbur axes of similitude, 
as represented in the 
figure. The equations 
of the other three will 
be found by changing 
the signs of either r, or 
t\ or r", in the equation 
just pven. 

123. ^fa circle (S) touch two others (S and S') the line join- 
ing the points qf contact will pass through a centre oj" similitude of 
S and S. 

For when two circles touch, one of their centres of similitude 
will coincide with the point of contact, and, by the theorem 
proved in the last article, the line joining a centre of ramilitude of 
S |and S, to a centre of similitude of S and £ must pass throiigh 
a centre of similitude of S and S". 

If 2 tODch S and S', either both estemally or both internally , 
the line joining the points of contact will pass through the external 
centre of similitude of S and S'. If S touch one externally and 
the other internally, the line joining the points of contact will 
pass through the internal oeatre of similitude. 
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* 124. We shall conclude this chapter by ioTestigating the 
problem : To detcribe a circle to touch three given circles. 
Let the equatiooa of the three drdes be 

{x-a )•+ (y - A)' - r» = 0, or S - 0, 
(x - a')' + (y - by - r'' = 0, or S' - 0, 
(X ~ a'J+ (y - 6")' - r"» = 0. or S" = 0. 

We can determine the position of the centre of the touching 
circle from the condition, that the distance between the centres of 
any two touching circles muet equal the sum of their radii. 

Nowthe square of the distance of any point firom the centre 

"'■<'*' .(.-«)-+(j,-i)..S + rt 

Hence we get the condition 

and, in like manner, 

S' + /' = (R + rO', 
and S"+r"'-{R + r")». 

[These equations, evidently, apply to the case of external con- 
tact. If the contact with any of the circles be internal, the dis- 
tance between the centres will then = the difference of the radii, 
and we must change the sign of t or r or r" in the preceding for- 
midfe. As this gives rise to the following di&rent possible 
combinations of signs. 



there may be eight circles touching the three given circles.} 

K now we eliminate K from the preceding formulas, we shall 
get two equations which will enable us to determine the co-ordi- 
nates of the centre of the touching circle. 
Subtract the equations, and we get 

S-S'=2B(r-r'), and S - S" = 2R(r - /), 
or S-S' S-S" 

r-r- " r~f^' 
This is the equation of the line joining the centre of the touching 
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circle to ihe radical centre (Art. 1 13). It may be written in the 
more eyBunetrical form 

(r - jOS + (r"- r) 8-+ (r - /)S''= 0. 
If we now write for S, Ac, their values, the coefficient of x 
in this equation is found to be 

and of ^ to be 

- 2 |i(/-r") + {■('■■-'•) + »■('■-'•') I- 

Now if we compare these coeffident« with the coefficients in 
the equatioD of the axis of similitude (Art. 122), we arrive at the 
conclusion (see Art. 40) that the centre of the circle touching three 
others lies on the perpendicular let fall from their radical centre on 
the axis <f similitude. 

We saw that eight circles can be drawn to touch three given 
drclee, and as the three circles have four axes of similitude, the 
centres of the touching circles will lie, a pair on each of the per- 
pendiculars let &11 from the radical centre on the four axes of 
similitude. 

Two circles answer to each axis of similitude ; for the equa- 
tion of an axis of similitude (Art. 122) remiuns unaltered, if we 
change in it the signs of all the radii. Hence the axis answeriDg 
to the case of external contact (or + r + r' + r~) must also answer 
to the case of internal contact (or - r - / - r") ; and similarly for 
the other axes of similitude. 

125. From the three equations found in the last article we can 
obttun another relation between the co-ordinates of the centre of 
the touching circle. This relation, however, will be of the second 
d^ree, and, though sufficient for the algebraical solutioa of ihe 
problem, does not enable us to represent the results in an elemen- 
tary geometrical manner. To remove this Inconvenience M. Ger- 
gonne proposed to seek the co-ordinates net of the centre of the 
touching circle, but of its point of contact with one of the given 
circles. We have already one relation connecting these co-ordi- 
nates, since the point lies on a ^ven circle ; therefore, if we can 
find another relation between them, it will suffice completely to 
determine the point." 

* Gereonne, Anni^ei dn Mathimatiquf, toI. vil. p. !B9. 
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Let US for simplicity take for origin the centre of the circle, 
the point of contact with which we are eeekiiig, that is to say, let " 
us take a ^ 0, b = 0, then if A and B be the co-ordinates of the 
centre of S, the sought circle, we have seen in the last article, 
that they fulfil the relations 

S-S' = 2R(r-iO, S-S"=2E(r-r"). 
But i£x and t/ be the co-ordinates of the point of contact of 2 with 
S) we have from Himilur triangles 

r ' r ' 

Now if in the equation of any right line we substitute tax, my for 
X and y, the result will evidently be the same as if we midtiplied 
the whole equation by m and subtract (tn- 1) times the absolute 
term. Hence, remembering that the absolute term in S - S' ia 
(Art. U 0) /> - 7-» - a'' - 6'', the result of making the above substi- 
tutions for A and B in (S - S') = 2B(r - /) is 

5i^(S- S') + 5(a''+ 6-" + r' -j^)- 2R(r-»0, 
or (K + r)(S-S') = R{(r-r')"-a''-ft'>|. 

Simikrly (R + i-)(S- S") = R |(r-r")'-a"'-i"'|. 

Eliminating B, the point of contact is determined as one of 
the intersections of the cii^le S with tKe ri^t line 

s-s- S-S' 

a> + S^- (r-ry " a"* + ft"^ - (r - 1^)'' 

126. To complete the geometrical solution of the problem it - 
is necessary to show how to construct the line whose equation has 
been just found. It obviously passes through the radical centre 
of the (ardes ; and a second point on it is found as follows. Write 
at full length for S-S' (Art. 1 10), and the equation is 

2a'at+2gy + r'' -?■'-«''-&'■ 2fl''fl! + 2^^ + y"' - r' - 1/' - ft"" 
a'' + b''-(r-r^' '^ a " + 6"'- {r-ry 

Add 1 to both sides of the equation, and we have 
ax + b'y + (r' - r)r a"x + A"y + (»•" - r)r 
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showing that tlie above line passes through the intersection of 

a'x + hy + (r - J-) 7- = 0, a"x -Y b"y + (r" - r) r • 0. 
But the first of these lines (Art. 118) ia the chords of common 
tangents of the drcles S and S' ; or, in other words (Art. 1 1 9), is 
the polar with regard to S of the oaitre of similitude of these 
urcles. And in like manner the second line is the polar of the 
centre of similitude of S and S" ; therefore (since the intersection 
of any two lines is the pole of the line joining their poles) the in- 
tersection of the lines 

d'js + A'y-t (r'-r)r-0, a"x-ib"y + {r"-r)T= 
is the pole of the axis of similitude of the three (arcles, with re- 
gard to the drde S. 

Hence we obtain the following construction ; 

Drawing any of the four 
axes of ^militude of the three S^ 
drcles, take its pole with re- 
spect to each circle, and join 
the points so found (P, P, F') 
with the radical centre; then, 5' 
if the joining lines meet the 
circles in the points S. . 

{a,b;a\b-;a%b), 
the drde through a, a', a" will 
be one of the touching circles, 
and that tiuvugh b, V, b" will 
be another. Repeating this process with the other three axes of 
similitude, we can determine the other six touclung circles. 

127. It is useful to show how the preceding results may be 
derived without algebraical calculations. 

(1.) By Art. 123 the lines ab, ah, d'V meet in a point, viz., 
the centre of similitude of the circles add\ hbh'. 

(2.) In like manner da", hW intersect in S, the centre of simi- 
litude of C, C". 

(3.) Hence (Art. 121) the transverse lines a'6', a"6" intersect 
on the radical axis of C, C". So ag^ d'b", ab, intersect on the 
radical axis ofC", C. Therefore the point !R(the centre ofsimi- 
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litude of aa'ti', tb'b") must be the radical centre of the circles 
C, C, C". 

(4.) In like maimer, since a'b', a"b" pass ttrongh a centre of 
^militude at a^a", bb'b"; therefore (Art. 121) a'a", b'b" meet on 
the radical axis of these two circles. So again the points S and 
S" must lie on the same radical axis ; therefore SS'S", the axis of 
timilitude of the circles C, C, C", is the radical axis of the drcles 
add', Wh\ 

(5.) Since a"i" passes through the centre of similitude of 
add', bb'b't therefore (Art. 1 21) the tangents to these circles where 
it meet£ them intersect on the radical axis SS'S"< But this point 
of intersection must plainly be the pole of d'b" with regard to the 
drcle C". Now since the pole of d'b" lies on SSS", therefore 
(Art. 96) the pole of SS'S" with regard to C" lies on d'b". Hence 
d'A' is constructed by joining the radical centre to the pole of 
SS'S" with regard to C". 

(6 .) Since the centre of anulitude of two wrclea ia on the line 
joining their centres, and the radical axis is perpendicular to that 
line, we learn (as in Art. 124) that the line joining the centres of 
add', bb'b" passes through K, and is perpendicular to SS'S". 

Ex. To describe a circle cutting three g;iTen drdea at given angles. 

By the help of (Ex. £, Art. 117) this is lednced to th« pioblsin of tbe pretent Mticle ; 
or elae the three eguationa 

E» - 2Ki- cosa = 3, m - aB/ oos/J = S', E' - 2Rr~ a»y = S", 
may be discassed direcUf O in Art 124. 



CHAPTER X. 



128. The most general form of the equation of the second 
degree is Aa? + Bj)y + Ci/' + Dar + Ey + F = 0, 
where A, B, C, D, E, F are all constants. 

The nature of the curve represented by this equation will vary 
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according to the particulfiF values of these comtante. Thus we 
saw (CliEip. v.), that in some cases this equation might represent 
two right lines, and (Chap, vi.) that for other values of the con- 
stants it might represent a circle. It is our object in this chapter 
to claAeify the different curves which can be represented hj equsf 
tions of tfee general form just written, and to obtain some of the 
properties which are common to them all.* 

live relations between the coefficients are sufficient to deter- 
mine a curve of the second degree. It is true that the general 
equation contiuns six constants, but it is plain that the nature of 
the curve does not depend on theabsolute magnitude of these co- 
efficients, since, if we multiply or divide the equation by any 
constant, it will still represent the same curve. We may, there- 
fore, divide the equation by F, so as to make the absolute term 
= 1, and there will then remain but five constants to be deter- 
mmed. 

Thus, for example, a conic section can be described through 
Jive points. Substituting in the equation the co-ordinates of each 
point (3^1/') through which the curve must pass, we obt^n five 
relations between the coefficients, viz., 

A ,, B , , C „ D , E , , „ . 

j.^' + ^.^^ + ^3-" + ^.^/ + ^*, + 1-0, &c., 

which will enable us to determine the five quantities, -^, &c. 

129. We shall in this chapter often have occasion to use the 
method of transformation of co-ordmates ; and it will be useful to 
find what the general equation becomes when transformed to 
parallel axes through a new origin (x'^). We form thenewequar 
tion by substituting a; + flj* for jt, and y + ;/ for y (Art. 8), and 
we get 
A(^+a;')HB(^+;t')(y + y')+C(y + y)UD(l+irO+E(y+y)4F^O. 

* IVesfaallproTstMrufteT, that ths sectioD made by ttiy plane in s ccaie aUnding on 
a, circular bu« <b a curve of tbe second degree, and, convcraely, that tbere is no curve oT 
(he Mcond degree wMch maj' not be considered aa a conic leclion. It waa in tbu point of 
view that tbese curves were Gret examined by geometeis. We mention the propertj' here, 
becaoee we bIuU often find it convenient to us* the terms "conic section" or "coi^" 
init«adof the longer appdlafiml,*' curve <tf the second dfgrae." 
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Arran^g this equation according to tlie powers of the va- 
riables, we find that the coefficienta of x^, xy^ uid y*, will be, as 
before, A, B, C ; that 

the new D, D'= SAi' + By'+ D; 
the new E, E'= 20^ + B«' + E; 
the new F, F = Ax* + B<y' + C|/' + Das' + Ey" + F. 

Hence, if the equation of a curve qfthe tecond degree be trans- 
formed to parallel axes through a new origin, the coefficients of the 
highest powers of the variables will remain unchanged, while the new 
absolute term will be the result of substituting in the original equa- 
tion the co-ordinates of the new origin* 

130. Every right line must meet a curve of the tecond degree 
in two real, coincident, or imaginary points. 

Let us first consider the case of lines which pass through the 
■ orjgin. The truth of the proposition will then easily appear by 
transformatioQ to polar coHardmates. If the angle between the 
axes be m, then for a line making angles a, /3> with the axes, we 
saw (Art. 1 2) that x sin w = p sino^ y sin w » p sin j3, or, as we shall 
write for shortness, x = mp, y = np. Making these substitutions in 
the general equation, we have, to determine the length of the ra- 
dius vector to ^ther of the points where the line (whose equation 
obviously is m^ = nx) meets the curve, ihe quadratic, 

(Am' + BfflTi + Cn') p» + (Dm + En)p + F = 0. 
Since this equation always gives two values for p, wj see, as in 
Art. 81, that every line through the origin will meet the curve 
in two real, coincident, or ima^nary points. 

The case of a line not passing through the origin is reduced 
to the former, by transferring the ori^ to any point on the line. 
The equation will then become 

Aar' + Ba^/ + C^ + D> + EV + F = 0; 
where D', E', F have the values found in the last article, and the 
distances &om the new ori^n of the points where any line through 
it meets the ciu*ve, are the two roots of a quadratic equation, pre- 
cisely similar in form to that already g^ven. 

* Tbia ia Fqiully true fbr equationi of Biif degree, sb i»n be proved id like utnoer. 
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131. The next articles will be occupied with a discussion of 
the differest fonns assumed h^ the quadratic just found for p, 
according to the different values we may give the ratio m : n. 
The reader will better understand the method we pursue if he 
bear in mind the following elementary prindples. Suppose that 
we have to discuss any quadratic, 

ap' + bp + c fO, 
its solution may be written in either of the following equivalent 
forms, 

_ - b ± -s/ {^ - iac) 2e 

P " 2a = _ ft + y (»< _ 4fflc) ' 

the latter bdng the form in which the solution would have pre- 
sented itself h^ we divided the given equation by p\ and solved 
it for the reciprocal of p. 

1. If we have c>=0, the quadratic is divisible hj p, and one of 

its roots ia paQ, the other being = — . If we had not only c = 0, 

but also 6 = 0, then the quadratic would he divisible by p% and 
both its roots would = 0. 

ir. If we have a^O, then one of the roots of the equation is 
p « 00. For if we had written the equation 



GI-G)^ 



it appears fix>m the last case that when a = the two roots are 

- E 0, - = - -, to which values correspond p ■■ oo, p »= - -, The 

same thing may be seen by making a ^ in the general form of 
the solution. If not only a = 0, but also b - 0, both the roots 

III. If 6 = 0, the roots of the quadratic are equal with oppo- 
site ^gns. 

IV. If we have 6' = 4ac, the two roote are equal, and we may 

write either /» = - ~- or = - -r-. If 6' be greater than Aac, the 

roots of the quadratic are real ; if £' be less than 4ac, the roots are 
imaginary. 
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132. Let us now apply these principleB to the equation which 
detemunes the points where the line (my - nx) meets the curve, 
"«■ (Am' + Bmn + Cn')p' + (Dm + En)p + F = 0. 

I. LefF ■= 0. In this case one of the values of jo is = 0, or 
the ori^ is one of the points where the line meets the curve 
(see also Art. 79). The other value is 
Dm + En 
• " Am* + Bmn + Cn*" 

If, however, we have not only F = 0, but also the line be drawn 
in such a direction that Dm + En ° 0, then the second value of p 
is also > : the line (mtf » nx) meets the curve in two coincident 
points at the origin, or, in other words, is a tangent at the origin. 
Multifilying by p th6 equation Dm + En = 0, and remembering 
that mp = X, rtp = y, we find the equation of the tangent at the 
origin, viz. Dx + 'Eyd. 

Ex. ]. Find tiia Mngant at (he origin to 

6*» + 7iy + j^ - 1+ 2y = 0. An». x = 2y. 

E*. 2. The point (1, 1) is on Ihe curro 

tmufinrn the equation to punllel axes through this point, md find tiie tuigent at It. 
Am. 8» — By* referred to the new axeB, or 9{» — 1),- 6(y — 1) = 
referred to the old. 

133. To find the equation of the tanffent at any point a!y' on 
the curve. 

Transform to parallel axes through x'l/, and (Art. 129) F" 
will vanish, since x't/ is on the curve. The equation of the tan- 
gent will then be D'a; + Ey = referred to tte new axes, or 
J)\j!-a:') + E'(^ -y') = referred to the old. Write for U and 
E' the values found in Art. 129, and the equation of the tangent 
b (2Ai!'+ By' + D) (x-a-) + (B/ + 20^ + E) (y - y") = 0, 
which may be written in a simpler form by adding to both sides 
the identity 

SAa;'' + 2Biy + 2Cy> + 2Da!' + 2Ey + 2F ■= 0, 
when the equation of the tangent becomes 

|(2 A*' + By' + D) a! + (Ba;' + 2Cj/ + E) y + Da:' + Ey" + 2F - 0. 
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This equation might also have been found by the method pur- 
sued in Art. 84. 

Ex. Find the tangent st (2, 1) to 

Bi« + 439 + 8y* - 7« - 8, - 8 = 0. 

Ant. 9* -t- lOjf = t8. 

134. II. Let U8 next consider the case in which one value of 
p may become infinite. We have seen (Art. 131) that this will 
be the caae when the coefEcient of p' vanishes in the quadratic 
which determines pi or, in other words, when 

Am" +B(nn + Cn' ■ 0. 
If then m : n be taken bo as to satisfy this relation, the line 
(my » ttx) will meet the curve in one infinitely distant point : 
the other value of p will in general remiun finite, and *ill* 
F 
Dm + En" 

Since two values of m : n can in general be found, which will 
render Am' + Bmn + Cn' = 0, there con be draum through the 
origin two real, coincident, or imagirtary lines, which will meet the 
carve at an irtfinite distance,'qnd each ofthtse lines will only meet 
the curve in one other point. If we multiply by p' the equation 
Am* + Smn 4 Cn° - 0, and substitute for mp and np their values 
X and If, we obtain for the equation of these two lines, 
Aa:' + B*y+Cy' = 0. 

We may prove, by th^ transformation of co-ordinates, aa in 
Art. 130, that there are two directions in which lines can be drawn 
through ang poitit to meet the curve at infinity ; and, since it was 
pBJved, in Art. 129, that the coefficient^ A, B, C were unaltered 
by transformation, we obt^n for every point the very same 
quadratic. Am' + Bnai + Cn* = 0, to determine those directions. 
Hence, if through any point two real lines can be drawn to meet 
the curve at infinity, parallel lines through any other point will 
meet the cwrve at infinity* , 



* This, Indeed, is evident gennetrically, aince panJlel lines may be consldertd ti 
pusing through the same point at Infinllj. 
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13d. The most important question we can ask, concerning the 
form of the curve represented by any equation, is, whether it be 
limited in every direction, or whether it extend in any direction 
to infinity. We have eeen, in the case of the circle, that an equa- 
tion of the second degree may represent a limited curve, while 
the caae where it represents right lines shows us that it may also 
represent loci extending to infinity. It is necessary, therefore, 
to find a test whereby we may distinguish which class of locus is 
represented by any particular equation of the second degree. 

With such a test we are at once furnished by the last article. 
For if the curve be limited in every du'ection, mo radius vector 
drawn from the origin to the curve can have an infinite value ; 
but we found in the last Article, that, in order that the radius vec- 
tor should become infinite, we must have Am' + Bmn + Cm* = 0. 

(1.) If now we suppose B' - 4AC 
to be negative, the roots of this equa- 
tion will be ima^nary, aud no real 
value of m : n can be found which will 
render Am' + Bmn 4 Cn' = 0. In this 
case, therefore, no real line can be " 
drawn to meet the curve at infinity, 
and the curve will be limited in every direction. We shall show, 
in the next chapter, that its form is that represented in the figure. 
A curve of this class is called a 

(2.) If B' - 4AC be positive, 
the roots of the equation 

Am' + Bmn 4 Cn* ■= 
will be real; consequently, there 
are two real values of m : n which 
will render infinite the radius vector 
to one of the points where the line 
(my = nx) meets the curve. Hence, ~ 
two real lines(Aa:'4Ba!y4Cy'=0) 
can, in thh case, be drawn through the origin to meet the 
curve at infinity. A curve of this class is called an Hyperbola, 
and we shall show, in the next chapter, that its form is that re- 
presented in the figure. 
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(3.) If B» - 4 AC = 0, the roots 
oftlieequation,Am»+BmM+Cn'= 
will then be equal, and, therefore, 
the two directions in which a right 
line can be drawn to meet the curve 
at infinity will in this c&w coincide. 
A curve of this class is called a 
Parabola, and we ^hall (Chap. XII.) 
show that its fonu is that here represented. 

136. In applying to Examples the principles just Iwd down, 
the following are some of the particular cases which most fre- 
quently present themselves : — 

(1.) The circle is a particular forin of the ellipse, for, since 
in the most general form of the equation of the arcle C = A, 
B = 2A cosu (Art. 78), we have 

B»-4AC --4A'8in"w, 
and, therefore, always negative. 

(2.) lir B = 0, the curve' will be an ellipse if A and C have 
the same sign; but an hyperbola if they have different signs. 

(3.) If either A or C = 0, and B not = 0, the quantity B'- 4 AC 
will reduce to B', which being essentially positive, the curve is 
an hyperbola. 

.In the case where A = the axis of x is itself one of the lines 
which meet the curve at infinity; and where C = 0, the axis of ^i 
these lines being in general given by the equation 
Aj:' + Baj^ + Cy' = 0. 
' (4.) If either A or C be ■=■ 0, and at the same time B = 0, 
then B* - 4AC = 0, and the curve is a parabola. 

(5.) In general the curve will be a parabola, if the three first 
terms form a perfect square. 

Ex. Determine the species of each of the following corves: 

8i» + 4Tjf + Syi - 2i - 7y - 4 = 0. Aiu. Elhpse. 

2*» + *p - yS + 8l + S = 0. Am. Hjperb 



2iy yt 2x_!y 



Ant- Parabola' 
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137- iiK Let us next examine the case wKere tKe value of 
m:n is suet tliat the quadratic (Art. 130) wliich determines p 
has its roots equal with opposite signs. This will be the case 
(Art. 13 1 ) when Dm + En = 0. 

The points answering to the equal and opposite values of p 
are equidistant from the ori^n, and on opposite sides of it ; 
therefore, the chord represented by the equation Dj; + Ey = is 
bisected at the origin. 

Hence, through any given point can in general be drawn one 
chord, which icillbe bisected at that point. 

1 38 . There is one case, however, where more chords than one 
can be drawn, so as to be bisected, through a ^ven point. 

If, in the general equation, we had D *= 0, E ^^ 0, then the 
quantity Dm + En would be = 0, whatever were the value of m : n j 
and we see, as in the last Article, that in this case everi/ chord 
drawn through the ori^n would be bisected. The origin would 
then be called the centre of the curve. Now, although for any 
origin, taken arbitrarily, the quantities D and E are not = 0, yet 
we see, that if the curve have a centre, by taking this point-for 
our ori^n, the quantities D and E will vanish ; or, conversely, 
that if the axes be transformed to any new origin, so that the co- 
efficients of X and j/ may vanish, then will the new ori^n be a 
centre of the curve. 

In order to determine whether it be possible, by transforma- 
tion of co-ordinates, to make the new D and E = 0, we have only 
to refer to the fonnulsB given in Art. 129, whence we find, that 
the co-ordinates of the new origin must fulfil the conditions 

2 Ajr' + By' + D = 0, 20^^' + Ba:' + E = 0. 

These tico equations aie sufficient to determine x' and y, and, 

. being linear, can be satisfied by only one value of a: and^; hence. 

Conic sections have in general one, and only one centre. 

Its coK)rdinates are found, by solving the above equations, to 
be BE - 2CD BD-2AE 

^"~ B=-4AC' ^"^B'-4AC' 

In the ellipse and hyperboUi B= - 4AC is always finite (Art.- 
135); but in the parabola B" - 4AC = 0, and the co-ordinates of 
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the centre become infinite. The ellipse and hyperbola are hence 
often classed together as central curves, while the parabola is 
called a non-cmtral curve. The student must be carefiil, how- 
ever, to remember that, strictly speaking, every curve of the se- 
cond degree has a centre, although in the case of the parabola 
this centre is situated at an infinite distance. 

139. Tojind the locus of the middle points of chords, parallel 
to a given line, of a curve of the second degree. 

We saw (Art. 137) that a chord through the origin my - nx 
is bisected if Dm + Em = 0. Novr, transforming the origin to any 
point, it appears, in like raauner, that a parallel chord will be 
bisected at the new origin if m times the new D + n times the 
new E = 0, or (Art. 129) 

m (2 A/ + By + D) + n (B/ + 2Cy' + E) - 0. 

This, therefore, is a relation which must be satisfied by the co- 
ordinates of the new origin, if it be the middle point of a chord 
parallel to my = nx. Hence the middle point of any parallel chord 
must lie on the right line 

m (2Aa; + By + D) + n (Ba; + 2Cy + E) := 0, 

which is, therefore, the required locus. 

Every right line bisecting a system of parallel chords is called 
a diameter, and the lines which it bisects are called its ordinates. 

The form of the equation shows (Art. 36) that every diameter 
must pass through the intersection of the two lines 

2Aa: + By 4- D - 0, and 2Cy 4 Rr + E = ; 

but, these being the equations by which we determined the co- 
ordinntes of the centre (Art. 138), we 
infer, that every diameter' passes through 
the centre of the curve. 

Since 
m(2Aa:4By+D) + n(^ + 2Cy+E)=0 . 
is the equation of the diameter Insect- 
ing chords parallel \a my = rtx, it appears, by making k 
alternately = 0, that 2A* + Bv + D = . 
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is the equation of the diameter bisecting chords parallel to the 
axis of X, and that 

2Cif + Ba: + E = 
is the equation of the diameter 
bisecting chords parallel to the 
axis of If. 

In the parabola B^ = 4AC, 

2A 

2Ax + B!/+ D = is parallel to the line 2C|/ + Ba; + E = 0; con- 
sequently, all diameters of a pa- 
rabola are parallel to each other. 
This, indeed, is evident, since yre 
have proved that all diameters 
of any conic section must pass 
through the centre, which, in the 
case of the parabola, is at an in- 
finite distance; and since parallel 
right lines may be considered as 
meeting in a point at infinity.* 

The familiar example of the circle will suffidently illustrate 
to the beginner the nature of the diameters of curves of the second 
degree. He must observe, however, that diameters do not in 
general, aa in the case of the circle, cut their ordinates at right 
angles. In the parabola, for instance, the direction of the dia- 
meter being invariable, while that of the ordinates may be any 
whatever, the angle between them may take any possible value. 

140. The direction of the diameters of a parabola is the same 
as that of the line through the origin which meets the curve at an 
infinite distance. 4 

For the liaes through the origin which meet the curve at in- 
finity are (Art. 134) Aa!> + Ba;^ + C/ = 0, 

* Hence, ^vea any conic section, we can find ita centre geometrically. For if *« 
draw any tiro parallel chords, and join their middle points, n-e have one diameter. In 
like manner we can find another di»meter. Then, if these two dianielera be parallel, Iht 
cunre is a parabola, bnt If not, Ihe pidiit of intereection Li the ecnlrt 
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or, writjiig for B its value, ^ (4 AC), 

But the ditimet«rB are parallel to ^Kx -i- By - (by the last Ar- 
ticle), which, if we write for B the same value, v'('lAC), will also 
reduce to V Ac + \^Cy = 0. 

Heace every diameter of the parabola meets the curve once at 
infinity, and, therefore, can only meet it in Qne finite point. 

141. If two diameteri of a conic section be tuck, that one (f 
them bisectt all chords parallel to the other, then, conoersdy, the 
second will bisect alt chords parallel to the first. 

The equation of the diameter which bisects chorda parallel to 
my •= nx\% (Art. 139) 

(2Ani + Bn)x + (Bm + ^Q-n)y + Dm + En = 0. 
If then this be parallel to m'y - m'*, we must have 
m[ _ Bm + 2Cn 
n' 2Am + Ea' 
or 2A)wm'4 B(m'n -i- mn') + 2Cnn' = 0. 

But the symmetry of the equatioD shows that it is also the con- 
dition that the line my = nx should be parallel to the diameter 
bisecting the chord m'y •■ n'x. 

Diameters so related, that each bisects every chord parallel to 
the other, are called conjtigate diameters' 

If in the general equation B = 0, tbe axes will be parallel to 
a pair of conjugate diameters. 

Fc^ the diameter bisectiag chords parallel to the axis of x will, 
in this case, become 2 Ar 4 D ■= 0, and will, therefore, be parallel 
to the axis of y. In like manner, the diameter bisecting chorda 
parcel t» the axis of y will, in this case, be 2Cy + E => 0, and 
will, therefore, be parallel to the axis of x. 

142. IV. Lastly, let us discuss the case, when the equation 
which determines p has equal roots. When this is the case, the 



■ It i« erident th»t none but central corres can hive conjngmte dUm^en, rinc* n 
the pkratxiU the direction of all diimet^n u the unM. 
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line mif -nx will meet the curve in two coincident points, and 
will therefore touch it. Now (Art. 131) the equation 
(Am* + Bmn + Cn*)p' + (Dm + E»)p + F •= 
will have equal roots if 

(Dm + En)' = 4F (Am' + Bmn + Cn*). 

Since thia gives us a quadratic to determine m : n, we see that 
through the origin can always be drawn two real, coincident, or 
imaginary tangents. Multiplying by p', the equation justfoimd* 
and substituting x and y for mpf n/i, we obtiun the equation of t^e 
pail of tangents through the origin, viz., 

(D' -4AF)a:' + 2(DE - iB¥)x^ + (E' - 4CF)y' = 0. 

It is only necessary to notice particularly the case where these 
two tangents coincide. If we apply the condition that the equa- 
tion juet obtained should have equal roots, we get 

(!> - 4AF) (E' - 4CF) = (DE - 2BFy, 
or 4F(AE» + CD' + FB' - BDE - 4ACF) = 0. 

This will be satisfied, if F = 0, that is, if the origin be on the 
ctirve. Hence, any point on the curve may be considered as the 
intersection of two coincident tangents, just as any tangent may be 
considered as the line joimng two coincident points. 
The equation will also have equal roots if 

AE- + CD* 4 FB' - BDE - 4ACF = 0. 
Now we obtained this equation (p. 67) as the condition that the 
equation oi'the second degree should represent two right lines. 
To explain why we should here meet with this equation agtun, 
it must be remarked that by a tangent we mean in general a line 
which meets the curve in two coincident points ; if thea the curve 
reduce to two right lines, the only line which can meet the locus 
in two coincident points is the line drawn to the point of inter- 
section of these right lines, and since two tangents can always be 
drawn to a curve of the second degree, both tangents must in 
.this case coindde with the line to the point of intersection. 

143. Tojind the equation of the line joining the points of con- 
tact of tangents through the origin, ■^ 
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We have seen in the last article that if m' : n' be ather of the 
roots of 

(D» - 4 AF) m* + 2(DE - 2BF) mtt + (E' - 4CF) n» = 0, 

tiie line m'y = n'x will touch the curve, and the quadratic 

(Am'' + BmV + Cn'=) p' + (Dm' + En') p + F - 

will have equal roots. But (Art. 131) when ap' + bp^c = haa 

equal roots, the common value of the equal roots is - -r-. The 

value, therefore, of the radius vector to the point of contact is 
2F 
''■-STS" »'!>»> + E»> + 2F.O. 

The co-ordinates, then, of either point of contact satisiy the 
relation D^r + Ey + 2F = 0, 

which is the equation of the line required. This is the equation 
of a real line, whether the tangents through the origin be real or 
imaginary. WesballcaU it, as in the case of the circle, thepolar 
of the ori^n, and, conversely, we shall call the origin the pole of 
this line. 

144. To find the equation of the polar of any point dy. 

If we transform the equation to parallel axes through xy, the 
polar of the new orig^ is D'a; + E'y + 2F = 0, or, transforming 
back to the old origin by writing a; - a:' for x, and y -y ior y, 
D'(a! - a!") + E'(y - y) + 2F' = 0. 
Writing for IV, E', F their values (Art. 129), and reducing 
as in Art. 133, we find for the equation of the polar 
(2Ai' + By + D)ar + (Ba;' + 2C(/' + Ejy + Die' + Ey + 2F = 0. 
Comparing this with the equation found in Art. 133, we see that 
the polar of any point on the curve is the tangent at that point. 

145. The polar ofthe origin (Da; 4 Ey+ 2F = 0) is parallel to 
the chord (Da: + Ey = 0) drawn through the origin so as to be" 
bisected, which evidently is an ordinate to the diameter passing 
through the origin. Hence, the polar (fatty point is parallel to 
the ordinates of the diameter passing through that point. This in- 
cludes, as a particular case : The tajiyent at the extremity of any 
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diameter is parallel to the ordinate* of that diameter. Or, again, 
in the caae of centra] curves, since the ordinates of any diameter 
are parallel to the conjugate diameter, we infer that. The polar 
of any point on a diameter of a central curve m parallel to the con- 
! jtigate diameter. 

146. yariJ/poiTU(x'y)be taken on the polar of {jly), its polar 
•mustpass through (x^)- 

For, the condition that (a^'y") should lie on the polar of (/^'if') 
is (Art. 144), 

(2A«' + By + D)y' + (2Cy' + B^ + E)y" + Dx' + Ey' + 2F = 0. 
But this may be arranged 

(2Ay' + Bi/" + D)«^ + (20/ + Ba;" + E)y' + IXc" -f Ey + 2F = 0, 
and is, therefore, also the condition that (x'y') should lie on the 
polar of (jc"y"). 

The form of the equation of the polar indicates (see Art. 60) 
that, ifany point movealonp ajixedright Hne, itspolar mmitalways 
pass through a fixed point, namely, as appears &om this article, the 
pole of the fixed line. 

The theorem of this article may also be stated thus : The in~ 
terseetion of any two lines is the pole of the line joining their poles ; 
or, conversely : The line joining any two points is the polar of the 
intersection of the polars of these points. For the polors of any 
two points on the polar of x'y intersect in x'l/. 

147. If on any radius vector through the origin, OR be taken 
an harmonic mean between OH' and OR" : to prove that R lies on 
the polar ofO. 

"We found(Art. 130) thatOR'.OR' 
were determined by the quadratic 
(Awi" + Bmn + Cn') p' 

+ (I>m + Ek)p + F= 0. 
Hence, by the theory of equations, 

_2 1_ 1 Dm+Ew 

OB " OR' "^ DE"" " F ■ 
In order to find the locus of R we 
must write x and y for m- OR and 
n ■ OR, and the equation of the locus is 
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Dai + Ey + 2F - 0, 
that IB, Uie equation of the polar of the origin. 

Hence, any line dravm through a point it cut harmonically by 
the point, the carve, and the polar of the point* 

148. If two lines be drawn through any point, and the points 
joined where they meet a curve of the second degree, the joining 

lines will intersect on the polar of that point. 

The proof given (p. 90) of this property in the case of the 
<arcle will apply, word for word, to conica in general, since no 
uee was made of the equality of the coefficients of ir' and y". 

If through a point O any line OR be drawn, the tangents at 
R' and R" will meet on the polar ofO. 

Thb is a particular case of the preceding theorem, namely, 
where the two lines are supposed to coincide ; or else it follows 
immediately irom Art. 146, since the pole of any chord through f ' 
O must lie on TT ; and by the pole of the line we mean the in- ■ 
tersection of tangents at the points where it meetd the curve.! 

149. J(fany line (OR) be drawn through a point (O), and (P) 
the pole of that line, be joined to O, then the tines OP, OR will 

form an harmonic penal with the tangents from O. 

For, Mnce OR is the polar of P, PTRT is cut harmonically, 
therefore OP, OT, OR, OT, form an harmonic pencil. 

Ez. 1. If a qtudrilsteml, ABCD, be inscribed 
In a conic eectico, aD7 ot the points E, F, O, la the 
poleoTtlieliiie joining' the other two. 

Since EC, ED, are two lines drawn through 
the point £, and CD, A.B, one pair of linea joining 
the points irheie they meet the conic, these lines 
mnst inl«raect on the polar of E | eo most also AD 
and CB ; thereAire, tlie line OF is the polai of E. 
In like manner it can be proved that EF is the 
polar of O, and EO the polar of P. ji j> 

Ex. 3. To diav a tangent to a given conk section from a point ontdde, irith tlie 
help of the raler only. 

* Foi an ennmeration of some of tbe partioular cases tnchided in this theorem, the 
reader is referred to the section (Chap, it.) on the enharmonic properties of conies. 

f From this property the polar of a point might have been defined sa Che locus of the 
ioterBection of tangents at the eitremldes of any chord passing through the point, Tliii 
definition applies, whether the point be within or without the conic. 
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Draw my two lines through the given point E, and complete the quadriUteral is in 
the figon, then Uie line OF will meet the conic in two points, which, being joined to E, 
will give the two tangenta required. 

Ex. 8. If a qnBdrilateia] be drcomscribed sbtfnt a conic lection, any diagonal la the 
pcdar of the interdectioD of the atha two. 

We shall prove Ihis Example, aa we might havn proved Ex. 1, bj means of the har- 
monic properties of s qoadrilstenl. It was proved (p. 67) that EA, EO, EB, EF, are 
an harmonic pencil. Hence, dnce EA, EB, are, by hypothefds, two tangente to a conic 
. section, and EP a line throngh their point of intersection, bj Art. 149, EO must ptus 
through the pole of EF; for the aame reaaon, FO must pasa through the pole of EF: this 
pete most (heretbre be 0. 

"160. The theorem of Art. 147 may also be proved by a pro- 
cess precisely similar to that employed (Art. 89). We may seek 
the ratio in which the hue joining two points is cut by the curve. 

Substitutin!? — r , ■=-= —, for x and w, the ratio / : m is de- 

° l+m l + m ' ^' 

termined by the quadratic 

I' (Ax"' + B^y + Cf + Dx" + Ey + F) 

+ /m|(2A«' + By'+D)a!'4(Ba;" + 2Cy' + E)i/ + D«" + Ey" + 2Fj 

+ m» (Aa:'' + Rcy + Cy' + Bx' + Ey' + F) - 0. 

Now if a^y" be on the polar oi x'y' the coefficient of /m vanishee, 

the roots of the equation are of the form / = ± fxm, and the line 

joining the points is cut harmonically. 

The same equation enables us to form the equation of the 

pair of tangents drawn from any point to the curve. For if 

x''y" lie on either of the tangents through :E'y', the equation for 

/ : m must have equal roots, and x'y' must therefore satisfy the 

equation 

4(Aa^+Ba)y+Cy + Da;4 Ey + F) (A«'»+Bj;y+Cy»+ Da:'+Ey+ F) 

= |(2Aic'-tBy'+D):r + (Bx' + 2Cy + E)i/ + D«'+Ey'+2Fj>. 

151. Jf through any point O two chords be drawn, meeting the 
curve in the points R', R", S', S", then the ratio of the rectangles 

nc i ~ n ^ vnllbe constant, whatever be the position of the point O, 
provided that the directions o/the lines OR, OS be constant. 

For, from the equation given to determine p in Art. 130, tt 
appears that 

OR- OR' = . , J ^ . 

Am' + Both + C»* 
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In like manner 

OS'-OS"=. A -, ^.. c ■, ■' 
Am ' + Urn H + Om^ 
hence 

OR' OR" Am'' + Bm'n' + Ct^ 
OS' -. OS" " Am' + Bmn + Cn' ' 

But this U a constant ratio : for A, B, C remain unaltered 
when the axes are tranaformed to any new origin (Art. 129), 
and m, n, m:, n' depend only on the angles which the radius vec- 
tor makes with the axes, and ore therefore constant while the 
directioD of this radius vector is constant. 

The theorem of this Article may be otherwise stated thus: 
If through two Jixedpointi O and (y any two parallel lines ORand 

(yp be drawn, then the ratio of the rectangles -, , ^ g -toillbecon~ 

ttant, whatever be. the direction of these lines. 
For, these rectangles are 



Awi' + Bmn + Cn'* Am' + Bmn + Cn'* 

(F' being the new absolute term when the equation is transferred 

F 
to C as origin) ; the ratio of these rectangles = =, and is, there- 
fore, independent of m and n. 

This theorem is the generalization of Euclid, iii. 35, 36. 

162. The theorem of the last Article includes under it seve- 
ral particular cases, which it is useful to notice separately. 

I. Let C be the centre of the curve, then Op' = O'p" and the 
quantity O'p'-O'p" becomes the square of the semidiameter parallel 
to OR'. Hence, The rectangles under the segments of two chords 
which intersect are to each other at the squares of the diameters 
parallel to those chords. 

II. Let the line OR be a tangent, then OR' = OR", and the 
quantity OR'-OR" becomes the square of the tangent ; and, since 
two tangents can be drawn through the point O, we may extract 
the square roots of the ratio found in the last paragraph, and in- 
fer that Two tangents drawn through any point are to each other 
as the diameters to which they are parallel. 



jcirizeaoy Google 



136 QBNBRAL BQUATION OF THB SECOND DEGREE. 

Ill, Let the line 00' be a diameter, and OR, O'p, parallel to 
its ordiDatee, then OR' = OR" and O'p' = O'p", Let the diame- 
ter meet the curve in the points A, B, then ; - ^^ = . „, >^.,^ . 
"^ AO-OB AO-OB 

Hence, The squares of the ordinatei of any diameter are propor- 
tional to the rectangles under the segments which they make on the 
diameter. 

153. There is one case in which the theorem of Article 151 
becomes no longer applicable, namely, nhen the line OS is pa- 
rallel to one of the lines which meet the curve at infinity ; the 
Begment OS" is then infinite, and OS only meets the curve in 
one finite point. We propose, in the present Article, to inquire 

OS' 
whether, in this case, the ratio y^Ti- nj r^ will be constant. 

Let us, for simplicity, take the line OS for, our axis of x, and 

OR for the axis of ^. Since the axis x ia parallel to one of 

the lines which meet the curve at infinity, the term A will = 

(Art. 136(3)), and the equation of the curve will be of the form 

Bj;y + Cy" 4 Di + Ey + F = 0. 

^/i:sismg t/ = 0, the intercept on the axis of a; ie found to be 

_z 

F 
on the axis of ^ is = p. 

Hence OS' C 

OR'- OR" D' . 
Now, if we transform the axes to any parallel axes (Art. 129), 
C will remun unaltered, and the new D = By + D. 
Hence the new ratio will be 
C 
By'+D' 
i Now, if the curve be a parabola, B = 0, and this ratio ia constant ; 
-hence, if a line parallel to a given one meet any diameter (Art. 140) 
qfa parabola^ the rectangle under its segments is in a constant 
ratio to the intercept on the diameter. 

If the curve be a hyperbola, the ratio will only be constant 
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while y is constant ; hence the intercepts made by two parallel 
chorda of a hyperbola, on a parallel to an atymptote, are propor- 
tional to the reetanglei under the segments of the chords. 

*154. To find the condition that the line ax -v by + c - 
should touch the conic represented by the general equation. 

Solving for y from ax -iby + c = 0, and substituting in the 
general equation, the abscissas of the points where this line meets 
the conic are determined by the quadratic 
(AA'-Ba5+Ca')^-(B*«-2Cac-l»HEai)a^+Cc'-E6c + Fi'-0. 
If the line touch the conic, this quadratic will have equal roots, or * 
(B4c-2CflC-D«'+Ea6)'-.4(A6'-Ba4+Ca*)(Cc''-Efic + F4'). 
Multiplying out, this equation becomes divisible by ft*, and may 
be arranged 

(E^ - 4CF) aM (D',^ 4 AF) 6» + (B' - 4 AC) C + 2 (2AE - BD) 4c 
+ 2 (2CD - BE)ca + 2 (2BF- DE) ab = 0. 

MTSCELI.ANBOUS EXAHFUU. 

Ex. 1. To find the equatioli of the conic which mahsa intereepW a, a', b, h', sn 
th« axes. 

The interception the axes an given by the quadratics 

i»-(o + <.')« + oa'=0, y'-Ci + f)y + »' = 0, 
but these must be what the geuersl equation braomes vhen in it ire make y = 0, z > ; 
bence tiie equation is 

bb'ifl + Bjy + ao'y* — bb' (a + a") x ~ aa (b -^ b') y + aaW b 0, 
where B k bUII indetermipale. 

Ex. 2. To find tlie equation of the parabola which touches Ihe axes *t pdnti 
X = a, g = b. 

Id the preceding nuke a = a',b = b', and determine B by the condition 8> >^ ^kC, 
and we find 

5'a^ - ^abxy + o'y* - Si'oi - 2a*bg + o'fr' = 0. 

We give the lign - to the coefficient otxy, since If we gsve the sign + it wonld not re- 
present a parabola, but the square of ibe line bi> + ay — ab = 0. 

Ex. 3. GIveu fear points on a conic, the polar of anj fixed point passes through a 
fixeJ pcunt. 

Take fiH- axes two opposite sida of the quadrilateral formed by. the points ; then form 
by Art. 144 the polar of x'g with regard to the conic foond in Ex. I, and it will contain 
the indeterminate B in the first degree, and therefore passes throngh a fixed point- 
Ex. 4. Find the locos of the centre of a conic passing through four given points. 
The c«itre of tin conic in Ex. 1 is given b; the equations 

I»* + ^ - bh' {a + a) = H, 2obV+ B4r-on'C* + *■)■!). 
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the indet«niuna(« B, and the locus ia 

gghig Unoagh the iatenectloDa of «acb at the three pair of Una which ci 
oDgh the toar poluta, and through the ndddle poInU of those Uaee. 



CHAPTER XI. 

EaUATIONS OF THE SECOND DEGKEE RBFEBRED TO THB CBNTRK 
( AS ORIGIN. 

'' \55. In inveetigalJDg the properties of the ellipse and hyper- 
bola, we shall find our equations much simplified bj choosing the 
centre for the origin of co-ordinates. If we transform the gene- 
ral equation of the second degree to the centre as origin^ we saw 
(Art. 138) that the coefficients of x and y will = in the trans- 
formed equation, which will be of the form 

At" + Baj/ + Cy' + F = 0. 
It is sometimes aseful to know the value of F in terms of the co- 
efficients of the first ^ven equation. We saw (Art. 129) that 

'F'-Aa;' + 'Bx'^ + Cy'' + 'Dx'+ E^ + F, 
where jf', y', are the co-ordinates of the centre. The calculation 
> of tmmay be facilitated bj putting F into the form 
'"^F - j^S (2 At' + By + D) a:' + (2Cy + Re' + E) y' + Da!" + Ey + 2F) , 
The first two terms must be rendered = by the co-ordinates 
of the centre, and the last (Art. 138) 



B' - 4AC B* - 4AC 

Hence 

_ AE' + CD' + FB ' - B DE - 4 ACF 
B«-4AC 
156. If the numerator of this fraction were = 0, the trans- 
formed equation would be reduced to the form 

Aa;" + Biy + Cy' ■= 0, 
and would, therefore (Art. 69), represent two real or ima^nary 
right lines, according as B' - 4 AC is positive or negative. Hence, 
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as we have already seen, p. 67) the condition that the general 
equation of the second degree should represent two right lines, ia 

AE' + CD» 4 FB' - BDE - 4ACF = 0. 
For it must pltunly be fulfilled, in order that when we transfer 
the origin to the point of Intersection of the right lines, the abso- 
lute term may vaniah. 

Ek. 1. Traaaronn Bar' 4- **y + J» - fiir - 6j - 8 = to the CHitre ( -, - *\- 

Atu. 12i» + 16iy + 4y* + 1 = 0. 
Ex. 8. Transform «» + Sxy -^ + &B + 4y — 8 = 0totJie centre (- 8, - 1). 

Ant. z>-)-2iy-y< = 22. 

167. We have seen (Art. 134) that the equation 

Aa:" + Bxt/ + Cf = Q 

represents the real or imaginary lines drawn through the origin 

to meet the curve at infinity ; and that each of these lines will 

meet the curve in one other point, at a distance from the origin, 

P I)m + En' 
But if the origin be the centre, we have D = 0, E = 0, and this 
distance will also become infinite. Hence two lines can be drawn 
through the centre, which will meet the curve in two coincident 
points at infinity, and which therefore may be considered as tan- 
gents to the curve whose points of contact are at infinity. These 
lines are called the asymptotes of the curve ; they are imaginary 
in the case of the ellipse, but real in that of the hyperbola. We 
shall show hereafter that though the asymptotes do not meet the 
curve at any finite distance, yet that the further they are pro- 
duced the more ncM-ly they approach the curve. 

Since the points of contact of the two real or imaginary tan- 
gents drawn through the centre are at an infinite distance, the 
line jo inin g these points of contact is altogether at an infiuite dis- 
tance. Hence, from our definition of poles and polars (Art. 143) 
the centre may be considered as the poUqfa line situated altogether 
at an infinite distance. This inference may be confirmed from 
the equation of the polar of the origin, Da; 4 E^ + 2F <= 0, which, ' 
if the centre be the origin, reduces to F = 0, an equation which 
(Art. 64) represents a line at infinity. 
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158. We have seen that by taking the centre for origin the 
coefficients D and E in the general equation can be made to va- 
niah ; but the equation can be further simplified bj taking a pair 
of conjugate diameters for axes, wnce then (Art. 141) B will 
vanish, and the equation be reduced to the form 

A^ + Cy' = F. 
It is evident, now, that aaj line parallel to either axis is bisected 
by the other, for if we give to x any value, we obtain equal and 
opposite values for if. Now the angle between conjugate diame- 
ters is not in general right; but we shall show that there is 
always one pair of conjugate diameters which cut each other at 
right angles. These diameters are called the axes of the ctu-ve, 
and the points where they meet it are called its verlices. 

The equation of the diameter conjugate to my <= nx is 
m{2Ax + B^^ + D) + n (2C|/ + Ba: + E) = 0, 
(Art. 141) ; and this will be perpendicular to my = nx (Art. 40) 
if (2Am + Bn)n - (Bm 4 2C«) m = 0, 

or Bm= - 2(A - C) mn - Bw' = ; 

or, multiplying by p', and writing x, y for mp, np, 

Baf-2(A-C)xff~'By'=0. 
This is the equation of two real lines at right angles to each other 
(Art. 70) ; we perceive, therefore, that central curves have two, 
and only two, conjugate diameters at right angles to each other. 

On referring to Art. 7 1 it will be found, that the equation 
which we have just obtained ibr the axes of the curve is the same 
as that of the lines bisecting the internal and external angles be- 
tween the real or imaginary lines represented by the equation 

A«' + Ba^/ + Cy'' = 0. 
The axes of the curve, therefore, are the diameters which bisect 
the angles between the asymptotes ; and (note, p. 66) they will 
be real whether the asymptotes be real or imaginary : that is to 
say, whether the curve be an ellipse or an hyperbola. 

150. We might have obtained the results of the last Article 
by the method of transformation of coordinates, since we can 
thus prove directly that it is always possible to transform the 
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equation to a pair of rectangular axes, such that the coefficient 
of xy m the tranafonned equation may vanish. I^t the ori^nal 
axee be rectangular ; then, if we turn them round through any 
angle B, we have (Art. 9) to substitute for ar, arcoaO - y ainfl, 
and for y, xsmQ + y cos ; the equation will therefore become 

A(a; cose - y sin e)' + B(xcos(»-y sin e)(3: sine + y COB fl) 

+ C(a:sinfi + ycosO)*= F; 
or, arranging the terms, we shall have 

the new A = A cos" 9 4 Bcosdsind + Csin'S; 

the new B = 2C sine cosfl + B(cos'fl-8in»fl) -2A sine cos fl; 

the new C = Asin'O - Bcosdsind + Ccos'P. 
Now, if we put the new B =0, we get the very same equation to 
determine tan&, wMch we had, in Art. 158, to determine m : n. 
This equation gives us a simple expression for the angle made 
with the given axes by the axes of the curve, namely, 

tan 2fl = •■:- . -■ 

A - C 

160. When it is required to transform agiven equation to the 
form Ax' + Cy" ■= F, and to calculate numerically the value of 
the new coefficients, our work will be much facilitated by the 
following theorem : If toe tramfiirm an equation of the second de- 
gree from one set of rectangular axes to another, the quantities 
A + C, and B' - 4AC, will remain unaltered. 

The &«t part is proved immediately by adding the values of 
the new A and C (Art. 159), when we have 

A' + C = A + C. 

To prove the second part, write the values in the. last article, 

2A'= A + C4B8in2e4(A-C)cos2fl, 

2C' = A + C - B sin 26 - ( A - C) COS 29. 

Hence 

4A'C' = (A + O' - {E sin 29 + (A - C) cos 29]'. 
But B" = !B C0829 - (A - C) sin29]'; 

therefore, 

B'' ~ 4A'C' = B' + (A - O' - (A + C)* = B' - 4AC. 
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Wten, therefore, we want to form the equation traneformed to 
the axei, we have tHe new B = 0, 

A' + C = A + C, 4A'C' = 4 AC - B». 
Having, therefore, the sum and the product of A' and C, we can 
form the quadratic which detennines these quantities. 

Ex. 1. Find the szea of the eDipse llx* - ixg +■ llj/> = 60, uid Iranslbim tlu 
equation to thnm. 

The axes are (Art. 1S8) 4r» + 6ijr _ 4y»= 0, or (2^ -,)(« + !y>= 0. 
Weha¥eA' + C' = 25; 4A'C' = 600i A' = 10; C'=16i and the traiufiirmed Aqua- 
tion ig 2i< + By* = 12. 

Ex. 2. Tcanafarm the hyperboU llz> .|- Sixg - S4y> = li9 toOte axw. 
A' + C = - 13, A'C = - 2028 ; A' = 39, C = - 52. 

TiBDBfomied equation U 8xi ~ 4y> = 12. 
Ei. 8. Traoaform Ax» + Bjy + C^i = F to the aies. 

Am. (A+ C-R)i'+ (A+C + E)y» = 2F: where E' = B" + (A-C)^ 

"161. Havingprovedthatthequantities A + C, atidB'-4AC 
rem^u unaltered when we transform &om one rectangular sys- 
tem to another, let us now inquire what these quantities become 
if we transform to an oblique system. We may retain the old 
axis of a;, and if we take an axis of y inclined to it at an angle to, 
then (Art. 9) we are to substitute x + y cob u for x, and y ein tu 
for y. We shall then have 

A' = A, B' = 2A cos bf + B sin w, 
C = A cos'iu + B COS u» sin (i> + C sin'w. 
Hence, it easily follows 



^ then, we transform the equation from one pair of axes to any 

,1. .i. ■ -.■. A+C-Beo8w ,B'-4AC 

otlier, the quantities t-—- and — : remam un- 

^ sinV sm'tu 

altered. 

We may, by the help of this theorem, transform to the axes 
an equation given in oblique co-ordinates, for we can still express 
the sum and product of the aew A and C in terms of the old co- 
efficients. 
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1. Ifcosot^gtnnsfonnlotheazes, 10i« + 6jy + Gyi » 10. 




..c = » .0=- .., c = - 




Ant. I6i* + ily" = 32. 


Ex. 




Es. 


Aia. i'-16y>=3. 
3. Tranaform it* 4- Biy + Cif= = F W thB aiM. 




.4ii», (A + t - B costti - R)i» 4 (A + C - Bcoau + K),«= 2F8inX 



where E2= (B -(A + C) cos»}» + (A- OtrfnV. 
•162. We add the demonstration of the theorems of the last 
two articles given by Professor Boole (Cambridge Math, Jour., 
iii. 1, 106, and New Series, vi. 87)- 

Let UB suppose that we are transforming an equation from 
axes inclined at an angle w, to any other axes luclined at an an- 
gle^O; and that, on making the subetitutions of Art. 9, the 
quantity Ase' + Ba^ + Cy* becomes A'X' + B'XY + CY'. Now 
we know that the effect of the same substitution will be to make 
the quantity x' ■+ ixy cos w + j* become X' + 2XY cosli + T', 
'since either is the expression for the square of the distance of any 
point &om the origin. It follows, then, that 

Ax' + Bary + Cy' + A (x* + 2jy oos w + y' ) 

= A'X' + B'XY + CY' + A (X= + 2XT cosQ + Y=). 

And if we determine h so that the first side of the equation may 

be a perfect square, the second must be a perfect square also. 

But the condition that the first side may be a perfect square is 

(B + 2k coBw)' = 4 (A + A) (C + A), 
or A must be one of the roots of the equation 

4A= sin'w + 4 (A + C - B cosw) k + 4AC - B' = 0. 
We get a quadratic of like form to determine the value of k, 
which will make the second aide of the equation a perfect square ; 
but since both sides become perfect squares for the same values 
of A, these two quadratics must be identical. Equating, then, 
the coefficients of the corresponding terms, we have, as before, 
A4C-Bco8n> ^ A' + C'-B'cosQ _ B'-4AC ^ B'' - 4A'.C' 
sin'w tan'Q ' sin'w am'H 
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Let tbeir leogths b« a and b \ tlien mnking slMmitel; x = 0, y = 0, in the equation 
of the carve, we haTe Ani = F, C£> = F, and the theorem just iUiUd ii only the geome- 
tricBl iaterpcstadoD of the fact that A + C is cooataaL 

fix. 2. The area of the triangle formed hy jolmog the extremities of two ctMijugate 
semidiameters is constant. 

«• y* 4AC-B' 

Theeqnation referred to two eonjugoteilianietemie— + — ■= 1, and since - . - ■ 

is constuit, we have ah' anu conltant. 

Ex. 8. The sum of Ilie eqaares of two conjngtile semidiametera it e<aietant. 

A + C-Bcos«. 1 / 1 l'\ 

■ Since — IS constant, ^-r- -^ -i- r= is constant ; and rfncfl a 5 Bin« 



THE EQUATION BEFEBRKD TO THE AXEB. 

163. We saw that the equation referred to the axes waa of 
thefonn Ax' + Cf^F, 

C beiag positave in the case of the ellipse, and negative in that 
of the hyperboU (Art. 136, u.) 

The equation of the ellipse may be written in the following 
more convenient form : — 

Let the intercepts made by the ellipse on the axes be a: = a, 
y = b, then a is found by making y = and x = a in the equation 

F F 

of the curve, or Aa' = F, and A = — . In like manner, C = ^. 

Substituting these values, the equation of the ellipse may be 
written ^i ma 

■ Since we may choose whichever axis we please for the axis of 
X, we shall suppose that we have chosen the axes so that a may 
be greater than b. 

The equation of the hyperbola, which, we saw, only differs 
from that of the ellipse in the sign of the coefficient of y', maybe 
vmtten in the corresponding form, 

a' if 
ITie intercept on the axis of x is evidently = ±a, but that 
on the axis of y, being found from the equation y'' = --l^ is ima- 
mnary; the axb of y, therefore, does not meet the curve in real 
points. 



:.cinzeSjvGoOQlc 



CENTRAL EQUATIONS OF THE SECOND DBOREB. L45 

Since we liave chosen for our axis otx the axis which meets 
the curve in real points, we are not in this case entitled io as- 
aume that a is greater than b. 

164. Tojind the polar equation of the ellipse, the centre being 
the pole. 

"Write p cos for Xy and /> sin for y, in the preceding equar 
tion,andweget i ^^,0 ^i^^q ■ 

p'^ a" If ' 

an equation which we may write in any of the equivalent forms, 

> g' ^° ^! g'^ 

'* "" a'ain'fl + i»cos'fl " A' + (a' - ft") ain'0 ~ a'-(a'-6')co8'9' 
It is customary to use the following abbreviations, 

a' 
and the quantity e is called the eccentricity of the curve. 

Dividing by a^ the numerator and denominator of the frac- 
tion last found, we obtain the form most commonly used, viz., 



'^ 1 - c'cos'ft 
165. To invettigate the figure of the ellipse. 
The least value that fi' + (a* -A*)8in^0 can have, is when 
S = ; therefore, since 

'* "ft» + (a=--i»)sin'e' 
the greatest value of p is the intercept on the axis of x, and is = <i. 

Again, the greatest value of i' + (a^ - 6") sin'0, is, when 
sin = 1 , or 6 = 90° ; hence the least value of p is the intercept 
on the axis of y, and is = b. The greatest line, therefore, that can 
be drawn through the centre is the axis 
of »■, and the least line, the axis of y. 
From this property these lines are 
called the axis major and the axis mi- 
nor of the curve. 

It is phun that the smaller 6 is, the 
greater p will be ; hence, the nearer 
any diameter is to the axis major, the greater it loill be. The form 
of the curve will, therefore, be that here represented. 
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We obt«n the aame value of p whether we suppose 9 = a, or 
B = ~ a. Hence, Tvto diameters which make equal angles with 
the axis will be equal. And it is easy to show that the coDverse of 
this theorem is also true. 

This property enables us, being given the centre of a conic, 
to detemiine its axes geometrically. For, describe any concentric 
circle intersecting the conic, then the semidiameterB dra,wn to the 
points of intersection will be equal ; and by the theorem just 
proved, the axes of the conic will be the lines internally and ex- 
ternally bisecting the angle between them. 

166. The equation of the ellipse can be put into another form, 
which will make the figure of the curve still more apparent. If 
we solve for y we get 

,. J ,/(<■■-«>). - 

Now, if we describe a concentric drcle with the radius a, its 
equation will be y = y/ (a* ~ x'\ 

Hence we derive the following construction : 

" Describe a circle on the axis major, and take on each ordinate 
LQ a point P, such that LP may be to LQ in the constant ratio 
b ; a, then the locus of P will be the required ellipse." 

Hence the circle described on the d 

axis major lies wholly without the curve. 
We might, in like manner, construct 
the ellipse, by describing a drcle on the 
axis minor, and increasing each ordinate 
in the constant ratio a : b. 

Hence the circle described on the , 
axis minor lies wholly within the curve. 

The equation of the circle is the particular form which the 
equation of the ellipse assumes when we suppose b= a. 

167. To find thepoloT equation of the hyperbola. 
Transforming to polar co-ordinates, as in Art. 164, we get 




'^ 6" COS'S - a= sin'0 6> - (a^ + 6=) sin^fl (a= + i') cos'fl - a'" 
Since formulie concerning the ellipse are altered to the corresr 
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ponding formulae for the hyperbola by changiDg , the sign of 6% 
we must, in this caee, use the abbreviation c* for a' ■¥ b\ and 
e" for — J — , the quantity e being called the eccentricity of the 
hyperbola. Dividing then by a' the numerator and denominator 
of the last found fraction, we obt^n the polar equation of the 
hyperbola, which only differs from that of the ellipse in the sign 
of 6", viz., Ai 



"^ C'008'0-1 

168. To investigate tkejigure of the hyperbola. 

The terms axis major and axis minor not being applicable to 
the hyperbola (Art. 163), we ehali call the axis of a: the transverse 
axis, and the axis of y the conjugate axis. 

Now 6* - (a^ + 6^) sin* B, the denominator in the value of p', 
will plainly be greatest when = 0, therefore, in the same case, 
p will be 'least ; or the transverse axis is the shortest line which 
can be drawn Jrom the centre to the curve. 

As & increases, p continually incteasea, until 



sin0 = 



rtan6 = 



when the denominator of the value of p becomes = 0, and p be- 
comes infinite. After this value of B, p' becomes negative, and 
the diameters cease to meet the curve in real points until 



mn6 = 



(orta«e--^), 



when p again becomes infinite. It then decreases regularly as B 
increases, until B becomes = 180°, when it agEun receives its mini- 
mum value = a. 

The form of the hyperbola, therefore, is that represented by 
the dark curve on the figure. 

169. We found ^ . v 

that the axis of y ^'^s;— .->':>■ 

does not meet the 
hyperbola in real 
points, since we ob- 
tained the equation ^i 
ifi = - /f to determine its point of intersection with the curve. 
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Wfl shall, however, still mark off on the axis of ^ portionB, CB, 
CB' = ±b, and ve shall find that the length CB has an important 
connexion with the curve, and may be conveniently called an 
axis of the curve. In like manner, if we obtained an equation to 
determine the length of any other diameter, of the form p' = - E', 
although this diameter cannot meet the curve, yet if we measure 
on it from the" centre lengths = ±11, these lines may be conve- 
mently spoken of as cUametere of the hyperbola. 

The locus of the extremities of these diameters which do not 
meet the carve is, by changing the sign of />' in the equation of 
the curve, at once found to be 

1 _ ein'O cob'O 
?~~^ ^' 

or y' ?! I 

&' ~ a' ° 
This is the equation of a hyperbola having the axis of y for its 
axis meeting it in real points, and the axis of x for the axis meet- 
ing it in imaginary points. It is represented by the dott«d curve 
on the figure, and is called the hyperbola conjugate to the given 
hyperbola. 

170. We proved (Art. 168) that the diameters answering to 
tan 8 = ±- meet the curve at infinity ; they are, therefore, the 
same as the lines called, in Art. 157, the ast/mptote» o( tiie curve. 
They are the lines CK, CL on the figure, and evidently separate 
those diameters which meet the curve in real points &om those 
which meet it in imaginary points. It is evident also, that two // 
conjugate hyperbolie have the same asymptotes. 

The expression tan 9 = ±- enables us, being given the axes 
in magnitude and position, to find the asymptotes, for, if we form 
a rectangle by drawing parallels to the axes through B and A, 
then the asymptote CK must be the diagonal of this rectangle. 

Agmn, . d 1 

But, since the asymptotes make equal angles with the axis of x. 
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the angle which they make with each other must be = 2fl. Hence, 
beiTiff given the ecceniricity of a hyperbola, we are given the angle 
between the asymptotes, which b double the augle whose secant is 
the eccentricity. 

Ex. To find tbe eccentrid^ of a conic ^v«ii by the g«iiend cqnatioil. 

We can (Art. 70) write down the tangent of tie angle between the Iiae««laio(«d by 
A*" + Bay + Cy' = 0, and thence form the expreiaoQ for tbe secant of Its half; or we 
may proceed by the help of Art 1 60, Ex. 3. 

We have 1 _ A + C-R 1 _ A + C + R 

B« ~ 2F ' ji ~ 2F ' 
where R» = B»+(A-C)>, = B»- 4AC + (A + Q«. 

Hence 1 1 E a>- W 2E 



THE TAHaSNT. 

171. We now proceed to investigate some of the properties 
of the ellipse and hyperbola. "We shall find it convenient to con- 
sider both curves together, for, unce their equations only differ 
in the Mgn of 4', they have many properties in common which 
can be proved at the same time, by considering the sign of £' as 
indeterminate. We shall, in the following Articles, use the signs 
which apply to the ellipse. The reader may then obtain the cor- 
responding formulae for the hyperbola by changing the sign of i*. 

We might deduce several of the results which follow, as par- 
ticular cases of those obtained in the last chapter from the general 
equation, but we have thought it worth while to establish the 
more important equations independently. 

To find the equation of the tangent to the curve ~ + ^ = 1. 

Tbe method we pursue is identical with that used Art. 83. 
The co-ordinates of two points on the curve satisfy the relations 

«"* »" , «"' y"^ 

— + ~= 1 = — + — ; 
a' *' a' 6" ' 

hence a;'' - as"^ a* y - y" S" x' + a:" 

y''-y""~F af-ai""~a*^^y"' 

The equation of the line joining the two points is, therefore, 

y-jf y'-g" _ ^ x' + d' 
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Tliat of the tAngent ia found bj makiiig x ^ s^, if = ^'; 

X- id c^y" 
or, reducing, and remembering that x'y satisfies the equation of 
the carve, a^ jy- 

■^ + y 1- 

172. Tojindthe equation of tke line jtdnittg the pointi of con- 
tact of tangents through any point (x'l/). 

Let the co-ordinates of the point of contact of one of the tan- 
gents through (x'y) be X, Y; then forming (Art. 171) the 
equation of the tangent at XY, and substituting in it the co-ordi- 
nates jry which must satisfy it, we have 

Xjf Yv' , 

We Bee, therefore, that the co-ordinates of either point of con- 
tact must satisfy the equation 



and, since this ia the equation of a right line, it must represent 
the line joining them. 

Ex. 1. To flml the condiUon tbst iny line ^ -I- - = 1 efaonld (ouch the C(HUC lectiaii 



CompsrlDg tbe eqaitions 



and, eubetitatlag for x'y' in tlie eqtuUon of the carve, ve have, for the required conditioo, 



Bz. 3. To find the eqiuUon of the pair of tangents throngh x'g to the conic 
Proceeding, at in Art ISO, we find 



■)(^ 
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Ex. 3. To find the aof^e f between the p^ o[ Isugenta froia xy to the aave. 

When on equation of the second d^rse repnteata two right lines, the three higbeat 
tena9beingpDt = 0, denote two puollel liaea tlirough the origin ; hence, the angle indaded 
b; the first pail of right lineidepeads solely on the three hi^iest terms of the general equa- 
tion. Ammging, then, the equation found in the Liat Example, we find, by Art 70, 



MS^S-') 



tanf = 

Es. i. Fbd the hicna of a point the tangents tbrongh which in 

Equating to 0, Oie denomiDstor In the valoe of tan ^ we fin 
the eqnatioa of a circle concentric with the ellipse. The locus of tbe in 
gmts wMch cut at a given angle is, in general, a curve of the fourth degree. 

CONJDGATE DIAMETERS. 

173. When the equatioa of the carve ia referred to any ptur 
of conjugate diameters, the coefficient of xy vanishea (Art. 158) ; 
and if a, b', be the lengths of theae diameters, the equation may- 
be written (as in Art. 163) 

t.t. 1 
a-* A-* 

Now it can be proved, precisely ae in Art. 171, that the equation 
of any tangent, referred to these axes, is 

f^ + ?^ 1 
a"* 6^ ' 

and, as in Art. 172, that the equation of the polar of any point 

(I'y) is of the same form. The polar of any point on the axis 

of a is, therefore, , 

Hence, the polar of any point P ia found by drawing a diameter 
through the point, taking CP ■ CP' = to the square of the semi- 
diameter, and then drawing through P" a parallel to the conjugate 
diameter. This includes, as a particular case, the theorem proved 
already (Art. 145), viz. : 

Zfte tangmt at the extremity of any diameter is parallel to tlie 
conjugate diameter. 

174. The theorem just stated enables us easily to find the 
equation, referred to the rectangular axes, of the diameter conju- 
gate to that passing through any point (aly') on the curve. 
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For we have only to form the equation ofaline drawn through 
the origin parallel to the tangent, whose equation we found 
(Art. 171); and we have for the equation of the conjugate 
diameter a^ w 

— + ^ = 0. 
a' 6' 

Let $ be the angle made with the axis of jb by the original 

diameter, then tan 6 plainly = — „ and if d* be the angle made by 

the conjugate diameter, this equation shows (Art. 22) that 

tan 9 = ;■ 

Hence ^ a . n- ^ 

tanfl tanft^ = -— ■ 

This relation, connecting the angles made with the axis major 
by a paor of conj ugate diameters, enables us at once to determine 
whether any given pwr of diameters be conjugate or not. 

The corresponding relation for the hyperbola is (see Art. 171) 

tan tan fl" -• - ■ 

175. Since, in the ellipse, tan tan 0' is negative, if one of 
the angles B, &, be acute (and, therefore, its tangent positive), 
the other must be obtuse (and, therefore, its tangent negative). 
Hence, conjugate diametert in (he ellipse lie on different tides of 
the axis minor (which answers to = 90°). 

In the hyperbola, on the contrary, tan 6 tan $' is positive, 
l^refore, 8 and ff must be either both acute or both obtuse. 
Hence, in the hyperbola, conjugate diameters lie on the same side 
of the conjugate axis. 

In the hyperbola, if tan be less, tan^ must be greater than 
-, but (Art. 170) the diameter answering to the angle whose 

tangent is -, is the asymptote which (by the same Article) sepa^ 
rates those diameters which meet the curve from those whfch do 
not intersect it. Hence, if one of two eonji^ate diameters meet 
a hyperbola in real points, the other loill riot. Hence also it may 
be seen that each asymptote is its own coi\jugate. 
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176. To find the co-ordinates a/'y" of the extremity of the dia- 
meter conjugate to that passitiff through x'l/. 

ThcBe co-ordinateB are obviouely found by Bolvicg for x and 
y between the equation of the conjugate diameter^ and that of 
the carve, viz., . 1 1 O 

xa! yi/ ^ a:' y' , y , J 



ft» 



= 0, =;-f^=l. 



V i 



Substituting in the second the values ofs and y, found from the 
first equation, and remembering that x',y' satiafy the eqiiation of 
the curve, we find without difficulty ^ ' ■^ 

177. To express the lengths of a diameter (a'), and its conju^ 
gate (b'), in terms of the abscissa of the extremity of the diameter. 

(1.) We have a'' = x'* + y"". 

But ', ^ / , ■2\ 

H^*** a'^^b'.^^x-^ = b--,e'x\ 

a* 

(2.) Again, we have 

b'' = x' + y' = ^y'+ ~x', 

or / - _«\ ^. ., 

= (a' - ar') + —.«'; 

hence J'' = a'-e'i^. 

From these values we have 

o"" + i'' = a' + ft' ; 
or. The sum of the squares of any pair of conjugate diameters of 
an ellipse is constant (see Ex. 3, Art. 162). 

1 78. In the hypetbola we must change the signs of ft' tmd A'', 
and we get \. a' - ft'' = o' - ft', 

or. The difference of the squares of any pair of conjugate diame- 
ters of a hyperbola is constant. 
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If in the hyperbola we have a = b, its equatioa becomee 

«■-»■-»■, 

and it is called an equilateral hyperbola. 

The theorem just preyed shows that evert/ diameter qfait 
eqmlateral hyperbola U equal to its corrugate. 

The asymptotes of the equilateral hyperbola being ^venhjtiie 
equation ar" - y' = 0, 

are a^ right angles to each other. Hence this hyperbola ie oflen 
called a rectangular hyp^bola. 

The condition iliat the general equation of the second degree 
Bhould represent an equilateral hyperbola ia A = - C ; for ( Art.70) 
this is the condition that the asymptotes (Aar* + Bary + Cy* = 0) 
should beat right angles to each other; but if the hyperbola be 
rectangular it must be equilateral, since (Art. 170) the tuigent 
of half the angle between the asymptotes = - ; therefore, if this 
angle = 45", we have j ^'a. 

179- Tojind the length of the perpendicular from the centre 
on the tangent. 

The length of the perpendicular from the ori^ on the line 



is (Art. 27) 1 ab 

but we proved (Art. 177) that 

a- If ' 

hence ab 

p--g- 

1 80. Tojind the angle beboeen any pair of conjugate diameters. 

The angle between the diameters is 
equal to the angle between either, and the 
tangent parallel to the other. Now 
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Hence . ^ , -di^-d-. ^^ 

Bin ^ (or PCP) = -rr,- 

The equation a'b' ain^ = ab proves, that the triangle farmed 
by joining the extremities of conjvgate diameters of an ellipse or 
hyperbola lias a constant area (see Art. 162, Ex. 2). 

181. The sum of the squaresof any two conjugate diameters 
of an ellipse being constant, their rectangle is a maximum when 
they are equal, and, therefore, in this case, sin ^ is a minimum ; 
hence the acute angle between the two etpml conjugate diameters 
is less (and, consequently, the obtuse angle greater) than the 
angle between any other pair of conjugate diameters. 

The length of the equal conjugate diameters is found by 

making a' = i' in the equation a" + 6'^ - o" + 6", whence a"* is half 

the sum of a* and 6", and in this case 

2d) 
am A •= —r — «■ 
^ o* + i' 

The angle which either of the equiconjugate diameters makes 
with the axis of a; is found from the equation 



by making tan Q = - tan &, for any two equal diameters make 

equal angles with the axis of ar on opposite sides of it (Art. 165). 

Hence . n * 

tan0 = — 

a 

It follows, therefore, from Art. 170, that if an ellipse and hyper- 
bola have the same axes in magnitude and position, then the 
asymptotes of the hyperbola will coincide with the equiconjugate 
diameters of the ellipse. 

ITie general equation of an ellipse, referred to two conjugate 
diameters (Art. 173), becomes a;* + y' ■» «'*, when a' = h. We 
see, therefore, that, by taking the equiconjugate diameters for 
axes, the equation ai any eUipse may be put into the same form 
as the equation of the circle, x' + j^ — r*, but that in the case of 
the ellipse the angle between tJiese axes will be oblique. 

182. To express the perpendicular from the centre on the tan- 
gent in terms of the angles which it makes with the axes. 
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If we proceed to throw tlie equation of the tangent 
(— f + ^ = 1 ] into the form ^ECosn + ^eiua = j)(Art. 26), we 
find inunediately, by comparing these eqnationa, 



a* p ' b^ p 
Substituting in the equation of the curve the values of x', y, 
hence obtained, we find 

p' 'B e^ cos'a + b^ sin'a.* 
The equation of the tangent may, therefore, be written 
aicosa -f ymia - ^/ia'cos^a + i'ain^a) = 0. 
Hence, by Art. 27, the perpendicular from any point {x'^ on 
the tangent ie 

a:'c08a + ysina - ^(a'cos'a + ft^sin^a). 

£x. To find the locns of Cbe interaectiaa of tangenti wMch cut at right angles. 

Let p. p be the perpendicuUra on those Ungents, then 

p" = o'cos'a + t'Mn'a, p'' = B'sin'ij + ft' cos'o, /i' +/i'' = o" + 6>. 
But the Bqasre of the distance from the centra of the intersection of two lines, which cut 
at right uigles, is equal to the srun of the squares of its distances from the lines them- 
sdrea. This distance, therefoie, is constant, and the requitedlocns is a circle (see p. 151). 

183. The chorda which join the extremities of any diameter 
to any point on the cm^e are called tupplemental chords. 

Diameters parallel to any pair qf supplemental chords are 



For if we consider the triangle formed by joining the extre- 
mities of any diameter AB to any point on the curve D ; since, 
by elementary geometry, the line joining the middle points of two 
sides must be parallel to the third, the diameter bisecting AD 
will be parallel to BD, and the diameter bisecting BD will be 
parallel to AD. The same thing may be proved analytically, 
by forming the equatioDS of AD and BD, and showing that the 
product of the timgents of the angles made by these lines with the 



* In like manner, p'' = a'' cos-a -f b' coa^/l, a and bdng the angle* th« p«rpendi- 
culai makM with any pair of conjugate diameters. 
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Tills property enables us to draw geometrically a pair of con- 
jugate diametere making any angle with each other. For if we 
desCTibe on any diameter a segment of a circle contalniag the 
given angle, and join the points where it meets the curve to the 
flxtremities of the assumed cUameter, we ohtain a piur of supple- 
mental chords inclined at the given angle, the diameters parallel 
to which will be conjugate to each other. 

Ex. 1. Tuigeats at tbe extrenutKS of any diameter are paniUeL 
Their equations are ** 4. ■''' —it 

ot + fii - ± ^■ 
ThisalsD tollowsfrom the tbeoiemof Art, 148, and fhnn comideiing tbaC the centre ia 
tbe pole of tlie Hne at inGni^ (Ait 167). 

Ei. 2. If aaj variable tangent to a central conic lectJon meet tno fixed paraljel tan- 
gents, it win intercept paitiDos on tfaem, whose leclanglo ii eoastant, and eqoal to the 
Kjuare of the eemidiameter parallel to them. 

Let na take for axes the diameter paiallel to the tangenb and ita conjugate, then the 
eqnationi of the curve and of the variable tangent wlD be 



Tlie intercepts on the fixed tangents are found b^ making x altematelf — ± a' in the 
latter equation, and we get 

and, theretcBra, their product is 

which, mlMtitDting for yl tTom the equation of the curve, redocei to ('. 

Ex. 3. The same constrnction remaining, the rectangle under the segments of Iho 
viriable tongeot is equal to the square of tbe seroidiametet parallel to it. 

For, tbe intercept on either of the parallel tangents is to the adjacent Bcgmoit of tbe 
variable tangent ae tbe parallel semidiameters (Art. 162); therefore, the rectangle under 
the Intercepts of the fixed tangents ia to the rectangle under the aegmenta of the variable 
tangent as the tquani of these aemidiametcrs ; and, since the first lectongla is equal to 
tbe square of the semidianieter parallel to it, the second rectangle most be equal to tbe 
aquare of the semidiamflt«t parallel to it. 

Ex. 4. If any tangent meet anf two conjugate diametere, the rectangle under its 
segmenta ia equal to the square of the parallel semidiamelar. 

Take for axes tbe aemidiaioeter parallel to tbe tangent and its conjugate ; then the 
equations of an; two conjugate diameters being (Art. 1 74) 

the intercopta made by them on the tangent are fbund by making * = a' to be 
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Wo might, io like nwnner, have given a purely algebraical proof of Ex. 3, 

Hi»ce, oka, if Ihe poiats be joined lo the centre where two parallel langenta meet 
any tangent, the joining Unes will be conjiigate diameters. 

Ex. 6. Given, in magDitade and portion, two conjugate semldiamelero, Oa, Ob, 
of a central conic, to determine the axeg.^^^ - 

The following conatrnction ia founded on the theorem p 

proved in the last Example : — Throngh a, the extremity of 
either diameter, draw a parallel to the other ; it most of 
course be a tangent to the curve. Now, on Oa take a point 
P.BUch that the rectangle Oo.oP = OJ' (on the rfderamotfl *-[^ 
from O tor the ellipse, on ths same side for the hyperbola), 
and deacribe a circle through O, P, having its centre on oC, 
then the lines OA, OB, are the axes of the curve ; for, since 
the rectangle Aa . oB = Oa . nP ^^ Ot>, the line« OA, OB are conjugate diamet«i*, and 
unce AB is a diameter of Ihe circle, the angle AOB ia rigbL 

Ex. 6. Given any two eemidiameteiB, if from the extremity of each an ordinate be 
drawn to the other, the tiianglea ao formed will be eqnal in ana. 

Ex. 7. Or if tangentabedrawnatthe extremity of each, the triangles ao formed wiH 
be eqnal in area. 

TBE NORUAL. 

164. A line drawn through any point of a curve perpeodi- 
cular to the tangent at that point is called the Normal. 

Forming, by Art. 40, the equation of a line drawn through 




{x'l/) perpendicular to / — 
of the normal to a conic 






1 ), we find for the equatioa 



jfe-rt-fC' 



c* being used, as in Art. 164, to denote a' 

Hence we can find the portion 
CN intercepted by the nominl on 
either axis ; for, making y = Oin the 
equation just given, we find 

c" - 
X - —-X, or a; = e'x. 



We can thua draw a normal to an ellipse from any point on 
the axis, for g^ven CN we can find x\ the abscissa of the point 
through which the normal is drawn. 
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The circle may be considered as an ellipse whose eccentricity 
" 0, since (? = a* ~ H* =• 0. The intercept CN, therefore, is con- 
stantly = in the case of the arcle, or every normal to a circle 
passes through its centre. 

185. The portion MN intercepted on the axis between the 
normal and ordinate ie called the Subnormal. Its length is, by 
the last Article, ^ fp 

d x' •= — sd. 

a* a* 

The normal, therefore, cuts the abscissa into parts which are in 
a constant ratio. 

If a tangent drawn at the point P cut the axis in T, the in- 
tercept MT is, in like manner, called the SvUangent. 

Since the whole length CT = -7 (Art. 173), the subtangent 

o' a' - jc"' 

= ^"^ IT- 

The length of the normal can also be easily found. For 

PN'= PM'+ NM'- y^ + |r *'' - ^ftV + '^ar-'Y 

But if a be the semidiameter conjugate to CP, the qtiantity 
within the parentheses = b"' (Art. 177). Hence the length of the 

normal PN = — . 

If the normal he produced to meet the axis minor it can be 
proved, in like manner, that its length = -^. Hence, Me rectangle 
under the segments of the normal is equal to the square of the semi- 
conjtigate diameter. 

Ag^, we found (Art. 181) that the perpendicular from the 
centre on the tangent = -jr- Hence, the rectangle wider the normal 
and the perpendicular Jrom the centre on the tangent, is constant 
and equal to the square qfthe semiaxis. 

Thus, too, we can express the normal in terms of the angles 
it makes with the axis, for 

js j5 a (1 — e') 

"^P V («' os'a + ** Bin'a) ^ ^/ {I - ii' Bia'a)' 
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Ex. 1. Todiftv sDoniul touieUipae or hyperbola puaicg tkrongh ■ given point. 
Let the point on tJie cnrre at which the □ormal i& drawn be XT, then ifa eqnaUoa 

i» (Art. 18*) e!f „ *'S' „ J 

X Y ' 
and if thia normal pasaea throagh a fixed point xy, «e have the relatirai 

X Y 

Hence the points on the cnrve, whose uonosls will paaa tbiongb (f 'y') '■^ ^^ poinla of 
intersection of the given curve with tbe hTperbda 

c'jy = o'ie'y - fp'i. 
Ex. 3. If thioQgh B given point on a conic any two lines at right angles to each 
other be drawn to meet the carve, the line Joining thdr extremities will paaa through 
a fixed point on the normaL 

Let ns take for axes the tangmt and normal at the given point, then the eqnation of 
the curve must be of the fonu 

Alt' + Bijf + Cjfl -f % = 
(for P = 0, becaoM the origin is on the curve, and D = (Ait. IBS),- because the ten- 
gent ia aupposed to be tbe axis of x, whose equation ia y = D). 
Now, let the equation of mji two lines throagh the origin be 
x* + pxy+g^^ = 0. 
Hultqjlf dtia equation by A, and subtract it from that of the carve,.and we get 

(B - Ap) as + (C - Aj) jfl + Ey = 0. 
TUa (Art, 86) is the equation of a figure passing through tlie ptunta of intersection of 
the liufa and conic ; but it may evidently be resolved into y = (the equation of the 
tangent at the given point), and 

(B - Ap) j; + (C - Aj) y + E = 0, 
which must be Che equation of tlie chord joining the extremities of tbe given lines. 

The point where this chord meets the normal (the axis of y) is y =- ~; but if the 

lines are at tight anglee g = - 1 (Art. 70), and the intercept on the nonnal has tbe con- 



Tbis theorem will be equally true if the lines be drawn eo at to make with the nor- 
mal angles, the product of whose tangents Is constant, for, in this case, g Is conMant : 

E 
and, thereHire, the Intercept — Is constant. 

Ex. 3. To find the co-ordinates of the intersection of the tangoits at the pcnnls 
*y, *"y-. 

The co-ordinates of Uie inteisection of tbe lines 



J(y'-iO 
'y'«--»-»" 
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' These lesulu maj Be written in MUthet ti>nn, >liic« 

2 (yv -/*■) = (^ + O (y' - jO -(»■+ y") (''- '^'). 
and (Art. 171) y'-y' f »'+ »" 

on making tibiiih nibalitntjana, the preceding valne* become 
(»:-H-i"l ft' + y-) 

. I j'j^', y'y*' ' , 'J^ I yy " 

Ei. i. To find the co-oidinaWia of the intenecUan of the Domutla at the point* 
'V'l *"y'- 

Proceeding aa In the last Example, we find 

^_ (a'-t^.',-X ^_ (f-a-)yy-T ^ 

where X, T are the co-oidlnates oftbelntereection oftangenta, found in the laatEuunple. 



186. If OQ the axis major of an ellipse 
we take two pointe equidistant Irom the 
centre, whose common distance 

= ± VC«'-n or = ±c, 
these points are called the/oci of the curve. 

The foci of an hyperbola are two points on the transverse axis, 

at a distance irom the centre still = ±c, c being in the hyperbola 

= V («' + *'). 

To express the distance of ant/point on an ellipiejrom the facta. 

Since the co-ordinates of one focus are (ai = 4 c, y = 0), the 

square of the distance of any point irom it 

= (a:' - c)" + y"* = a;^ -I- t/'* - 2c/ + c«. 
But (Art. 177) 

x^ + j/i = fif + g'ic', and fi" + c» = a'. 
Hence FP" = a' - 2cj! + e"* ; 

and recollecting that c e= ae, we have 
FP = o - ex. 
[We reject the value (ex - a) obt«uned by giving the other 
sign \o the square root. For, since x is less than a, and e less 
than 1, the quantity ex ~ ah constantly negative, and, therefore, 
does not concern us, as we are now considering, not the direction, 
but the absolute magnitude of the radius vector FF.] 
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We have, similarly, the distance from the other focus 
FP = « 4 ex, 
since we have only to write - c for + e in the preceding formulse. 

Hence FP + FP = Ha, 

or, The sum of the distances of any point on an ellipse from the 
foci is constant atid equal to the axis major. 

187. In applying the preceding proposition to the hyperbola, 
we obtEun the same value for PP' ; but in extracting the square 
root we must ohange the sign in the value of FP, for in the hy- 
perbola X is greater than a, and e is greater than 1. 

Hence, a - ea; is constantly negative ; the absolute magni- 
tude, therefore, of the radius vector is 
FP = ea: - a. 
In like manner, FP « ea; 4 a. 

Hence FP - FP = 2a. 

Therefore, m the hyperbola, the difference of the focal radii is conr- 
stant, and equal to the transverse axis. 

For both curves the rectangle under the Jbcal radii ^a'^-e'x^ 
thatis(Art. 177), is equal to the square of the semiconjugate dia- 
meter. 

188. The reader may prove the converse of the above results 
by seeking the locus of the vertex of a triangle, if the base and 
either sum or difference of sides be given. 

Taking the middle point of the base (= 2c) for origin, the 
equation is 

^ {y* + (c + xy\ ± v' (y' + (c - xf] ■= 2a, 
which, when cleared of radicals, becomes 



Now, if the sum of the sides be given, since the sum must 
rfways be greater than the base, a is greater than c, therefore the 
coefficient of y* is positive, and the locus an ellipse. 

If the difference be given, a is less than c; the coefficient of y* 
is negative, and the locus an hyperbola. 
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189. Bythe help of the preceding theorems, we can describe 
an ellipse or hyperbola mechanically. 

If the extremities of a thread be fastened at two fixed points 
F and W, it is plain that a pencil moved about so as to keep the 
thread always stretched will describe an ellipse whose foci are F 
and F', and whose axis major is equal to the length of the thread. 

In order to describe an hyperbola, let a 
ruler be fastened at one extremity (F), and 
capable of moving round it, then tf a thread, 
fastened to a fixed point F, and also to ( 
a fixed point on the ruler (R), be kept 
stretched by a ring at P, as the ruler is moved round, the point 
P will describe an hyperbola; for, since the sum of F'P and PR 
is constant, the difiPerence of FP and FP will be constant. 

190. The polar of dther focus is called the directrix of the 
conic section. The directrix must, therefore 
(Art. 173), be a line perpendicular to the a 

major at a distance from the centre = ± — . 

Knowing the distance of the directrix from 
the centre, we can find its distance from any point 
on the curve. It must be equal to 

y, or =-(a ■- em') = - (a - ea;'). 

But the distance of any point on the curve from the focus •= o - ej/. 

Hence we obtain the important property, that the distance of 
any point on the curve from the focus is in a constant ratio to itt 
distance from the directrix, viz., as e to I. 

Conversely, a conic section may be defined as the locus of a 
point whose distance from a fixed point (the focus) is ia a constant 
ratio to its distance from a fixed line (the directrix). On this de- 
finition several writers have based the theory of conic sections. 
Taking the fixed line for the axis of x, the equation of the locus 
is at once written down 

(a; - a;')' + (y - t/)' - cy, 
which it is easy to see will represent an ellipse, hyperbola, or pa- 
rabola, according as e is less, greater than, or equal to I. 
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Ex. If a Gunrebe aach Uiat de diatance of anypi^t of it from a fixed point cuib* 
expressed u > mtiinial fonclioa of the first degree <^ita co-onlinatM, then the carve most 
be & conic BecUou, and the fixed point its focus (see O'Brien's Co-orduiaU Gtmnetry, 
P.8S). 

Fm*, if the dislance can be exprened 

p = Ax + Bg + C, 
dnce Ax 4 By -t- C is proporUonsl to the perpendicalst let All on the tight Iin« whow 
eqaati<Hi is (Ajc + By -t- C = 0), the equation signifies that the distance of any point of 
the CDITO ttom the fixed paint ia in a constant ratio to ite dietance from this line. 

191. Tojind the length of the perpetidicidaTjTom the Jbau on 
the tangent. 

The lengdi of the perpendicular from the focus (+ c, 0) on 

the line (^ + ^ = l) ifl, by Art. 27, 



but, Art. 179, ,/('^^t.\ 1 

V Va' 6*y ab' 

Likewise. rrJ^ia^exyJ^YT. 

Hence FT ■ FT = b^ (smce o» - e^x^ = b% 

or, The rectangle wider the focal perpendiculars on the tangent m 

constant, ami eqval to the square of the semtaxis minor. 

This property applies equally to the ellipse and the hyperbola. 

192. Some important consequences may be drawn from the 
value of the perpendicular just found. 

For we had r, ttt A 

g = »nrPT. 
Hence the sine of the angle which the focal radius vector 
makes with the tangent = r.- 
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We find, in like manner, the same value for sin £" PT", ihe 
one of the angle which the other focal radiuB vector makes with 
the tangent. Hence the focal radii make equal angles with the 
tangent. 

This property is troe both for the ellipse and hyperbola, and, 
on looking at the figures, it is evident 
that the tangent to the ellipse is the 
external bisector of the angle between 
the focal radii, and the tangent to the 
hyperbola the internal bisector. 

Hence, j^ an ellipse and hyperbola, 
hamng the scone Jbd, pass through the - 
tame point, they wiil cut each other at right angles, that is to say, 
the tangent to the ellipse at that point will be at right angles to 
the tangent to the hyperbola. 

It right angles. 



wtiafy Ihs nUlion abtained by subti'sctdng the two equaUona 

But If the cooica be canfool a* — qI = b^ - C, and this reUtlon becomes 




But this is tbe coDdition (Art 40) that the two tangents 



« esch other. 

Ek. 2. Find the loigth of a ^e drann through tbe c«lttl« parsHel to dtlier focal ra- 
dint Tector, sod terminated by the tangent. 

Tlita length is fbimd by divitUiig the peq>endicnUT trma the centre on tbe (acgant 
F -vr I hj tbe tone of tbe «ngle between the ladina vector and tangent I ? ji and is 
theretoie = 0. 

193. The normal, b^g perpendicular to the tangent, is the 

internal bisector of the angle between the focal radii in the case of 

the ellipse, and the externa/ bisector in the case of the hyperbola. 

We can give an independent proof of this, by showing that 
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it cats the distance between the foci into parta which are in the 
ratio of the focal radii (Euc. vi. 3), for the distance of the foot 
of the normal from the centre is (Art. 184) = eV. Hence it« dis- 
tances from the foci are c + eV and c - eV, quantities which are 
evidently e times a + ex' and a - ex'. 

Ex. To draw > normal to tbe ellipse from mj point on the azia minor. 

Ant. The drcle through the givea point, and tbe two fod, will meet the 
cnrre at the point whence the noniul is to be drawn. 

194. Another important consequence may be deduced from 
the theorem (of Art. 191), that the rectangle under the focal per- 
pendiculars on the tangent is constant. 

For, if we take any two tangents, we have 

FT.FT'=F(-FC, or 1^ = 1^; 

FT . , 

but -=— is the ratio of the sines of the parts into which the line 

FP divides the angle at P, and =577= is the ratio of the sines of 

the parts into which F' P divides the same angle ; we have, there- 
fore, the angle TPF = (TF. 

If we conceive a conic section to pass 
through P, having F and F' for foci, it 
was proved in Art. 191, that the tangent 
to it must be equally inclined to the lines 
FP, FP; it follows, therefore, from 
the present Article, that it must be also 
equally inclined to PT, Pt ; hence we derive a useful theorem, 
that tf through any point (P) of a conic section we draw tangentM 
(PT, Pi) to a confocal conic section, these tangents will be equal^ 
inclined to the tangent at P. 

195. To find the locus of the foot qfthe perpendicular letfidl 
from either focus on the tangent. 

The perpendicular from the focus b expressed in terms of 
the angles it makes with the asis by putting a' = c,y' "Q in the 
formula of Art. 182, viz., 

p = y oosa + y sina - ^(a'cos'tj + i"Bin^a). 
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Hence the polar equation of tlie locus is 

p = ccosa - y/(a*coa^a + i'sin'o), 
or p' - 2cp COBo + C* COs*a = a* COaV + I? sin^o, 

or p* - 2cjacosa = b^. 

This (Art. 93) is the polar equation of a circle whose centre 
is on the axis of x, at a distance from the focus = c % the circle is, 
therefore, concentric with the curve. The radius of the circle 
is, by the same Article, = a. 

Hence, if we describe a circle having Jhr diameter the iramverse 
axis of an ellipse or hyperbola, the perpendicular from the f)cm 
will meet the tanffent on the circuvference of this circle. 

Or, conversely, if from any point F (see figure, p. 166) we 
draw a radius vector FT to a given circle, and- draw TP perpen- 
dicular to FT, the line TP leill always touch a conic section having 
Ffor its funis, which will be an ellipse or hyper^la, according as 
F is within or without the circle. 

It may be inferred from Art. 192, Ex. 2, that the line CT, 
whose length = a, is parallel to the focal radius vector F'P. 

196. Tofnd the angle subtended at the focus by the tangent 
drawn to a central conic from any point (xy). 

Let the point of contact be {x'y"), the centre being the origin, 
then, if the focal radii to the points (xy), (^'y'), he p,p', and make 
angles 0, ff, with the axis, it is evident that 

cos 8" , 6mfl = ^; c0Btf = — —, sinff =^■ 
P P P P 

H""^ cos (6 - B) = (^-'^)(^'^'^)^yy', 
^ pp 

but from the equation of the tangent we must have 

S + f'-'- 

Substituting this value of yy', we get 

pp' cos (6 - &) = xx + ex + esif + c^ — 5 xx' + ft', 
or = e'^xx' + ex + cx'-i- a^ = {a + ex) (a + ex) ; 

or since p' ^a + ex' we have (see O'Brien's " Co-ordinate Greo- 
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^ce tliis value depends solely on the co-ordinatee a^, and does 
not involve the co-ordinates of the point of contact, either tan- 
gent drawn from xi/ subtends the same angle at the focus. 
Hence, The angle subtended at tbejbcta by any chord i» bisected 
by the line joining thejbctia to its pole. 

197' The line Joining the focus to the pole of any chord pass- 
ing through it is perpendicular to that chord. 

This may be deduced as a particular case of the last Article, 
the angle subtended at the focus being la this case 180° ; or di- 
rectly as follows : — The equation of the perpendicular through 

any point x'y' to the polar of that point / -^ + ^ -= 1 J is, as in 
Art. 184, ^«^ ^ 

Bat ifxy be anywhere on the directrir, we have a;'= — , and it 
will then be found that both the equation of the polar and that 
of the perpendicular are satisfied by the co-ordinales of the focus 
(a? = c, y = 0). 

When in any curve we use polar co-ordinates, the portion in- 
tercepted by the tangent on a perpendicular to the radius vector 
drawn through the pole is called the polar subtangent. Hence 
the theorem of this Article may be stated thus : The focus being 
the pole, the locus of the extremity of the polar subtangent is the 
directrie. 

It will be proved (Chap, xii.) that the theorems of this and 
the last Article are true also for the parabola. 

Ex. 1. The ui^ !■ cotiaUnt vhlch ia Bubteuded at the focus, by tbe pottion iiit«r- 
ceptod OD « varuble tAngeut between two fixed tangents. 

By AjI. 196, it ia bail tbe angle anbtended bj the chord of contact of the fixed 
tangents. 

Ex. S. If any chord PF cnt tbe direc- 
trix in D, then FD ia the eztonal tnsedor 
of the angle PFF. For FT ia Uie internal 
lusector (Art. 196) ; but D ia the polar of 
FI (nncfl it is tbe ioteraectian of FP', the 
polar of T, »itb tbe directrix, the polar of 
F) ; therefore, DF is perpmdicular to FT, 
and is therefiffe tbo external Insector. 
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[The following lliewenis (connnuuiaited to me by the Kev. W. D. Sadleir) »re 
tbuDded on the an&lc^y betneen the eqiuttiooa of the polar and the tangeat.] 

Ex. S. If s point be taken anywhere on a fixed perpendiculAF to the asis, the pu- 
pendioular from it on ite polBi wilt pass throngli a fixed point on tlio axis. For the 
inlSFcept made hj th« perpendicular will (m in Art. 184) bo t' x\ uid Till tbenibre be 
onstaot irhen x' ia conatant. • 

Ex. 4. Find tbe lenglbs of (he perpendicular horn the eenm and from the tod on 
the polar of x'y'. 

Ex. 5. Prove CM . PN' = W. This is annlogoiia to ^ 

the theorem that the rectangle under the normal and 
the central perpendicniar on tangent ia conatant. 

Ex. e. Prove PN'. NN'= - (a' - t'xf). When P , 
is on tbe curve this eqoation gives us Ihe known e 
presdon for tbo normal = — - (Art. 185). 

Er, 7. Prove FG . FG' = CM . NtT. When P is on the curve thia theorem becomes 
FG.FG'=*>. 

198- Tojind the polar equation of the ellipse or hyperbola, the 
focus being thirpoU. 

The length of the focal radius vector (Art- 186) ^ a - ex' ; 
but x' (being measured from the centre) - p cos d + c. 

Hence p = a - ep cos - ec, 

or a(l - e') b* I 

'* ~ 1 + e cosfl a 1 + e cos fl' 

The double ordinate at the focus is called the parameter; its 
half is found by making 6 = 90° in the equation just given, to be 
t^ _ = a(I - e*). The parameter ia commonly denoted by the 
letter p. Hence the equation is often written 

'^ 2 l + ecoafl 
The parameter is also called the ILatus Rectum. 

Ei. 1. The harmtmic mean between the B^manta of a focal chord is conatant, and 
equal to Ihe aemiparameter. 

For, if the radios vector FP, when produced backwarda through the foeus, meet tie 
curve ag^ hi F, then FP bdng| . -— 5, FP', which answers to (9 + 180°), will 
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Ex. 2. Tba rectangle under the MgmeoCa of a focal chord ia to the whole chord in a 
conBtant ratio. 

This is merfily another way of elating tlie reenit of the ItiBt Example; but it ma; be 
proved directly by calcolatiog the quantities FP . TV, FP -)- FF, which are eaoly seen 
to be, respectiTely, 

6* 1 2W 1. 

o«l-^co»ie' " a l-«ic™tfl' 

Ex. 3. Any focal chord Is a third praportiooal to the traneverae axi^ and the parallel 
diameter. 

For it will be remembered that the length of a semidiametor making an angle with 
the Uaxixverm axis is (Art. 164) 




I -e> COS'S' 

Hence the length of the chord FP + FP' found m the last Example c . 

Ex. 4. Hie snm of two focal chords drawn paralld to two conjugate diuneUm !■ 

For the sum of the iquareB of two conjngate diameters ia cODataot (Art 177). 
Ex. 6. The sum of the cedprocsls of two fbcal chords at right angles to each other 
Is conelant. 

199. The equation of the ellipse, referred to the vertex, ia 



y»= —-x 



Hence, in the ellipse, the square of the ordinate it less than the 
rectangle under the parameter and abscissa. 

The equation of the hyperbola is found in like manner, 

,y = ^ + — * ■ 

Hence, in the hyperbola, the square of the ordinate exceeds the 
rectangle imder the parameter and abscissa. 

We shall show, in the nest chapter, that in the parabola these 
quantities are equal. 

It was from this property that the names parabola, hyperbola, 
and ell^e, were first ^ven (see Pappus, Math. Coll., Book vii.). 

THE ASTUPTOTES. 

200. We have hitherto discueeed properties common to the 
ellipse and the hyperbola. There ia, however, one class of pro- 
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pertjes of the faTperbola which hare none correaponding to them 
in the ellipse, those, namely, depending on the asymptotee, which 
in the ellipse are ima^ary. 

We saw that the equations of the asymptotes were always 
obtfuned by putting the highest powers of the variables = 0, the 
centre being the origin. Thus the equation of the curve, referred 
to any pair of conjugate diameters, being 

a'' b'' ~ ' - 
that of the asjTHptotes is 

?;_?;. 0,or^,-^-0,.od?+|.0. 
a^ o" a b ' a b 

Hence the asymptotes are parallel to the dif^onals of the paral- 
lelogram, whose adjacent ades are any pjur of conjugate semi- 
diameters. For, the equation of CT ^ 




cide with one asymptote, while the 
equation of ABl -, + ^ = 1 ] is pa- 
rallel to the other (see Art. 170). 
. Hence, given any two conjugate diameters, we can find the 
asymptotes ; or, given the asymptotes, we can find the diameter 
conjugate to any ^ven one ; for if we draw AO parallel to one 
asymptote, to meet de other, and produce it equal to itself, we 
find B, the extremity of the conjugate diameter. 

201. The portion (^f any tangent intercepted by the asjpnptotes 
is bisected at the curve, and is equal to the conjugate diameter. 

This appears at once &om the last Article, where we have 
proved AT •= J' = AT ; or, directly, taking for axes the diameter 
through the point and its conjugate, the equation of the asymp- 
totes 18 * j^i „i 

Hence, if we take x = a', we have y ■= ± A' ; but the tangent at A 
being parallel to the conjugate diameter, this value of the ordi- 
nate is the intercept on the tangent. 
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202. If any line cut an hyperbola, the portions DE, FG, i, 
tercepted between the curve and its asymptotes, are equal. 

Tor, if we take for axes 
diameter parallel to DG and its 
conjugate, it appears from the 
last Article, tbat the portion 
DG ia bisected by the diame- 
ter; 80 18 also the portion EF ; 
hence DE = FG. 

The lengths of these lines can immediately be found, for, froi 

the equation of the asymptotes i 



Again, from the equatiou of the curve I — s - ^ = I J, 
ya" b^ I 

"='»™ !,(.EM.FM)-±jy(J-l). 

«»" DE(=FG)=.{iV(|-l)}. 

»^ DF(.EG)-.{i.^(fl-,)}. 

203 . From these equations it at once follows, that the rectangle 
DE - DF is constant, and = b\ Hence, the greater DF is, the 
smaller wUl DE be. Now it is evident, that the further from 
the centre we draw DF the greater will it be, and that by taking 
X sufficiently large, we can make DF T =6'| -, + -l/f — - 1 )|~1 
greater than any assigned quantity. Hence, the farther fiom the 
centre we draw any line, the less mil be the intercept between the 
curve and its asymptote, and by increasing the distance from the 
centre, we can make this intercept less than any assigned quantity, 

204. If the asymptotes be taken for axes, the coefficients D 
and E of the general equatiou vanish, since the origin is the 
centre ; and the coefficients A and C vanish since the axes meet 
the ciu-ve at infinity (Art. 136, in.): hence the equation reduces 
to the form yy = jj?, 
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The geometrical meaning of this equation evidently ie, tfiat 
the area of the parallelogram formed by the co-ordinatet ia constant, 

205. The equation being given in thef>rm xy = A', to form the 
equation of any chord or of any tangent. 

We have ja , ;!> 

u' = —7, and V = -r, j 

dterefore, „ S' («' - a;") 

the equation of a chord is, therefore, 

y-y' /' 

which may be written (since A* = mj' = ie"y") 

y'x 4 ic'y = A* + ya;". 

Mining x' = x" andy = y", we find the equation of the tangent, 

x'y + y'ss = 2h\ 

or (writing x'y' for k') 

^ + 4=2. 
X y" 

From this form it appears that the intercepts made on the 
asymptotes by any tangent = 23^ and 2^; their rectangle is, 
therefore, 4A*. Hence, the triangle which any tangent ftmts with 
the asymptotes has a constant area, and is equal to double the area 
of the parallelogram ftrmed by the co-ordinates. 

Ei. 1. If two fixed poinla (ly', x"jO on a hyperbola be joined to any variabla point 
(z'~y"0< tlis portloD nhich (tie joiniag lines intercept on either Rsymptote ie conatiuit. 
The equation of one of the joining lines being 

''"y + y'l = y'^" + *'. 

the Intercept made by it from tbe ori^n on the axis of ic is (bund by making y ^ to 
lie x" + x'. Similarly the intercept from the origin made by tbe other joining line U 
x" -f z", and the dififarence between these two (x' — x") is Independent of the position of 
the point x~y". 

Ex. 2. Find the co-ordinates of the intersection of the tangents at x'g, >!"y". 

Solve for x and y iiom 

j-'y + yx = 2*', x"y + fx = 1», 
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206. To express the quantity k^ in terms of the lengths of the 
axes of the curve. 

Since the axis bieecte the aogle between the aaymptotes, the 
co-ordinates of it« vertex are found, hy putting ic •> ^ in the equa- 
tion ay- A', to be af = p = A. 

Hence, if d be the angle between the axis and the asymptote, 
a = 2kcoa9 

(^ce a is the base of an isosceles triangle whose sides = k and 
base angle =0), but (Art. 170) 



hence , y/ (a* + ft') 
ft 2 ■ 

And the equation of the curve, r^erred to ita asymptotas, is 

207- The perpejtdicular Jrom the f ocas on the asymptote is 
equal to the conjugate axis b. 

For it is CF sin 6, but CF = V ("' + *')» ond sin 9 = ^ : . 

This might also have been deduced as a particular case of the 
property, that the product of the perpendiculars from the focus 
on any tangent is constant, and = i'. For the asymptot« may be 
considered as a tangent, whose point of contact is at an infinite 
distance (Art. 157), and the perpendiculara from the fod on it 
are evidently equal to each other. 

208. The distance of (he focus from uny point on the cttrve is 
eipiol to the length of a line drawn through the point parallel to an 
asymptote to meet the directrix. 

For the distance from the focus is e times the distance &om 
the directrix (Art. 190), and the distance from the directrix is to 

the length of the parallel line as cos0[ = -, Art. 170 ) is to 1. 

Hence has been derived a method of describing the hyperbola 
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by continued motion. A ruler ABR, bent 
at B, slides along the fixed line DD'; a 
thread of a length = KB is faatened at the 
two points R and F, while a ring at P keeps 
the thread always stretched; then as the 
ruler is moTed along, the |K)int P will de- 
scribe an hyperbola, of which P ia a focus, 
T>Jy a directrix, and BR parallel to an 
asymptote, since PF must always «= PB. 




CHAPTER XII. 



L PARABOLA. 



209. The equation of the second degree, we saw (Art, 136), 
will represent a parabola, when the first three terms form a per- 
fect BC|uu«, or when the equation is of the form 
(ax + i^)« + Da; + Ey + F - 0. 

We saw that we could not transform this equation to any 
finite point so as to make the coefficients of x and p both vanish. 
The form of the equation, however, points at once to another 
method of simplifying it. 

We know (Art. 27) that the quantity Dai + Ey + F is propor- 
tional to the length of the perpendicular frem the point (xy) on 
the light line whose equation is Da; + Ey + F = ; and, in like 
manner, the quantity ax + byia proportional to the perpendicular 
on the line ax + lnf-O. 

Hence if we construct the two lines whose equations are 
ax + hfO, Da; + Ey + F = 0, 
the equation of the curve asserts that the square of the perpen- 
dicular from any point of the curve on the first line b in a con- 
stant ratio to the perpendicular on the second line. 

Now if we transform our axes, and make the line ax-i-ln/ our 
newa5isofii,andDa;+Ey+F = our new axis of y, then our new 
y will, of course, be proportional to the perpendicular on the line 
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ax + by, and our new ^ to the perpendicular on Da! + Ey + F = 0, 
and the transformed equation muat be of the form 

It is evident that our new orig^ is a point on the curve, and 
since for every value of x we have two equal and opposite Values 
ofy, our new axis of a; will be a diameter, and our new axis ofy 
parallel to its ordtnates. But the ordinate drawn at the extremity 
of an J diameter is (Art. 145) a tangent to the curve, therefore, 
the new axis of y is the tangent at the ori^n. Hence, if we are 
given the equation of the parabola in the form 

{ax + &/)» + Dar 4 Ey + F = 0, 
the equation as-tbifO represents the diameter passing through 
the origin, and the equation Dx + £^ -i- F -^ represents the tan- 
gent at the point where this diameter meets the curve. And the 
equation of the curve, referred to a diameter and tangent at its 
extremity as axes, is of the form 

y« = px. 

210. Though we have transformed the equation of the para- 
bola into a very simple form, yet our new axes have the incon- 
venience of not being in general rectangular. We shall prove, 
however, that it is possible to transform the equation int« this 
form, still retuning the axes rectangular. 

If we introduce an arbitrary constant A, the equation 
(ax 4 fti/)« + Dai + Ey + F -= 
will be found to be Equivalent to the equation 

(ax + by ^ ky + {B ■^ 2ak)j! + (E - 1ibk)y -i F - k^ = 0. 
Hence, as in the last Article, 

ax + by + k = a 
is the equation of a diameter, and 

(D-2aA)^-f(E-2W)y + F-A»-0 
of the tangent at its extremity. (This confirms our proof (Art. 
139) that all the diameters of the parabola are parallel.) 

Now, the condition that these two lines should be perpen- 
dicular is (Art. 40) 

«(D-2aA) + fi(E-2M) = 0. 
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Hence , aP + &E 

Since we get a simple equation to determine the particular 
value of A, which would make the new axes rectangular, there is 
ojie diameter whose ordinates cut it perpendicularly, and this dia- 
meter is called the axis of the curve. And we see, as in the laat 
Article, that if we take for axes, this diameter ax + by + k, and 
the perpendicular tangent (D - 2aA) a: + (E - 2bk) y + F - A" - 0, 
the transformed equation must be of the form 

211. From the equation y' =px we can at once perceive the 
figm^ of the curye. It must be symmetrical on both sides of the 
axis of X, since every value for x ^ves two 
equal and opposite for y. None of it can 
lie on the negative side of the origin, sine 
if we make x negative y will be imagi- 
nary , and aa we give increasing positive 
values to ar, we obt^ increasing values for 
y. Hence the figure of the curve is that here represented. 

Although the parabola resembles the hyperbola in having in- 
finite brandies, yet there is an imjwrtant difference between the 
nature of the infinite branches of the two curves. Those of the 
hyperbola, we saw, tend ultimately to coindde with two diver^ng 
right lines ; but this is not true for the parabola, since, if we seek 
the points where any right line {x = ky + I) meets the parabola 
(y* = px), we obt^ tJie quadratic 

y^-pky-pl=0, 
whose roots can never be infinite as long as k and I are finite. 

There is no finite right line which meets the parabola In two 
coincident points at infinity ; for any diameter (y = nt) which 
meets the curve once at infinity (Art. 140) meets it once also in 

the point x = — ; and although this value increases as m increases, 

yet it will never become infinite as long as m is finite. 

212. The figure of the parabola may be more clearly con- 
ceived from the following theorem : 
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If we suppose one vertex and focus of an ellipse pven, while 
its axis major' increasee without limit, the cmre will ultimately 
become a parabola. 

The equation of the el- 
lipse, referred to its vertex, 
is (Art. 199) 



We wish to express b in terms of the distance VF (= *»), 
which we suppose fixed. We hare m = a- ^{a^~¥) (Art. 1 86), 
whence £* = 2ani ~ m', and the equation becomes 

Now, if we suppose a to become infinite, all but the first term of 
the right-hand side of the equation will vaoish, and the equation 
becomes „* „ 4n«, 

the equation of a parabola. 

Hence we see that the focus and vertex of an ellipse beiug 
given, while the axis major is indefinitely increased, the parame- 
ter (= — , Art. 198) will remain finite, and = 4m. 

Hence if the equation of the parabola be given in the form 
^ ^px, the quantity p ia called the principal parameter. 

A parabola may also be considered as an ellipse whose eccen- 
tricity is equal to 1 . For e* ■ 1 — ^ Now we saw that -j, which 

is the coefficient of x' in the preceding equation, vanished ae we 
supposed a increased according to the prescribed conditions ; 
hence e* becomes finally ^ 1 . 

•213. Tejind the parameter of the parabola 
(ax + byf-y Da; + Ey + F= 0. 
We have seen (Art. 210) that the equation may be written 
in the form 

(or + fiy + A)' + (D - 2aA) « + (E-2JA)y+F-A"=0; 
which, when A has the value found in that article, is 
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where we have written for Bhortness, 

(a-.ft»)(F-^') 
bD-oE ■ ' 
Now, let Y and X denote the perpendiculars &om any pomt on 
the lines ax -v In/ + k = 0, and boe ~ <u/ + S" = 0, and this equation 
becomee „E - AD 

and oE-bB 



Ex. 1. Cluuig* to the foim y> = jij tbe eqiMtion 

9i» + 2iiy + IBy* + 22« + 46y + 9 = 0. 
Here A ^ G and the eqn&tloii duj be irrittan 

(Sa; + 4y + 6)> = 2 (4i - By + 8) ; 
« if the distancea of auf p<niit from Sx -I- 4y + G and 4f — 3y -I- 8 b« Y and X, 
T» = fX 
Ex. S. find the parameter of the parabola 

*' 2iy *» 2x ig 



= 0. 



i^lfl 



ThiBTalae may also b« deduced djwctly by tha help ofthe following theorems, which 
will be proved aftenrerda : — " The foeiu of a paraboU is the foot t^ a popendicalar let 
. tall ftomtlie intenectioa of two tangenta which cat at right anglee on thdr chord of con- 
tact ;" and " The pBrameter of a conic li found by dividing fonr times the rectangle under 
the tegmenta of a focal chord, by the lengUi of that chord" (Art. 138). 

Ei. S. If a and b be the lengths of two tangents to a parabola which intanecC at 
light angles, and m one quarter of the paiameter, preve 

* 214. To find the parameter of (ax + ^)' + Da; + Ey + F = 0, 
the axes being oblique. 

We proceed as in Art. 210, but the axes being oblique, we 
must use the condition (Art. 41) that two lines should cut at 
right angles, and the equation which determines k becomes 
a(D - 2aA) + i (E - 2fiA) = (a(E - 2bk) + i(D - 2ak)\ costu 
aP + 6E - (aE + ftP) cosw 
2(a'' + i^-2aficosw) ' 
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Tlie tranafOTmed equation then is 

(<w+Ay+A)«+^^^j--^^^^ {(4-acoBw)x-(a-4ooe«)y+F'j =0, 

where (F -i?)(a^ + If -2ab coat^) 

(AD-oE) 
Now, let 
y (ax + btf + k)Biaw -y (&- a cobm) » - (o - & cofl'wjy+F' 
°V(a* + *'-2a4coa(.>)' V(a^ + i'-2a6coBw) 

and we get (qE - bD) wn'm 

''"'(<i» + 4»-2oAcoflw)«' 
Ex. Hud th« ptnmeter of the ponbola 



THE TANGENT. 

216. The equation of any chord of the parabola can be easilj 
obtiuned. For, since y* = px' and y* = pa^', we have 

and the equation of the diord is 

SB - as' y + y"' 

The equation of the tangent ie found from this, by supporang 
y = y, or (remembering that y^ = px') is 2yy = /» (a; + a;'). 

If we seek the point where the tangent meets the axis, we 
obtiun x = - of, OT TM (which is called the avbtangent) is bisected 
at the vertex. 

We saw that if the oblique axes were any diapieter and a 
tangent through its Tcrtex, the equation of the parabola was still 

y» = p'x. 
The equations of the chord and tangent remain the same, and it 
will be equally true that the subtangent is = twice the abscissa. 
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THE PARABOLA — DIAMBTEBS. 

This Article enables us, there- 
fore, t« draw a tangent at any 
point on the parabola, since we 
have only to take TV = VM and _ 
join PT ; or again, haTing found 
this tangent, to draw an ordinate 
from P to any other diameter, 
(dnce we have only to take VM' = T^', and join PM'. 

216. It follows from Art. 144 (or may be proved as in Art. 
172) that the equation of the polar of any point x'j/ is similar in 
form to that of the tangent, and is, therefore, 

^yy = p(x -V xy 
If we seek the point where this polar meets the axis of x, we get 
X - - x'. 
Hence we derive a theorem, which will be useful hereafter, 
(hat the intercept which the polara of any two points cut off on the 
axis is egnal to the intercept between perpendiculars from those 
points on that axis ; each of these quantities being equal to (x' - of) . 

DIAHETBRS. 

217. We have said, thatif we takeforaxes any diameter and 
the tangent at its extremity, the equation will be of the form 

y*=p'x. 
We shall prove this again by actual transformation of the 
equation referred to rectangular axes (y* = px), because it is de- 
sirable to express the new p' in terma of the old p. 

If we transform the equation y' "px to parallel axes through 
any point (ar'y) on the curve, writing x + a! and y + y" for a; and 
y, the equation becomes 

f + 2fft/=px. 

Now if, preserving our axis of at, we take a new axis of y, in- 
clined to X at an angle fl, then our old y = PN - PM' sin 9, and 
our old X = VM' + PM' oosO. (See figure, above.) 

We, therefore, substitute y sin for y, and x + y cos 6 for x, 
and our equation becomes 

y' sin' 9 + 2y'y sin 9 = px + py co» 9. 
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Id order th&t this should reduce to the form i/' -px, we must 



have 



2y8iii0 =paoad, or tsad ■ 



sy 



Now this ia the very angle which the tangent makes with the 
angle of x, as we see &om the equation 
2yy=P('C + A 
This equation, therefore, referred to a diameter and tangent, will 



take the form 



_P 
8in*9 



-s^x, or v'-=p'x. 



The quantity p' is called the parameter corresponding to the 
diameter V'M', and we see that the parameter of any diameter it 
to the principal parameter (p), inversely a» the square of the sine of 
the angle which its ordinates make with the axis, since »' = -r—j,- 

We can express the parameter ofany diameter in terms of the 
co-ordinates of ita vertex, from the equation tan = a-,i hence, 



y/(j^ + 4y') 



'^/{f^)■■ 



THE NORMAL. 



218. The equation of a line through («y) perpendicular to 
the tangent 2yi/ =p(x + oQia 
p{y-r/) + 2^{x-a!) = 0. 

If we seek the intercept on the 
axis qSx we have 



and, since VM = a;, we must have 

MN (the sidmormal. Art. 185) =|- 

Hence in theparabola the subnormal is conatantf OTid equal to 
the serngmrameter. The nomud itself 

» V(PM^ -H MN*) = \/(y" +^') - t/{ ;(.' 4 l^y 
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THE FOCUS. 



219. A point situated on the axis of a parabola, at a distance 
from the vertex equal to one-fourth of the principal parameter, is 
called the^ociw of the curve. This is the point which, Art. 214, 
has led us to expect to find analogous to the focus of an ellipse ; 
and we shall show, in the present section, that a parabola may in 
every respect be considered as an ellipse, having one of its foci 
at this distance, and the other at infinity. To avoid fractions 
we shall oflen, in the following Articles, use the abbreviation 



Tojindthe distance qf am/ point on the curve from the /ocas. 

The co'-ordinates of the focus being (m, 0), the square of its 
distance from any point is 

(ai' - m)' + y" = ic'* - 2mx' + m* + 4mx' = (x' + »»)». 
Hence the distance of any point from the focus = x +m. 

This enables us to express more simplythe result of Art. 217, 
and to say that the parameter ojany diameter i^fow times the- 
distance of its extremity from the focus. 

220. The polar of the focus of a parabola is called the direc- 
trix, as in the ellipse and hyperbola. 

Since the distance of the focus from the vertex e m, its polar 
is (Art. 216) a line perpendicular to the axis at the same distance 
on the other side of the vertex. The distance of any point from 
the directrix must, therefore, = a;' + m. 

Hence, by the last Article, the distance of any point on the 
curve from the directrix is equal to its distance from the focus. 

We saw (Art. 190) that in the ellipse and hyperbola, the dis- 
tance from the focus is to the distance from the tUrectrix in the 
constant ratio e to 1. We see, now, that this is true for the pa- 
rabola also, since in the parabola e = 1 (Art. 212). 

The method given for mechanically describing an hyperbola. 
Art. 208, can be adapted to the mechanical description, of the 
parabola, by simply making the angle ABR a right angle. 

221. The point where any tangent cuts the axis, andits point 
of contact, are equally distant from the focus. 
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For, the distance from the vertex of the point where the tan- 
gent cuts the axis > s! (Art. 215), its distance from the focua is, 
therefore, ai + m, 

222. Any tangent makes equal angles with the axis and with 
the focal radius vector. 

This is evident &om inspection of the isosceles triangle, which, 
in the last Article, we proved was formed by the axis, the focal 
radius vector, and the tangent. 

This is only an extension of the property of the ellipse 
(Art. 192), that the angle TPF = TPF"; for, if we suppose the 
focus F' to go off to infinity, the line PF' will become parallel to 
the axis, and TPF = PTF. (See figure, p. 178.) - 

Hence the tangent at the extremity of the focal ordinate cuts 
tbe axis at an angle of 45°. 

223. To find the length of the perpendicular Jrom tke focus on 
the tangent. , 

The perpendicular &om the point (m, 0) on tbe tangent 
{jy'=.2m(a: + ar'» is 

im(x' + m) 2m(3f + ni) ,, , , v, 

■ 7#T1S) - TOtai'Ttai) - '^ ''"<^-^ "■>'• 

Hence (see fig. p. 182) FK is a mean proportional between FV 
and FP. 

It appears, also, from this expres^on, and from Art. 218, that 
FR is half tbe normal, as we might have inferred geometrically 
from the feet that TF = FN. 

224. To express the perpendicular Jrom the focus in terms of 
the angles which it makes with the axis. 

"We have 

cos a = «n FTR = (Art. 217) W^^)' 
Therefore (Art. 223), 

Fit =VM«' + »"))-£;• 

The equation of tbe tangent, the focus being the origin, can, 
therefore, be expressed 

m 
xooBa +ysma + = 0, 
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and hence we can express the perpendicular from any other point 
in terms of the angle it makes. 

225. The locus of the extremity/ of the perpendicular Jrom the 
Jbcus on the tangent is a right line. 

For, taking the focus for pole, we have at once the polar 
equation tn 

p = , p cos a = m', 

cosa 

which, obviously represents the tangent at the vertex. 

Conversely, if from any point I' we draw FE. a Tsdivs vector 
to a right line VR, and draw PR perpendicular to it, the line 
PR will always touch a parabola having F for its focus. 

We shall show hereafter how to solve generally questions of 
this class, where one condition less than ie sufScient to determine 
a line is ^ven, and it is required to find ita envelope, that is to 
say, the curve which it always touches. 

We leave, as a useful exercise to the reader, the investigation 
of the locus of the foot of the perpendicular by ordinary rectan- 
gular coHDrdinates. 

226. Tojind the locus of the intersection qf tangents which cut 
at right angles to each other. 

The equation of any tangent being (Art. 224) 
X cos'a + y sina cosa + ct = ; 
the equation of a tangent perpendicular to this (that is, whose 
perpendicular makes an angle = 90° + a with the axis) is found 
by Bubstituting cos a for siua, and - sin a for cos a, or 

xan^a -y sina cosa + »» = 0. 
a is eliminated by ^mply adding the equations, and we get 

a; + 2m = 0, 
the equation of the directrix, since the distance of focus from di- 
rectrix = 2m. 

227. The angle between any two tangents it half the angle be- 
tween the focal radii vectorei to their points of contact. 

For, from the isosceles PFT, the angle PTF which the tan- 
gent makes with the axis is half the angle PFN, which the focal 
radius makes vrith it. Now, the angle between any two tangents 
2b 



186 ^ THE FAHABOLA — THE FOCUS. 

is equal to the difference of the anglea they make with the axis, 
aod the angle between two focsi mdii is equal to the difference of 
the angles which they make with the axis. 

The theorem of the last Article follows as a particular case 
of the present theorem ; for if two tangents make with each other 
an angle of 90°, the local radii must make with each other an 
angle of 180°, therefore, the two tangenta must be drawn at the 
extremities of a chord through the focus, and, therefore, from the 
definition of the directrix, must meet on the directrix. 

228. 7'ke linejoiniitg the focus to the intersection o/ttno tan- 
gents bisects the angle vjMch their points of contact subtend at the 
focus. 

The equations of two tangents being 
aJCOs'a + ysinacoBa + m - 0, arcos'^ + ysinjS cos/^ + ») = ; 
subtracting them, we find for the line joining their intersection 
to the focus, ajMn (a + /3) - j/cos (« + /3) = 0. 
This is the equation of a line making the angle a + /3 with the 
axis oi X. But since a and ^ are the angles made with the axis 
by the perpendiculars on the tangent, we have VFP = 2a and 
VPP' = 2/3 ; therefore the line making an angle with the axis 
■> a -I- /3 must bisect the angle FFP. This theorem may also be 
proved by calculating, as in Art. 196, the angle (d - B) subtended 
at the focus by the tangent to a parabola from the point xg ; when 

it will be found that cos (9 - fl") = , a value which, being 

independent of the co-ordinates of the point of contact, will 
be the same for each of the two tangents which can be drawn 
through xy. (See O'Brien's Co-ordinate Geometry, p. 156.) 

Cor. 1. If we take the case where the angle PFF = 180°, 
then PP* passes through the focus; the tangents TP, TP will 
intersect on the directrix, and the angle TFP = 90°. (See Art. 
197.) This may also be proved directly by forming the equations 
of the polar of any point (- m, y) on the directrix, and also the 
equation of the line joining that point to the focus. These two 
equations are 

y'y = 2m(a; - m), 2m (y - y') + y' (a: - m) = 0, 
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which obviouBlj represent two right lines at right angles to each 
other, 

Cor. 2. If any chord PF 
cut the directrix in D, then FD 
is the external bisector of the 
angle PFP. Thia ie proved as 
at p. 168. 

Cor, 3, If any variable tan- 
gent to the parabok meet two fixed tangents, the angle sub- 
tended at the focus by the portion of the variable tangent inter- 
cepted between the fixed tangents, ie the supplement of the angle 
between the fixed tangents. 

For the angle QET is half pFy (Art. 227), and, by the pre- 
sent Article, PFQ 
is obviously also half 
pFy, therefore, 

PFQ is = QET, 
or is the supplement 
ofPRQ, 

Cor. 4, The cir- 
cle drcwnscriMn^ the triangle formed by any three tangents to a 
parabola will pass through the focus. For the circle described 
through PEQ must pass through F, since the angle conttuned 
in the segment PFQ will be the supplement of that contained in 
PRQ. 

229, To find 0ie polar equation of the parabola, thefocusbeing 
Ike pole. 

We proved (Art. 219) that the local 
radius 




n=VM+m=FM+2m==pcoBe + 2m. 




Hence 



Thia is exactly what the equation of Art. 198 becomes, if we 
suppose e = l (Art. 212). The properties proved in the Examples 
to Art. 198 are equally true of the parabola. 

In this equation Q is supposed to be measured from the aide 
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FM ; if we suppoae it measured fi^om the rade FV, the equation 
becomee 2m 

" 1 + cos© 
Thie equation may be written 

p cos* i 9 = wi, 
or ^* coe i = (m)l, 

and is, therefore, one of a dass of equations, 

p" C08 «6 = a", 
some of whose propertiea we shall mention hereafter. 



CHAPTER XIII. 

BZAHPrES AND HieCBLLAHSOVS FBOPEBTISa OP THB COSIO SBCTIONS. 

230. The method of applying algebra to problems relating 
to conic sections is eesentially the same as that employed in the 
case of the right line and circle, and will present no difficulty to 
any reader who lias carefully worked out the Examples given in 
Chapters in. and tii. We, thereibre, only think it necessary to 
select a few out of the great multitude of examples which lead to 
loci of the second order, and we shall then add some properties 
of conic sections, which it was not fotmd convenient to insert in 
the preceding chapters. 

Ex. 1. A line of conataiit length movea about 
in the 1^ of ■ ^ven uigle : to find the locus de- 
scribed hy a fixed pcnnt on it. 

DenotiDg PL by a, PK b; n, and LE bj' I, ve 
taye, by aimllai tiiangleB, 

0L = ^, and 0K=^ 
BntBince LK^ >= OU 4 OK! - 20E. OLcMtv, 

we have _ fjfl flj* gPiryccB w 



the equation of an tlSpte having the pdnt far ila centre, nnce B'— 4AC ii here ne- 
gative, being = — ; sin's. 
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Ex. 2. If P be a fixed point, md I£ say liglit line drawn thraugh it, to find th* 
locuBofintenectiantf th«panIl«l8to OK, OL, Uiroagli the points LandK. 
Ex. S. Or orperpendicnlan erected to OK, OL, Qiraiigh the same points. 
Ex. 4. If a point Q be ta]un on L£ go that QK = PL, to find Its locus. 
Ex. 6. Two eqnal rulers, AB, BC, an connected g 

by s i^vot at B ; the extremity A is fixed, vbiie the 
extremity C is made to traverse the light line AC ; 
find the locna described by any fixed point P on BC. 

Ex. S. G^TeabaseanddifiiireDcsof baseangleaof A A < 

triangle : to find the locns of vertex. 

We may proceed exactly as at page 8fi, vhere the mm of the baae angles is gi^ 
The locus will be foond to be >d equilateral hyperbola, of which the base is ■ diami 
The difi^nce of base angln being given, it is easy to see that the intemal and external 
bisectors of Ilie vertical angle must be paisllel to fixed lines, and these lines will 
rsliei to the ajiymptotce of the iocoa. Conversely, If vre consider the triangle whose 
is any diametei of an eqniiateral hyperbola, and whose vertex ia on the carve, the 
are parallel to conjugate diameters (Art. 183) ; but conjugate diameters of i 
hyperbola make equal angles with Uie asymptotee (Art. 1 78). 

Ex. 7. Given ba«e and the product of the tangents of the base an^es of a triangle : 
find the locDS of vertex. 

It win be a conic section, of which the extremities of the t>sse are vertices. Tliia ii 
the converse of Ait. 174. 

Ex. 8. Given base and the product of the tangents of the halves of the base angles ; 
find the locus of vertex. 

Expressli^ the tangents of the half angles in terms of the aides, it will be found tl|^t 
the sum of sides is ^ven : and, therefore, that the locus is an ellipse, of which the extre- 
mities of the base are the foci 

Ex. 9. Given base and sum of adea of a triangle : fiiui the locus of the centre of the 
inscribed circle- 
It may be immediately inferred, from the last two examples, that the locus is an el- 
lipse, whose vertices are the extremities of the given base- 
Ex. 10. Given the vertical angle of a triangle in magnitude and position, and also 
the area : find the locus of a point dividing tbe base in a ^ven ratio. 

Ex.11. Given base ofa triangle, and that one base angle is double the other; flod 
locuB of vertex. 

Ex. 12. Trisect a given arch ofa circle. 

Am. The point of trisection Is detennined as Uie intersection of the given 
arch with a given hyperbola. 
Ex. 13. Given base and area of a triangle ; find the locus of the intersection of per- 
pendiculars. 

Ex. 14. Find the locus of the centre of a circle which touches two others; or which 
touches a ^ven drde and a given right line- 
Ex. 15. Given the base of a triangle, and the length of the intercept made by the 
sides on a given line; find the locus of vertex.. 
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Ex. IS. Two vertices oTa givn triangle more along flzed right Un«a ; find the locus 
1^ the third. 

Ex. 17. Two vertic«a of a triangle more along fixed ri^t lines, and Che aidea pasa 
throngh flzed p<»nta ; find the locus of (he thiid Tertex. 

Ex. 18. Find the loom of the centre ofa circle which makes given inlercepto on two 

Ex. 19. A triaogle ABC circumacrilMe a given drde ; the angle at C ia given, and 
B movee along a fixed line ; Snd tbe locna of A. 

Let ue UH polar o-ordlnates, the centru behig the pole, and (he angln being mea- 
sured from the perpendicular OB the fixed line; let the co-ordlaates of A, B, be p,0; p',ff. 
Then we have p'<xia9'=p. Bat it ie easy to eee that (he angle AOB is givai ( = a). 
And nnce the perpendicular of the triangle AOB ie given, we have 
, _ pp-aina 

V(p» + p>-aV!M")' 
But 6 -f 9* = d ; therelbre llw polar equatioD of the locos is 



p> cos" (a - 9) + f" - 2/'p COBO C08(o - S)' 

which repreaenta a conic. 

Ex. 20. Qiven two conic sectiona, to find the locus of the pole, with respect to one, 
otany tangent to the other. 

Let their eqnatione be f? ?? _ i 

o* "'" frJ ~ ■ 
Ai» + Biy + Cy" + D« + % + F = 0, 
the polar of an; point, with regard to the second, is (Art. 141) 

(2A*' + By' + D) . + (20jf' + Bi' + E)y + D«' + Ey' + 2F = 0. 
But the condition that this should toocli the fiiet is (p. IGO) 

fli (aAi' + By' + D)» + f (2(y + BiT' + E)» = (Di' + Ey + aP)". 
This condition, which must be satisfied by the point (x'g), is the equation of its locus, 
and is plainly of the second d^iee. 

231. We pve in thid Article some examples on the focal 
properties of conica. 

Ex. 1. The distance of any point on a coDio &om the focus is equal to the whole 

length of the ordinate at that point, produced to meet the tangent at the extremity of 

the focal ordinate. 

Ex. S. If from tlie focus b line be drawn nislcing a given angle with any tangent, 

find the locus of the point where It meets it- 
Ex. 3. To find the locus of the pole of a fixed line with r^ard to a aeries of concentric 

aod confocal conic sections. 

We know that the pole of any line I — + - = I I, with regaid to the craiic 

I — + *- = 1 ], is found from the equations inx = n' and ni/ = ft' (Art. 172). 
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Nov, if the fod of the conic are givca, i^-b* = «* la given; tience, the tocna of tha 
pole of the fixed line is ^^^ — hv = c> 

the equeUon of a right line perpendicular to the givoi line. 

If the given line touch one of tbe oonica, itg pole will be the point of contact (Art. 
144). Hence, given two confocal cnnics, if oe draw any tangent to one and tangents to 
the second where this line meets it, these tangenti will Intersect on the normal to the 
Gm conic 

Ex. 4. The focua being the pole, prove that the polar equation of the tangent, at the 
pcdnt whose angular co-ordinate ia a,i> — = (cosS + coi(S - a). 

This expreadon Is due to Hr. Davies {mioiophieat Masazitw tat 1842, p. 192, 
dted bj Walton, Eumplea, p. 86S). 

Ex. 6. Prove tliat the polar equation of the chord through poinU whose angular cO- 



^ = .coee + iec^o«.(e-,>). 

This expression ia due to Mr. Frost (Cambridgt and Dublin Math. Joumal, i. 6S, 
rfted by Walton, Examples, p. 876). 

These eqoatjons may be conveniendy osed in iuveattgatiDg theorems concerning 
angles gnblen4ed at the fbcus. Still simpler methods, however, of obtainiug these will 
be given in Chaplar irv. 

Ex. 6. If a chord PF of a conic paas through a fixed point O, then tan ) PFO . 
laniFFOieconslflnt. 

The reader will find an inveatigation of this theorem by the help of the equation of 
the last Example (Walton's Examples, p. 377). I insert here [ho geometrical proof 
given by Mr.MacCullagh, to whom, I believe, tbe theorem is due. Imagine a point O 
Uken anywhere on PF (see fignre, p. 187), and let the distance FO be e times the dis- 
tance of from the directrix ; then nnce the distances of P and O &om the directrix are 
ptoporiJonal to FD and OD, we have 

FP FO: _ » ton PDF sin'ODF _ t 

PD"'"0D~«^' " Bin FFD "^ liu OFD^i?' 
Hence (Art, 197), cosOFT _ ■ 

cosPFT"?' 
or, unce (Art. 196) PFT ia half the anm, and OFT halt tbe difi'erence, of PFO and F'FO 
tan JPFO . tan JPTO = ^^,. 

It ia obvioos that the product of these tangents remains constant if O be not fixed, but 
be anywhere on a conic having the same focus and directrix as the given conic 

Ex. 7. If normals be drawn at the extremities of any focal chord, a line drawn 
through their intersection parallel to the axis will bisect the chord. 

Take any point on the directrix whose co-otdinatea are f = — , !/=^, then the equa- 
^on of the polar d that point, which passes through the focua, win be - + -^ = 1. 
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Sutx^tuting tor x from tliU equ&don in the equation of the curve, th 
p<dDta wlien tliil line meets the cnrre are givea by the eqiutioD 

Heiioe,lts'iy", belheordinateaof the point trfinleraalion, we have 
Sft't' 

but (Art. 186, Ex. *) 

' b' '"^ b' + ^p- 2 

It mny be found, in like manner, that the ebsdaM of the iDtetnctiOD of the chord 
i>ith tlie curve are deteimined b; tlie equatkal 

(6* ■K^^)2f- Wcx + !■(*■ ~ ^) = 0, 
whence iVc . . e'tV-ffl) 

and the sbidMa of the intereection of normali f> 
•'["-ISO 
,:■(»■ + .■/!■)• 
Ex. 8. If a chord pan through a focna, the line jiuning the intemction of tangenta 
it iu extremitiu to the iDtereedion of the correeponding normals will peas through the 
ather focus. 

The equation of the jOTulng Uneia e;3(i + «) = («' + «•)». 

Ex. 9. Und the locuj of the iatenection of normala at the eitramitiei of a focal 



Solving for /?• from *=^^j — ^^' **'"■'' 



But lince S— iTT~:^oi n" ""'O ^>= — r— — — r-. 

"So 

and the locua is the eniFae 

W (a' + e»)'y< + o'6'i* + i'ex = (.lei. 

Ex. 10. If S be the angle between the tangenti to an 
elltpse from any point P ; and if p, p' be the disiancea of 

that point from the focne, prove that COB e= — ; — ■ 

Fur (Art. 189) 

„ FT.FT 6« 

»,„TPF.«n<PF = -^^-^. = ^. 

But coePPr-co»TR = ai{nTPF.«hi(PF[ 

And 2pp' coi FPr = p« + p"- *e». 
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232. We give Ib this Article some examples on the parabola. 
The reader will have no difficulty in distinguishing those of the 
examples of the last Article, the proofs of which apply equally 
to the parabola. 

Ex. 1. Tind the co-ordinatce of the Intenaction of the two tangeDta it the {xunti 
a^y, »y, toUiep»r«bol»ji* = pa^ . y' + j/" yV 

^«. y j-, '-—■ 

Ex. 3. The Uiree peipcndkuluv of the tiian^ formed bfthiee tongenta interaect on 
the dii«ctiix (SMim, GngMUUi, Amiala, xiz. 69, Wdton, p. 119). 
The eqiMtiOD of one <tf those parptD&oIan U (Alt 48) 

which, >A«r dlrldlog by jT' - y", may be initton 



The 171000117 of the equtian BhowB that the three perp«i>dietil*a intetMCt on tlte direc- 

trbt at » hdght _ 2y'y-y" y-+y- + y- ' 

*" pi ■*" g 

Ex. B. The area of the tiiangle tbimed bj three trngfuis it ha]f that of the triangle 
(brmed by jtrining their pdob of contact (Gregory, Cambridgt Jtmnud, iL IB, Walton, 
p. 187). 

Snbadtiiling the co-ordhutee of the verUceg of the ttiangUfl In the expreaiion of 
Ait.BI, we And for the latt«rftwa, — (y'-y") [y'-y"^ 0"-y')i andforlhofcmiBr 
area half Ihli quantity. 

Ex. 1. Find an expreesioD tat the radial of the diole drcimiKiitring a triangle in- 
ecrib«d in a parabola. 

The nuline of the dide dmunscribiDg a triao^ the leogtha of whoae ride* ani^ a,j^ 
■ndwhoeeaiea = £ ia eadly proved to be -~. But if if be the length of the chord joining 
the pdnti s^'y", z~y"', and ff the angle wliich this chord makee with the axis, it is iib- 
riona that ilBin0'^ y'''y"'. Using, then, the ezpreaalan for the area found in the last 
Example, we have "3.= ■ . o-^ a-j a- ' ^* ™Mt'''^ s^^P"** I"* "^"Si alBO,lnterma 
<£the focal chorda parallel to the odea of the triangle. For (Art 198, Ex. !) the length 
itf a chord maUns an angle 9 with the axia is e ^- — :;. Hcoice Bf^ . 

BUI'S ip 

It follows, from AiL 217, that e', c", c'" are the parametera of the diameten which 
bisect the rfdea (rf the trian^ 

Ex. S. Eipreaa the radins of the drda drcomacriblng the triangle formed by thne 
tangenta to a parabola in leima of the anglea which they m&ke with the sxig. 

'*~- ^=!ainffi^ 8" rine-''"^=^''''^ '■'''■'•''■' '"""P^ 
rameten of the diameten thnmgh the polnla of CMitact of the Uogenti 
(Me Art SIT). 

2c 
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Ex. 6. Find tJie aiigla contained by the two tangenta through the ptint x'y' Ut the 
parabola y' = imx. 

The equation oTthe p^ of tangenta Is (as in Att. 160) found b> ba 
O'' - ini") (^ ~ 4mx) = {yji' - 2« (i + «■)}». 
A parallel pfii of lioes through the origin Is 

i>« - y'ly +■ mi' = 0. 
The angle conl^ed by whldi is (Ait 70) 

* x ' ' + m 

Ex. 7. Hod the locns of tangents tn a parabola wMch cnt at a prea angle. 

jiiu. The hypertwla y" - inur = (i + ni)i tan>#, ory»+(x-in)'=(£+i")'BS(^. 
Fniin the latter form of the eqoadiHi it ia evident (gee Art. 190) that the 
hyperbola haa the same (ocoa and directrix as the parabola, and that ita ec- 
centricity = »ec0. 
Ex. 8. Find the locus of the foot of the perpendicular from the ft>cus of a parabola 

The lenglli of the perpendicular from (m, 0^ on 2™ (y - y*) + ji" (* - i") = is 

V(p'»+4m') '^'^'^"•^1 
But if 9 he the angle made with the axis by the perpendicular (Art. 317) 

Hence the polar eqoation of the locna ia 

Ex. 9. FindthecO'DrdinatcsoflliGiDteraectioDof the nonoala at the points ;ty, xV'. 

Or if a, J3, b« the eo-ordinatea of the corresponding intersection of tan- 
genta, then (Ei. 1) ^ P* <^ 
x = 2m + — -a, j = — —. 

£x. 10. Find the locus of the interaectioa of normals at the extremittes <tfchoidB 
which paaa through a given point x'^. 

We have then the relation &if = im(x' + a); and on substitntiiig in tbe reanlts of 
the laat Example the value of a derived from this relation, we liave 

2h« + /3y'= 4ni» + 2^ + 2«i' ; 2iii>j( = S/Jmi' - /j>y'; 
whence, eliminating J3, we find 

2(2»o ~ y") + »■(* - '')!* = C*"*' - /*) (y'y + 3^'* - 4™'^ - 2n^'). 

the equation of a parabola whose axis is parallel to the perpendicular from the given point 
on its polar. 

Ex. 11. Fhid the locus of the fntarseclion oi normals at right angles to each other. 

Inthiscas«a = -~m, » = 8ni + ^, yn/S, yi = m(*-B«). 
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Ex. 13. If tbe lengths cf two tangcnU be o, i, and tha ingle between thun wjfiDd 



Draw tlie diameter lusecting the chord of coi 
meter ap' = — , and the piindpal parametei ii 
length of the perpendicular on the chord from the interiectioii of the tangents). But 
Snry ~ a( sn u, and 

iabsiaa 

Ift)* = o" + 61 + Baft coeui ; hence p = j (»eo p. 180). 

(ai + i«+ 2a6ooeB)* 

Ex.13. Show, &om the equation of the drde drcamBcribtDg three tangents to a pa- 
tttbola, that it panes throngfa the focoe. 

The equation of the dicis drcomscrihing a triangle bong (Art. 106) ^ Bin A 
+ yn ein B .|- 0^ ^ Cr= 0, the absolute term in this eqnalion is foond (by writing at 
full length for a, xcoaa + (laina — p, &<;.) to be p'p" inn(^ — y) +p''pein(y — a) 
+ pp'an(a - ^). But if the line a be a tangent to a parabola, and the origin the 

toons, we have (Art. 824) p = , and the absolute term =—^ — —- {an(^-jr) 

cofln + 8in(y -Q)coa;3 + Bhi(a - ^) cosy], which vanishes Identiially. 

Ex. 14. Find the tocns of the intersection of tangents to a parabola, being given 
cdther (1) the product of sines, (2) the product of tangents, (3) the earn or (4) difference 
of cotangenta of the an^es the; make with the axis. 

Am, (1) a circle, (2) a right line, (3)a right line, (4) a parabola. 

233. We add a few miacelkneous examples. 

Ex. 1. If an eqnilateral hj'perbola drcnmscribe a triangle, it will also pass through 
the intersection of its peipendiculais (Briancboa &Foncelet: Gergonne, ^niu/es, xi.SOG) 
Walton, p. 283). 

The equation of a conic meeting the axes in p ren points is (Ex. 1, p. 137) 
hbx' + Bjy + oay - bb- (a -f a") I - im' (6 + ft") y + aabb' = 0. 

And if the axes be rectanguhir, this will repreaent an equilateral hyperbola (Art 178) 
U ati = ~ hb'. 1^ therefoie, the axes be any side of the ^ven triangle, and tbe perpen- 
dicular Ml it from the opposite vertex, the poitians a, a', 6, sje given, therefore b' is also 
given; 01 tbe curve meets the perpendicular in the fixed point ;/ ~ — —, which is 



(Ex. 7, p. 8 S) the intersection of the perpendiculacs of the triangle. 

Ex. 2. Given a triangle, such that any vertex is tbe pole of the opposite tide with 
lespect to an eqnilateral hyperbola; the circle drcumscribing tbe triangle passes tbroogh 
tba centre of the curve. [This is a particular case of a theorem to be proved in tbe next 
Chapter (Briondhon & Poneelet, Gergonne, iL 210 ; Walton, p. 804).] 

Take two sides of the triangle for axes ; now the pole of the axis of x, with regard 
to a conic given t>y the general eqnation, lies on the diameter titsecting chords parallel 
to that axiB(2Az .f By 4 D = 0), and also on the polar of the origin (Dz -f % + 2F = 0). 
I^ then, we have DE = 2BF, tioth these lines will meet the axis of y in the same point, 
and the pole of tlie axis of x will be the point y ^ - — on the axis of y. In tbe same 

E 

case «ie pole of the axis of y will be the point on the axis of i, * = - = , 
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The eqiutioa of tlie drde through the otlgin ntd throngb thsM two jmbitt !■ 
B (»> + 2ij/ OT»w + y") + E» + Dy = 0, 
or X C2Cy + B* + E) + y (SA* + By + D) - 3 (A + C - B oosu) ly = 0, 

nn eqwilioii which will erideDtl; be latMed hy the co-oidinatea of the centre, provided 
we bLT« A. + C = B eoiu, that Ii to laj, provided tlie curve be aii eqnOatenl hTpwbda 
(Arl& TO, 178). If DE be not = SBF, ire have bUII proved that the drcle pssau 
Ihroogh the oentie, whkh is deicnbed Ihjough the origin and through Uie pdnts 
I 0, — g 1, ( ~ni ') ]> ^t ** t^ B<>7> througbUie pdnta where each axis it met by the 
diameter bisectiiig clwids panllel U the other. Hence, a circle dttcribed Ihraugh the 
tentrt of an egtiUattral lij/ptrbola, md through any Am poiiiit, vtS alia pof Ihnmgh 
the inteneciioK of Hint drawn through eaeh of thai pointt parallel io the polar of the 

Bi. S. If on any tangent to a conic tJiere be taken poiotB A, B, eucfa that AB may 
be constant ; find tlie locos of tlie intenection of tangents from A and B (se« the sectiOD 
on the Anhormooic Fiopertlea <^ ConiGii). 

The points where a pair of tangents to a c<hiIc, given by the general equation, meet 
the axia of z arefomid (Art. IGO) ftomths eqnaUon. 

|(4AC-B>)y'« + (4AE-2BD)y'+4AF-Ds}il + 2{(BD-2AE)»>'+(2CD-BE) 
y-« + (D»-*AP)i' + (DE-aBF)y').+ {(UF-Df)ri + (4BF-2DE)iy 
+ (4CF-B«)y"«} = 0. 

Forming the diffcronce of the nxits of this equation, andpnttingit eqoalto a cod- 
ttant, we obbdn tlie equation of the locus wtucb wilt be in general of tlie fourth degree ; 
bnt if D* = 4AF, the axis of x wiD tooch the given conic, and the equation of the locus 
irin become divitdble by y<, and will reduce to the second degree. We conld, by the help 
of the lante equation, find the locoa of the inlerseclion of tangents ; if the Bum, product, 
Ac, of the intercepts on the axis be f^ven. ■ 

THE ECCBNTRIC ANGLE." 

234. It is always advantageous to express the position of a 
point on a curve, if poesible, by a Hngle independent variable, 
rather than by the two co-ordinates ify'. "We shall, therefore, 
find it usefol, in discussing properties of the ellipse, to make a 
substitution ^milar to that employed (Art. 100) in the case of 
the drcle ; and shall write 

X " a cos ^, y' '^b sin i^, 

* Tlie use of this angle occurred to me some years ago, aa a parUcular case of the 
methods given in Chapter xiv. It has, however, been alrea*^ reoomioended by Mr. 
O'Brien In the Cambriigt JUafAsna/ical Journal, vol iv. p. S9, and has since been in- 
troduced by him, under the name here adopted, into his treatise on Pfone Ca-ordinatt 
Geometry, p. 111. 
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afiubstatu(Jo]i,eTidentIy,conaateDtwiththe equation of the ellipse 
= I. 



(^M> 




The geometric meaning of the angle i^ is eatdly explained. 

If we describe a circle on the axis major &s diameter, and pro- 
. duce the ordinate at F to meet the circle at Q, then the angle 
QCL-^,forCL-CQco8QCL,orar' = acos^;andPL = -QL 
(Art. 166) ; or, Eonce QL - a sin ^, we have y =btanf. 

23f>. Some important oonwqnoicee may be drawn from this 
construction. 

If we draw through P a paiallel FN 
to the radius CQ, then 

PM:CQ::PL:QL!:4:o, 
but CQ = a, therefore PM - b. 
PN parallel to CQ is, of course, =■ a. 

Hence, if from any point of an ellipBe 
a line = a be inflected to the minor axis, 
its intercept to the axis major = b. If the ordinate PQ were 
produced to meet the circle agun in the p(»nt Q', it could be 
proved, in like manner, that a parallel throng P to the radius 
CQ' is out into parts of a constant length. Hence, conTersely, 
if a line MN, of a constant length, move about in the legs of a 
right angle, and a point P be taken ao that MP may be constant, 
the locus of P is an ellipse, whose axes are equal to MP and NP. 
(See Art. 230, Ex. 1.) 

On diis princuple has been constructed an instrument for de- 
BOibing an dlipse by continued motion, called the Elliptic Com- 
pasies. CA, CD*, are two fixed rulers, MN a third ruler of a 
constant length, capable of sliding up and down between them, 
then a pencul fixed at any point of MN will describe an ellipse. 

If the pencil be fixed at the middle point of MN it will de- 
scribe a-wrde. (O'Brien's Co-ordinate Geometry, p. 112.) 

236. The consideration of tiie angle ^ affords a simple me- 
thod of constructing geometrically the diameter conjugate to a 
^ven one, fijr 



ciiiizedoy Google 




THE BCCBNTBIC ANQLE. 



a! a 
Hence the relation 

tanfl tand' = - ^, (Art. 174) 
becomes tan ^ tan ^' = - 1, 

or ^ ~ ^' = 90°. 

Hence we obtun the following constmotion for drawing the 
diameter conjugate to any given one. Let the ordinate at the 
given point P, when produced, meet the ^ 
eemidnde on the axis major at Qj'jjoin -^ 
CQ, and erect CQ' perpendicular to it; then 
the perpendicular let fall on the axis team [ 
Q' will paaa through F, a point on the con- 
jugate diameter. 

Hence, too, can eamly be found the co-ordinates of F" ^ven 
in Art. 176, for, since 

, . , a!' y' 



b 

From these valuea it appears that the areas of the triangles 
PCM, FCM', are equal. 

Ex. 1. To express Ihe leogtlie of two conjiigata nmidiameUn in terms of the 
angle ^. Ahi. a'* = a» co»*0 + i' sin'^ ; 6'* = a* Hln»f + 6^ cos^^. 

Ei. i. To express the equation of any chord of the ellipee in ternu of ^ and f ' (see 

Ex. 3. To expreas idmllarly the eqnatioQ of the tangent. 

Jm. ^oos#+|KnJ = l. 
Ex. 4. To express the length of the chord joining two point) a, ^ 
D* = o'-Ccosa - coe/3)> -1- 6»CBina - aa^)* 
D =2slniCa-/3){a'dn«l(o + (3)+i««fl'K« + ^)}i- 
But (Ex. 1) the qoantit}- between the parentheeee is the semidiameter conjngate to that 
to the point i(,a + P); and (Ex. i, 3) the tangent at the point 1 (a -h ^) is parallel to 
the chord joining the points n, ^ ; hence, if b' denote the length of the Bemidiametei pa- 
rallel to the given chorda, D = 2b' ami (a- /3). 
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Ex. G. To find tlM ana of the triangle trnmtA by time given poiiita a, ji, j. 
Bjr Art 31 we hare 

2S = aJfrinfa - /3)+ dnO - y) + anCy - a)t 
= aS{2rinJ(a-/3)co8K'>-«-2'^iC'»-/3)ooai(<' + /3-2T)l 

S = 2a* einifo -y3)sinj(;3 - T)naKy - a). 
Ex. 6. To find the radios of the circle circumscribing the triangle formed bj IhrM 
^yea pointa ii, )3, y. 

If e^ e,/be tha sidea of thB triangle Binned by the three ixants, E = ^ = 5-^^ 

wheiv b', A", f" are the semidiainetera parallel to (be aides of the triangle. If c, c", c" ' 

be the psrallel focal chorda, then (see p. 198) Il< = — - — . (Tbeae expiesaiaaa ait due 

to Mi. MacCoUagh, Dublin Exam. PapiTi, 1SS6, p. 23 ; eee alao Crelle, voL XL. p. SI.) 

Ex. 7. To find the equation of tiie circle cimmucribing this Driangle. 

Am. i»+y«-^i2l^i!^oosi(o + /3)co9it/3 + y)coaiCr + '>)- 



:«-l-S' 



gCft'-«')y 

b 



rin4C«+/3)™l03 + y)ainiC/ + <«)=' 

+ COfl03 + yJ + CO8Cy + a)}. 

From thia equation the co-Mdinatee <^ the centre of thia dnJe are at once obtained. 

Ex. 8. To find the locna of the interaection of the fc>csl radina vector FP with the 
radina of the circle CQ. 

Let the ceatial co-oidinatea of P be x'y', of zy, then 
we have, &om the dmihir triangiee, FON, FPU, 



* + o a' + c <<(. + coa^)" 
Now, rince ia the angle made with the oxia by the 
radina vector to the point O, we at once oM^n the polar 
equation of the local by writing p cosf Ua x, p linf tor yi 
and we find 







at^H 



Oflf)' 



" c-t-(a-b)«^p- 
Hence (Art. 199) the locus is an ell^ite^ of which C ia (me focos, and it con eagiiy be 
proved Uiat F ia the oUiei. 

Ex. 9. The normal at P ia produced to meet CQ ; find the locua of their inlatsectJon. 

The equation of the normal la (Art. 18*) 



ir (Art. 234) 

but we may, as in the last e; 



pie, write p coB^ and p Bin^ for x and y, and the ec 
(a-b)p = <fl. 



The locus is, therefore, a drcie concanbic with the el 
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Ex. 10. It la lueful in kstceucany to expras the aogU FFC in term* of th« ui^f , 
It will be (ound that 

tMliPFC=/(~)uni^ 

Ex. 11. If tiom the vaUac. of ui ellipaa a radins vector be drawn to aay pdnt oa 
tlie curve, find the locna of the point where a parallel radint Ihron^ the cantre meela 
the tiDgent at the polDt. 

The tangent of the ftngle nude niUi the axil by the ndiua rector to the vertex 

i" -; ; tberefbre, tiie equation of Ha parallel radioi through the centre is 

y y' _ tdu^ b 1 — cosf 

X x' -f a <i{14-ca8^) a ain^ ' 

i '^^a ' a' 
and the locus of tbe intersection of this line with the tangent 

l-^* +;•>»♦-' 

la, obrioiuly, ^ = t, the tangent at the other extremity of the axis. 

Tlu same InveatigsUon will apply, If the flrat radlua vector be drawn through any 
point of tbe Carre, by inbstltiitiDg a and i' fiir a and b ; the locoa will than be the tan- 
gent at the diametiically c^ipoiite point. 

237. The methods of the precedmg ArticleB do not apply to 
the hyperbola. • For the hyperbola, however, we may subetitute 
x = a eec 0, y ~b tan ^, 



(SJ-CPi"- 




This angle may be represented 
geometrically by drawing a tan- 
gent MQ from the foot of the ordi- 
nate M to the circle described on 
the transverse axis, then tbe adgle QCM - <p, since 
CM - CQ secQCM. 

We have also QM = a tan ^, but PM = 5 tan 0. Hence, if 
from the foot of any ordinate of a hyperbola we draw a tangent . 
to the circle described on the transverse axis, this tangent is in a 
constant ratio to the ordinate. 

238." Since the equation of the conjugate hyperbola is 

■ Thia Article u taken from « paper by Br. Turner in the Cambridge and DiMin 
Math. Jour., ToL L p. 1!!. 
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(fj-ey= 



any point o^ the conjug&te hyperbola may be expressed by 
j/" •=b sec ip', and xf' — a tan ^'. 
Now if be the angle made by any diameter with the axis of 
X, we have «' j 

tend = 2. = _ sin*, 
a: a 

In like manner t/' b \ 

tan ff "-., = - - — . ; 
ID a sm 

hence the relation connecting two conjugate diameters 

tanfltan^=- 

becomes sin ^ ^ sin ^ ' ; 

or, simply, ^ = ^'. 

SIMILAR CONIC SECTIONS. 

239. Any two figures are said to be similar and similarly 
placed, if radii vectores drawn to the firet from a certain point O 
are in a constant ratio to parallel. radii drawn to the secoml &om 
another point o. Ifitbepoe- 

' sible to find any two such 
points O and o, we can find 
aoinfinityof others; for,take 
any point C, draw oe parallel 

to OGi and in die constant ratio ^^, then fivxm the similar tri- 
angles OCP] ocp, cp is parallel to CP and in the given ratio. In 
like manner, any otlier radius vector through c can be proved to 
be proportional to the paraUel radius through C. 

Ktwo central come sectiotu be similar, all diameters of the one 
are constantly proportional to.the parallel diameters of the otlier, 
since the rectangles OP ■ OQ, opoq, are proportional to the 
squares of the parallel diameters (Art. 152). 

240. We now propose to investigate the condition that two 
conic sections, whose equations are given, 

2d 
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202 8IHILAH CONIC SECTIONS. 

Aar' + Bay + Cj' + Da: + Ey + F = 0, 
otf + hxy + cy* + rfx -v ey +f = 0, 
Bhould be umilar, and ^Uarly placed, 

Tte equation of the first, referred to its centre as origin, most 
(Art. 155) be of the form 

Aa? + Bary + Cy» = F, 
and the square of any Bemidiameter 

E. F 

Ao<»'e+Boo.9>in»4C»iii'l)' 

the square of a parallel Bemidiameter of the Becond ia 

^ A ^. 

(icos'0 + dcos08m0 + cBm'6 



A B C^ 

a'^ b" c' 
Hence, two conic sections wiU be similar, and timilarly placed, 
if the coefficienit ofthe highest powers ofthe variables arelhe same 
in bath, or only differ by a constant multiplier. 

24 1 ■ It ie evident that the directions of the axes of simihu* 
conies must be the same, since the greatest and least diameters 
of one must be parallel to the greatest and least diameters of the 
other. 

If the diameter of one become infinite, so must also the pa- 
rallel diameter of the other, that is to eay, the asymptotes of 
similar and similarly placed hyperbola are parallel. The same 
thing follows irom the result ofthe last Article, since (Art- 157) 
the directions of the asymptotes are wholly determined by the 
highest terms of the equation. 

Similar conies have the same eccentricity; for ; — must 

be = — — ;-j Similar and similarly placed conic sections 



have hence sometimes been defined as those whose axes are pa- 
rallel, and which have the same eccentricity. 

If two hyperbolse have parallel asymptotes they are ^milar. 
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for their axes must be pandlel, doce they biseot the angles be- 
tween the asymptotes (Art. 157), and the eccentricity wholly 
depends on the angle between the afi3anptoteB (Art. 170). 

242. Since the eccentricity of all parabolie is constantly - 1, 
we should be led to infer diat all parabolie ore similar and rami- 
larly placed, the direction of whose axes is the same. In fact, the 
equation of one parabola, referred to its vertex, bemg y' = px, or 

.pcose 
'^ 8in»e ' 

"^ it is pliun that a parallel radius vector through the vertex of the 

other will be to this radius in the constant ratio —• 
P 

Ex. 1. If on 1117 radios vector to • coi^ Bection Uuongti a fixed point O, OQ bo 
taken in a coiiBtuit mtio to OP, find the locos of Q. 

We have onlj to rabstituU nip for p In tbe polsr eqmdon, and tha lociu a found to 
be a conic ilmilar to the given conic, and dmOarlf placed. 

The point O may be called tMe ttnlrt ofiimmtuda of tlia two coulca; and it ia ob- 
Tioualy (aee also Art 120} Ihe pcrint irliere common tangents to the two conies intersect, 
since whoa tlie radii veotores OP, OF to the first cooiG bacome eqosi, so moat also 
OQ, OQ' the radii veoWrea to tbe other. 

£x. !. If a pair of radii be drawn through a c«nti« ofBimilitode of two timilar conies, 
the diords joining tbeir extremities wiH lie either parallel, or will meet on (be chord of 
interseddoD of the conies. 

This is proved preoiself as in Art. 131. 

Ex. S. Given three rimilar conica, their dz C«utrca of dmititode will tie Uiree bj' 
tliree on right lines (see figure, page 1 1 8). 

Es. 4. If any Une cnt two nmilaT and concentric conies, its parts Intercepted between 
the conies will iw eqaaL 

An; cliord of the outer conic which toaches the hiteiior will be bisectod at the point 
of contact. 

Tliese are proved in tlie Bima manner as ths theorems at pages 171, 172, wliich are 
bnt particular cases of them ; for the asymptotes of any hyperlnla may be consdered as 
a. conic section similar to it, since the highest terms in the equation of (he asymptotes are 
the same as in the equation of the cnrve. 

Ex. 6. If a tangent drawn at Y, the vertex of the inner of two concentric and si- 
milar ellipses, meet the outer in the points T and T, then any chord of the Inner drawn 
lhrou(^ V is half the algebraic sum of the parallel chords of the enter throngh T 
andT. 

243. Two figures will be similar, although not nmilarly 
placed, if the proportional radii make a constant angle with each 
other, instead of being parallel ; so that, if we could imagine one 
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of the figures turned rouud througli the p.vea angle, they would 
be then both ^milar and Buuilarly^ pLiced. 

Tojind the ctnuHtton theU the two come tectiont, 
Ajx? + Ba^ + Cy" .+ Dx + Ey + F = 0, 
ax* + bxy + qf' + rfa; + ey + f~% 
should be similar, even though not similarly placed. (Mr. Jellett: 
Dtddm Examination PapeTi, 1847.) 

We have only to transform the first equation to axes rrmlHng 
any angle 9 with tlie given axes, and examine whether aoy value 
can be assigned to 9 which will make the new A, B, C propor- 
tional to a, b, c. 

Let A' •> ma, B' == mb, C - mc. But the axes being sup- 
posed rectangular, we have seen (Art. 160) that the quantities 
B' - 4AC> A + C, are unaltered by transformation of co-ordi- 
nates ; hence we have 

A + C = A' + C' = m(a + c), 
B' - 4AC = B'' - 4A'C' = m'(^ - ^> 
and the required condition is 

B' - 4 AC y-4ac 
(A+C)' " (a + c)*' 
If the axes be oblique it is seen in like manner (Art. 161) that 
the condition for similarity is 

B' - 4AC i'~4ae 

(A + C - B cosw)* (a + c- Aoosot)' 
It will be seen (Arte. 70, 157) that the condition found ex- 
presses that the angle between the (real or im^nary) asymptotes 
of the one curve is equal to that between those of the other. 

THE CONTACT OF CONIC SECTIONS. 

244. We proved (Art. 15) that we obt^ an equation of the 
mn"' degree to determine the co-ordinates of the points of inter- 
section of two curves of them** and ti" degrees. Hence, ttco 
conic sections will in general intersect vnfiMr points. 

If two of these points of intersection coincide, the conic sec- 
tions are said to touch each other, and the line joining the coinci- 
dent points will be the common tangent. 
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Let the equations of the conioa, referred to tlie tangent and 
normal, be (see p. 160) 

Aji' + Bxy + Cy" + % - 0, 
AV + B'xff + Cy + E'y - 0, 
tben the equation of the line (LM) joining the other two points 
of intersection will be, as in Ex. 2, p. 160, 

(BA' - AB-) X + (C A' - AC) y + (EA' - AE^ - 0. , 
This is called a contact of the first order. 



Now the contact of the conies will evidently be more close if 
three of their points of intersection coincide. In this case one of 
the points L, M must coindde with T, the line LM must pass 
through the ori^n, and we must have the condition 

EA' - AE' = 0. 
This is called a contact rfthe second order. Curves which have a 
contact higher than the first order are siud to oteulate, and it ap- 
pears that conies which osculate, in general, meet each other in 
one oUier point. 

The contact of two conies will be the closest possible when 
they have /our consecutive points in common. In this case the 
line LM must coincide with the tangent at T(y = 0), and we 
must have the two conditions 

EA'-AE'-O, BA'-AB'=0. 
This is called a cottta<^ of the third order ; and dnoe two conic 
sections cannot have more than four points common, it is the 
highest order of contact which two different conies can have. 

Hence, if the equation of one curve be 

a;' + Bxi/ + Cy* + Ey = 0, 
that of the other will be 

I' + Bay + Cy + Ey-O. 

240. Hence an infinity of conic sections can be drawn having 
a contact of the third order with a given conic at a g^ven point, 
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and any one condition will enable us to determine tlie touching 
conic. Thus, for example, ihe parabola having a contact of the 
third order with the conic 

:t' + Ba;.y 4 Cy* + E^ = 
will be J -D B» -, „ 

We cannot describe a circle to have a contact of the third or- 
der with a given come, because two conditions must be fulfilled 
in order that this equation should represent a circle; or, in other 
words, we cannot describe a drde through four consecutive pfnnts 
on a conic, since three points are sufficient to determine a (nrcle. 
"We can, however, easily find the equation of the circle passmg 
through three consecutive points on the curve. This circle is 
called the osculating circle, or the circle of curvature. 

The equation of the conic being 

Aa? 4 Bary 4 Cy* 4 % = 0, 
that of any circle touching it is (Art. 11, Cor. 2) 

«' + y" 4 2ry = 0, 
and the condition that the circle should osculate ia (Art. 244) 

°2A' 

The quantity r is called the radius of curvature of the conic 
at the point T. 

246. To find an expression for the radius qf curvature at any 
point of an diipse. 

It is plain, from the last Article, that this con be found by 
transforming the equation to the tangent and normal at the point. 

The equation referred to a diameter through the point and its 
conjugate [-^ 4 -^ = ! ), is transferred to parallel axes through 
the ^ven point, by substituting x + a' for x, and becomes 

a:' V" Sir „ 

-r 4 |- 4 -r = 0. 
a^ b' a 

The axes are now a tangent and diameter through the point, and 

we wish, allowing the axis of y to remun unaltered, to make the 

normal the axis ofx. 
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NoW) if X and Y be rectangular co-ordinates, x and y ob- 
lique co-ordinates, inclined at an angle B, the axie of y remaining 
unaltered, we see (as in Art. 217) that 

xauB = X; y + jtcobO- Y; 
and, therefore, .X „ X 

On making these substitutions, the coefBcient of X will be 
2 
a'sinf 

will be , ■ „ • Now, a' sin is the perpeodioular from the centra 
a aiaii ^- '^ 

on the tangent ; therefore tiie radius of curvature 

.?.(A...l,9)^. 

247- This value enables us to construct simply for the radius 
of curvature at any point. We proved (Art. 185) that the length 



the fooal radius and the normal) ; hence 

COBhf, 
If, therefore, we erect a perpendicular to the normal at the 
point where it meets the axis, and again at 
the point Q, where this perpendicular meets , 
the focal radius, draw CQ perpendicular ^ 
to it, then C will be the centre of curvar 
ture, and CP the radius of curvature. 

Another useful construction is founded on the principle that 
if a circle intersect a come, itt chords qf intersection will make 
equal angles mth the axis. For, the rectangles under the seg^ 
ments of the chords are equal (Euc. iii. 35), and therefore the 
parallel diameters of the conic are equal (Art. 102), and, there- 
fore, make equal angles with the axis (Art. 165). 

Now in the case of the drcle of curvature, the tangent at T 
(see figure, p. 205) is one chord of intersection, and the hue TL 
the other; we have, therefore, only to draw TL, making the 
same angle with the axis as the tangent, and we have the point 
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L ; then the drde described through the points T, L, and touch- 
ipg the conic at T, is the circle of curvature. 

This construction shows that the osculating circle at either 
vertex has a contact of the third degree. 

Ex. I. Vaag the noUtion of the eccentiic angle, flnd the eomStioa Utkt tmr pidlit* 
a, ^ y, 3 should He on the ume dnde (JoachimMal, CrtlU, xxivL 05). 

Hie chord jdning two of them miut nuke the ntme uigk witli one nde of the axte 
M Uie chrad jolalDg the other two da«a with the other; and the dkoida being 

..«-i(T-i), 

weh»TBtanl(o + ^ + t«iiJ(y + f) = 0; tt + p + -/ + l=lli ta =imr. 

Ex. i. Find the co-ordlnatea of the ptnnt whme the Mcnlating circle lueete the cook 
•gain. 

We have a =0 = y ; hence * = - Ba ; or X - -^ - Bi' ; ^ = -S" " *?'■ 

Ex. 8. There *re three points on a come whose osculating circlee paea through a 
given point on the cdtts ; thase lie on a circle paaaliig thnm^ tba punt, and tonn a 
triangle at which the centre of the cam ii the hitoaection of bisecton of ddea (Stdner, 
Crdle, xzxii. 300 ; Joachinut&l, Crdlt, zxxvi. 95). 

Here we are given S, the point where the drde meets the cnrve again, and from the 
i 
last Example the point of contact ia a = - -. But since the sine and cadna of f irooM 

not alter if J were increased hf 360°, we might also have a = ^■ ISO", or== 1-!10°, 

and from Ex. 1, tiiese three points lie on a circle passing throuf^ S. If in the last 
Example we aappoae XT ^ven, nnce the cubic* which determine x' and y' want the se- 
cond terms, the sums of tlie three valoes of x and. of jr are napectiTelf eqoal to dpher : 
and therefore (Ex. 1, p. G) the origin is the intersectioa o^the bisectors of ades of the 
triangle (onnedbfthe three points. Itiseaartosae that the normals at these pointsare 
the tliree perpendkiiten of this tri«n(^ and therefore that thej meet la a p<»nt. 

248. To^nd the radius ofcurvatare of Ike parabola. 

The equation, referred to any diameter and tangent (y' =p'x), 
ia transferred to the tangent nad normal by the same substitution 
as in Art. 246, and we find 

P' ^_1 
28inO 2p* 
or since (Arte. 217, 218) 

N=:Vsme, a, = -r—j.'= — -7- 

The constructiun, therefore, used, in the last Article, applies also 
to the case of the parabola. 
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£z. 1. In all the cooic lectiaru the radiua at curvature is eqnil to the «ube of ihe 

normal divided b;^ the square o( the semi-iiaraiiieMr. 

Ex. 2. ExprMS the radius of curvature of au ellipse in Cennl of the angle nhich the 

normal makes witli the axis. 

of curvature which pass through 

26'" , aft'" 
Atu. —7-, and — . 

Ex. i. The focal chord of curvature of &ay conic is equal to a tiical chord of the 
conic diatfu parallel to the tangent at the point, 

Ex. 6. In the parabola the focal chord of curvature ia equal to the parameter of the 
diameter pos^g through the poinL 

249. Tojind the co-ordinates of the centre o/curvature of a 
central conic. 

These are evidently found by subtracting from the co-ordi- 
Dates of the point on the conic the projections of the radius of 
curvature upon each axis. Now it is plain that this radiua is to 
its projection on 1/ as the normal to the ordinate 1/. We find the 
projection, therefore, of the radius of curvature on the axis of 

y by multiplying the radius — by ^ = -r^- The y of the centre 
of curvature then is — ^ — y'. But 6'' = *' + tj y'\ therefore the 
tf of the centre of curvature is ■ - „ y'. In like inanuer it« « is 



We should have got the same values by matdug a = /3 = y 
in Ex. 7, Art. 236. 

Or again, the centre of the circle circumacribing a triangle is 
the intersection of perpendiculars to the sides at their middle 
points;' and when the triangle is formed by three consecutive 
points on a curve, two sides are consecutive tangents to the 
curve, and the perpendiculars to them are the corresponding 
normals, and the centre o/airvatwe of any curve is the intersec- 
tion of two consecutive normals. Now if we make js' = af = X, 
y'By"= Y, in Ex, 4, p. 161, we obttun again the same values aa 
those just determined. 

260. To find the co-ordinates of the centre of curvature of a 
parabola.- 

2b 
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The projection of the radius on the axis of y is found in like 
manner by multiplying the radius of curvature 

N 



iby 



N" 



and subtracting this quantity firom \f vre have 

In like manner its a; is a;' + ;; ■ . — . -j ; = a;' + — = — . 

The same values may be found from Ex. 9, p. 194. 

251. The evolute of a curve is the locus of the centres of 
curvature of its different points. If it were required to find the 
evolute of a central conic, we should solve for xy in terms of the 
X and y of the centre of curvature, and, substituting in the equa- 
tion of the curve, should have (writing - = A, t- - B), 

A» B» 
In like manner the equation of the evolute of a parabola is found 
to be 27pff' = 16(a:-ip)% 

which repreeents a curve called the semicubical parabola. 



•CHAPTER XIV. 

HBTHOD3 OF ABRIDQED NOTATION. 

252. Wb have proved (Art. 16) that we obtain an equation 
of the mn"* degree to determine the co-ordinates of the points of 
intersection of two curves of the Tft** and n'* degrees ; and dnce 
an equation of the mn"* degree has always mn roots, real or ima- 
ginary, we infer (as in Art. 69) that a curve of the m" degree 
will alioaya intersect a curve of the n" degree in mn points, real 
or imaginary. Two conic sections, therefore, S = 0, S' = 0, 
always intersect each other in four points, real or imaginary ; 
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and (Art. 36) S + AS'=0 is the equation of another conic througli 
these four poiute of intersection. 

253. ThiB will, of course, etiU be true if either or both the 
quantities S, S' be resolvable into fiictors. Thus, let S' be re- 
solvable into factors, and represent the pair of right lines a, /3 ; 
then S + ita|3 = 0, which is evidently satisfied by the co-ordinates 
of the points where either o or p meets S," will represent a conic 
passing through the four points where S is met by this pair of 
right lines. It is, therefore, the equation of a conic having a and 
fijor its chords of intersection with S. If either a or j3 do not 
meet S in real points, it must still be considered as a chord of 
imaginary intersection, and will preserve many important pro- 
perties in relation to the two curves, as we have already seen in 
the case of the circle (Art. 111). 

If both S and S' break up into factors, the equation 07 + ipS ■= 
represents the conic circumscribing the quadrilateral (o/SyS). as 
we have already seen, p. 97. 

It is obvious that in what precedes a need not denote a line 
whose equation has been reduced to the form j;c08a + ysina=/», 
but that S + LM = (see convention. Art. 52) will in lite man- 
ner represent a conic passing through the points where L and M 
meet S, &c. 

Ex. 1. What is the eqnatioQ of a tonic pasaiiig through the points vheit b given 
conic S meets the &xes ? 

Hi^re the axes z = 0, J/ = arc the chords of (□teraectioa, and the equation must be 
of the form S 4 itz!/ = 0, where * is iodetenninate. Compare Ex. 1, p. 137. 

Ex. 2. Find the equation of the conic passing throngh five given points. 

Having formed the equations of a, /3, y, t, the sides of the quadrilateral farmed by 
foar of the given points, we know that the equation must he of the form ay = kfil ; and, 
substituting in this equation the co-ordinalea of the fifth point, WB are able to deter- 

Ex. 3. Form the equation of the conic which passes through the points (1, 2), (3, 6) 
(-1,4), (-8,-1), (-4, 3). 

Con^efing the quadrilateral formed by the first foar points, we see that the equa- 
tion must be of the form 

(Six - 2y + 1) (fla: - 2;/ + 13) = k(/- - 4y + 17) (3* - 4y + 6). 
Substitudng in this Die po-ordinates — 4,3, which must satistyit, we obtain k = — -— . 
Substituting this value, and reducing the equation, it becomes 

7flj^ - iiOxj) + 301p= + IlOlj: - 1665y + 1586 = 0. 
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254. We have seen that the equation S + Aa/3 = represents 
a conic passing through the 
four points P, Q ; jj, j ; where 

a, /3 meet S: and it is evi- S^ 1^^,_^ ^^"TTT^^ 

dent that the closer to each C \' H J C Vv) J 

other the lines o(3 are, the ^"-J 1^ . ^~~^^4J-^ 

nearer the point P is to ^, 
and'Q to y. Suppose then that the lines a and p coincide, then 
the points P, p ; Q, y coincide, and the second conic will touch 
the first at the points P, Q. We learn then that the equation 
g + Aa' = represents a conic having double contact with S, and 
whose chord of contact is a. In like manner 07 + A/3' = repre- 
sents a conic, to which a and y are tangents, while /3 is their 
chord of contact, as we have already seen (Art. 1 04), Similarly 
S + L' = represents a conic having double contact with S, L being 
the chord of contact; and LN = M' denotes a conic to which L 
and N are tangent*, while M is their chord of contact. 

If the line a were a tangent to S.the two points P and Q 
would coindde, and the conic S + ia' would have four consecu- 
tive poiuts common with S, and would therefore have with it a 
contact of the third degree. Thus, for instance, we have seen 
(Art. 244) that the equations of two conies which have contact 
of the third order at a point on the axis of x are of the form 
S = and S + Ay' = 0. 

255. The forma given in the preceding articles receive impor- 
tant modifications, if any of the lines which they involve be at an 
infinite distance. It was proved (Art. 64) that when a line is re- 
moved to an infinite distance, its equation is reduced to the con- 
stant term. If, then, in any of the preceding equations, we 
substitute a constant for any of the quantities a, J3, &c., we shall 
have the form which that equation will assume when the line 
a, /B, &c., is at an infinite distance. 

Thus we know that the lines L, N touch the conic LN = M' 
at the points where they meet M ; if, then, we substitute for M 
a constant m, we see that the conic LN = m' is touched by the 
lines L, N at the poiuts at Infinity on those lines : in other words, 
that the lines L, N are asymptotes to this conic. If we suppose 
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the IJnea L, N to be the axes, we obt^ the known form of the 
equation of a conic referred to its asymptotes my = m' (Art- 204). 

In like manner, the equation /N - M' (where / is a constant) 
denotes a conic to which N is one tangent, and I, the line at in- 
finity, is another. In this equation the highest terms form the 
perfect square M', and therefore the curve is a parabola. Con- 
vereely, eva-y parabola has one taiiyent allogetker at an infinite 
distance. In fact, the equation which determines the direction 
of the points aj; infinity on a parabola is a perfect square (Art. 
136); the two points of the curve at infinity therefore coincide; 
and therefore the line at infinity is to be regarded as a tangent 
(Art. 81). And the form of the equation of the parabola px= y'* 
denotes that the line at infinity p is one tangent, the line x another, 
and that the diameter y is the line joining thdr points of contact. 

So, in genera), the equation 

(ax + ;«/)' + Da; + Ey + F = 
denotes a parabola to which Dx -f Ey 4 F = is a tangent, and 
aji + by = Q the diameter through the point of contact. 

256. In like manner, it may be inferred from Art. 253 that 
the equations S = 0, S+?M=0 (where / is a constant), de- 
note two conicff intersecting each other in the two finite points 
where M meets either, and also in the two mfinitely distant points 
where the line at infinity / meets either. Now, it is pWn that 
the coefficients of x\ xy, and y" are the same in the two equa- 
tions S = 0, S + ;M = i and therefore (Art. 240) that these 
equations denote two conies similar and similarly placed. We 
learn, therefore, that two conies similar and similarly placed can 
cut each other only in twojinite points ; and that this is because 
they also cut each other in two real, coincident, or imaginary 
points at inanity. 

257. We may arrive geometrically 
at the same conclusion. 

First. If the curves be hyperbola. 
The asymptotes of similar hyperbolse are 
parallel (Art. 241), that is, they inter- 
sect each other at infinity ; but cacli 
asymptote intersects ite own curve at ia- 
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£nity ; hence we infer that similar and similarly placed hyperboUe 
intersect each other in tlie two points at infinity, where each is 
iDtersected by its own asymptotes (see the figure, where the two 
hyperbolas evidently tend to intersect at the two points at infinity, 
where OX meets ox, and OY meets oy). 

Secondly. If the curves be ellipses. Ellipses only differ from 
hyperbolic in having imaginary instead of real asymptotes. The 
directions of the points at infinity on either of two similar ellipses 
are determined from the same equation (Ax' + Bxt/ + Ct/' = 0) 
(Arts. 134 and 240). Now, although the roots of this equation 
are in both cases imaginary, yet they are in both cases the same 
imt^inary roots; we infer, therefore, that two similar ellipses 
pass through the same two imaginary points at infinity. 

Thirdly. If the curves be parabola. They are both touched 
by' the line at infinity {Art. 2£>5). The direction of the point of 
contact at infinity is the same as that of the diameters (Art. 140), 
and is therefore the same for two similarly placed parabolfe (Art. 
242). Hence two similarly placed parahol(e touch each other at 
infinity. 

' 258. It may be inferred in precisely the same way, from 
Art. 254, that the equation S + /' = 0, where I is constant, d&- 
notes a conic touching the conic S in two points at infinity. 
Now if the equations of two conies only differ in the constant 
terms, since the co-ordinatea of the centre do not contain F 
(Art. 138), the conies must have the same centre ; and since the 
first three terms are the same in both, the conies are similar ; 
hence the conies S and S + ?" arc similar and concentric. We 
learn then that similar and concentric conies are to be regarded as 
touching each other at two points at an infinite distance. This is 
otherwise evident, since we have proved in the last Article that 
the curves pass through the same points at infinity ; and since 
they have the same, real or imaginary, asymptotes, they have also 
the same tangents at those points. 

If the curves be parabolae, then since the line at infinity 
touches both, by Art. 254, the conies S and S + /' have with 
each other a contact of the third order at infinity. Two para- 
bolae whose equations only diifcr in the constant term will be 
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equal to each other ; for the paiabohe j' = px, and y^=p{ic + n), 
are obviously equal, and if the origin be transferred to any other 
point the equations will continue to differ only in the constant 
term. We have seen too (Art. 213) that the expression for the 
parameter of a parabola does not involve the absolute term. 
The parabolse, then, S and S -t- /', are equal to each otheTt and 
we learn that two equal and similarly placed parabola may be 
considered as having with each other a contact of the third order 
at infinity. 

259- Since all circles are similar curves, it follows, as a par- 
ticular case of the last Articles, that all circles pass through the 
same two imaginary points af infinity, and that concentric circles 
touch each other in two imaginary points at infinity. Thus we see 
the reason why two circle's cannot cut each other in more than 
two finite points, and why two concentric circles do not meet in 
any finite point, although two curves of the second degree in 
general intersect in four points. We shall also show that the 
theorems established (p. 103, &c.), concerning circles which pass 
through the same two points, are only particular cases of more 
general theorems concerning conic sections which pass through 
the same four points. 

260. We proceed to notice some inferences which follow im- 
mediately on interpreting the preceding equations by the help of 
Art. 27. Thus the equation oy = k^^ implies that the product 
of the perpendiculars from any point of a conic on two fixed tan- 
gents is in a constant ratio to the square of the perpendicular on 
their chord of contact. 

The equation ny = i^B, similarly interpreted, leads to the 
important theorem : The product of the perpendiculars let foil 
^fiom any point of a conic on two opposite sides of an iTiscribed qua- 
drilateral is in a constant ratio to theproduct of the perpendiculars 
let fall on the other two sides. 

From this property we at once infer, that the anharmonic 
ratio of a pencil, whose sides pass trough four fixed points of a 
coTtic, and whose vertex is any variable point of it, is constant. 

For the perpendicular 
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_ OA ■ OB • Bin AOB 
"" AB 

Now if we substitute these values ~::4l 

in the equation ay=t()S, the con- /^^^^^^ — - — "i""^ V\rt 

tinned product OA-OB-OC-OD "p^^' " " ^|\ 

will appear on both sides of the y ^^\ t .-'^ ^ 

equation, and may therefore be \„_^ ^\ ■>:::i^^ 
suppressed, and there will remain c^ 

^ sin AOB sin COD AB-CD 

sin BOC ■ sin AOD ~ BC ■ A0 ' 
but the light-hand member of this equation is constant, while 
the left-hand member is the anhannonio ratio of the pencil 
OA, OB, 00, OD. 

The oonsequences of this theorem are so numerous and im- 
portant, that we shall devote a section of the next chapter to 
develop them more fully. 

261. If S'-O be the equation to a circle, then (Art. 88) Sis 
the square of the tangent from any point ay to the circle ; hence 
S - ia/3 = (the equation of a conic whose chords of intersection 
with the circle are a and |3) expresses that the locus of a point, 
such that the square of the tangent from it to a filed circle is in a 
constant ratio to the product of its distances Jrom two fixed lines, 
is a conic passing through the four points in which the fixed lines 
intersect the circle. 

This theorem is equally true whatever be the magnitude of 
the circle, and whether the right lines meet the circle in real or 
imaginary points ; thus, for example, if the circle be infinitely 
smalK the locus of a point, the square of whose distance from a 
fixedpoint is in a constant ratio to the product of its distancesfrom 
two fixed Unes, is a conic section; and the fixed lines maybe coih 
sidered as chords of imaginary intersection of the conic with aa 
infinitely small circle whose centre is the fixed point. 

262. Similar inferences can be drawn from the equation 
S - Aa' = 0, where S is a drcle. We learn that the locus of a 
point, such that the tangentfiotn it to a fired circle is in a constant 
ratio to its distance from a fixed line, is a conic touching the cirde 
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at the tuio points where the fixed line meets it; or, conversely, tliat 
if a circle have double contact with a conic, tke tojigent drawn to 
the circle from any point on the conic is in a constant ratio to the 
perpendicular from the point on the chord of contact. 

In the particular case where the circle is infinitely Bmall, we 
obtain the ftmdamental property of the focuB and directrix, and 
we infer that the focus of any conic may be considered as an infi- 
nitely small circle, touching the conic in two imaginary points 
situated on the directrix. 

263. In general, tfin the equation of any conic the coordi- 
nates of any point be substituted^ the resuU will be proportional to 
the rectangle under the segments of a chord drawn through the 
point parallel to a given line* 

For (Art. 151) this rectangle 

F 

^ Aco8'e + BcoeeBine + C8m'fl' 
where, by Art. 1 29, F" is the result of substitnting in the equa- 
tion the co-ordinates of the point ; if, therefore, the angle be 
constant, this rectangle will be proportional to F'. Hence, we 
may extend the last-proved theorems to the case where S is any 
conic. For example : " If two conies have double contact, the 
square of the perpendicular from any point of one upon the chord 
of contact, is in a constant ratio to the rectangle under the seg- 
ments of that perpendicular made by the other;" or, in general, 
" If a line parallel to a pven one meets two conicB in the points 
^t Qi P) ?t ^'^^ ^6 take on it a point O, such that the rectangle 
OP - C>Q may be to Op - Oy in a constant ratio, the locus of O is 
a conic through the points of intersection of the given oooics." 

264. If two eonics have each double contact with a third, their 
chords qf contact with the third conic, and a pair of their chords 
of intersection with each other, will all pass through the same 
point, and willf>rm an harmonic pencil. 

Let the equation of the third conic be S = 0, and those of the 
other two conies, 

S + L^ = 0, S + M» = 0. 

' Thie u eqnally trne for curves of any degrte. 
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Now, OB subtracting these equations, we find for the equalioQ 
of the chorda of intersection, 

L- - M' = 0. 
The chords of intersection, therefore (L - M ■ 0, L + M = 0), 
pass through the intersection of the chords of contact (L and M), 
and form an liannonic pencil with them (Art. 55). 

It is important that the student should acquire the habit of 
taking notice of the number of particular theorems oflen included 
under one general enunciation ; thus, for esample, the present 
theorem holds good, and is proved, in like manner, if the conic S 
reduce to two right lines; hence, the chorda of contact qfttoo 
conies unth their common tangents pass throvgh the intersection of 
their common chords. 

Agiun, if S be any conic, while S -f L' and S + M' both reduce 
to pfurs of right lines, these right lines will then form a drcum- 
scribing quadrilateral, and the chords of intersection (L' - M') 
will be the dia^nals of that quadrilateral, while the chords of 
contact (L and M) obviously are the diagonals of the inscribed 
quadrilateral formed by joining the points of contact. Hence, 
Me diagonals rfan^ inscribed, and rfthe corresponding circum- 
scribed quadrilateral, pass through the same point, and form an 
harmonic pencil. 

The theorem of this Article may also be stated thus : If a 
come section pass through two given points, and have double conr- 
tact with a given conic, the chord of contact passes through a fixed 
poitU. For, suppose any conic (S + L* = 0) through the two 
given points to be fixed, then the intersection of its chord of 
contact (L), with the line joining the given points, determines a 
point through which, by the present Article, any other chord of 
contact must pass. 

In like manner : Given two tangents and two points on a conic 
section ; the chord of contact wUlpass through affixed point on the 
line joining the two given points. 

265. If three conies have each dovUe contact with afburth, their 
six chords of intersection will pass three by three through the same 
points, thus forming the sides and diagonals of a quadriktend. 
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Let iiie conies be 

S 4 L> - 0, S + M» = 0, S 4 N» = 0. 
By the laat Article die chords will be 

L-M = 0, M-N = 0, N-L = 0; 

L + M = 0, M + N = 0, N-L = 0; 

L + M = 0, M-N = 0, N + L = 0; 

L-M-0, M + N = 0, N + L = 0. 
Ae in the last Article, we may deduce hence many particular 
theorems, by supposing one or more of the conies to break up into 
right lines. 

Thus, for example, if S break up into right lines, it represents 
two common tangents to S + M', S + N' ; and if L denote any 
right line through the intersectioa of those common tangents, 
then S + L' also breaks up into right lines, and represents any 
two right lines passing through the intersection of the common 
tangents. Hence, tf through the intersection qfthe common tan- 
geutt qftwo comet use draw any pair of right lines, the chordi of 
each conic Joining the extremities of those lines tinll meet on one qf 
the eommoH chords of the conies. This is the extension of Art. 
121. Or, again, tangents at the extremities of either qf these right 
tines will meet on one of the common chords. 

266. If S + L', S + M', S + N', all break up into paira of 
right lines, they will form a hexagon circumscribing S, the chords 
of intersection will be diagonals of that hexagon, and the propo- 
sition of this Article becomes Brianchon's theorem : " The three 
opposite diagonals of every hexagon eircumscrHnng a conic intersect 
in a point." 

By the opposite diagonals we mean (if the aides of the hexa- 
gon be numbered 1, 2, 3, 4, 5, 6) the lines joining (I, 2) to (4, 6), 
(2, 3) to (5, 6), and (3, 4) to (6, 1); and by changing the order 
in which we take the sides, we may consider the same lines as 
forming a number (sixty) of different hexagons, for each of which 
the present theorem is true. 

By supposing two sides of the hexagon to be indefinitely near, 
we obt^n from this theorem a very simple construction for the so- 
lution of the problem, — "Given five tangents, to find the point 
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of contact of any of them," — since any tangent is intersected by 
a consecutive tangent at itfi point of contact (p. 130). 

267- y three conic sections have one chord common to all, their 
three other common chords will pass through the same point. 

Let the equation of one be S = 0, and of the common chord 
L = 0, then the equations of the other two are of the form 

S + LM = 0, S + LN - 0, 
-which must have, for their intersectioa with each other, 

L(M-N)'-0: 
but M - N is a line pasrang through the point (MN). 

According to the remark in Art. 259. this is only an extension 
of the theorem (Art. 113), that the radical axes of three drdes 
meet in a point. For three circles have one chord (the line at 
infinity) common to all, and the radical axes are their other com- 
mon chords. 

The theorem of Art. 265 may be considered as a still Inrther 
extenBioD of the same theorem, and three conies which have each 
double contact with a fourth may be considered as having four 
radical centres, through each of which pass three of their coni- 
mon chorda. 

The theorem of this Article may, aa iu Art. 113, be other- 
wise enunciated : Given Jmir points on a conic section, its chord of 
intersection with a fixed cordcpassing through two of these points 
will pass through a fixed point. 

A number of particular inferences may also be drawn from 
the theorem of the present Article, by sup- 
posing one or more of the conies to break up 
into two right lines. Thus, for example, if ^ 
one of the conies break up into the pdr of i 
lines OA, OB, we obtain the theorem : 
** If through one of the points of intersection 
of two conies we draw any line meeting the conies in the points 
P, p, and through any other point of intereection B a line lAeet- 
ing the conies in the points Q, q, then the lines PQ, pq, will meet 
on CD, the other chord of intersection." Next let the points 
A, B coincide, then the two coniee will touch at A, and we learn 
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that " if two right lines, drawn through the point of contact of 
two conies, meet the curves in points P, p, Q, q, then the chords 
PQ,py, will meet on the chord of intersection of the conies." 

This is a particular case of a theorem given in Art. 265, since 
one intersection of common tangents to two conies which touch, 
reduces to the point of contact (Art. 123). 

268. The equation of a conic circomscribtng a quadrikteral 
(ay = A^S) lumishes us with a proof of '* Pascal's theorem," that 
the three intersectiom tjfthe opposite aides of any hexagon inscribed 
in a conic section are in one right line. 

Letthe vertices he a£cf2^ and let a&=0 denote the equation of 
the line joining the points a, b, then, since the conic circumscribes 
the quadrilateral abed, it« equation must be capable of being put 
into the form ab.cd ~bc.ad=ii. 

But since it also circumscribeethe quadrilateral deja^ the saoie 
equation must be capable of being expressed in the form 

de ,fa - ^, ad " 0. 
From the identity of these expressions we have 
ab.cd- de .fa = (be - ef) ad. 
Hence we learn that the left-hand side of this equation (which 
from ite form represents a £gure circumscribing the quadrilateral 
formed by the lines aft, de, cd, af) is resolvable into two factors, 
which must therefore represent the diagonals of that quadrilateral. 
But ad is evidently the diagonal which joins the vertices a and d, 
therefore be - ef must be the other, and must join the points 
(ab, de"), (cd, af) ; and since firom its form it denotes a line through 
the point (be, ef), it follows that theae three points are in one 
right line. We shall in the next chapter give another demon- 
stration of this important theorem. 

By supposing two vertices of the hexagon to be indefinitely 
near, we nmy, "^ven five points on a come, draw a tangent at 
any of these points." 

269. We may, as in the case of Brianchon's theorem, obtain 
a number of different theorems concerning the same six points, 
according to the different orders in which we take them. Thus 
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since the conic circumecribea the quadrilateral beef, ite equation 
can be expressed in the form 

be . cf- be . e/= 0. 
Now, from identifying this with the first form ^ven in the last 
Article, we have 

ab.cd-be. tf= (ad ~ ef)bc\ 
whence, as before, we learn that the three points (oA, cf\ {cd, be), 
(ad, ef) lie in one right line, viz. arf - ef^ 0. 

In like manner, from identifying the second and third forma 
of the equation of the conic, we leam that the three points 
(de, cf), {fa, be), (ad, be) lie in one right line, viz. be - ad-= 0, 
But the three right lines 

be - c/= 0, ef- ad = 0, ad-be = 0, 
meet in a point (Art. 37). Hence we have Steiner's theorem, 
that " the three PaBCal's lines which are obtained by taking the 
vertices in the orders respectively, abcdef, adcfeb, afcbed, meet 
in a point." For some further developments on this subject we 
refer the reader to the note at the end of the volume. 

TRILINEAR CO-ORDINATES. 

270. "We proved (Art.61)that being g^ven three line8{a,p,-)'), 
we can express the equation of any other right line in the form 
Aa + BjS + Cy^ 0. 
In the same manner we can show that there is no come sec- 
tion whose equation may not be written in the form 

Aa' + Ba(3 + C/3' + Day + EjSy + Fy' = 0. 
For this equation is obviously of the second degree ; and since it 
conttuns five independent constants, we may (as in Art. 128) de- 
termine these constants so that the curve which it represents may 
pass through five given points, and therefore may coincide with 
any ^ven conic. In short, since the equation just written con- 
t^ns the same number of constants as the equation 
Aa.-" + Bay + Cy" + Da; + Ey + F = 0, 
it must be equally capable of representing any particular conic. 
In like manner, in general, there Is no curve of an)' degree 
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whose equation may not be expressed aa a honiogencoua function 
of the quantities a, ^, y. For it can readily be proved that the 
namber oftennsinthecOTTj/j/eie equation of the n** order between 
tuio variables is the same as the number of terms in the komo- 
geveout equation of the n'* order between three variables. 

271. If (as in Art- 66) we render the Cartesian equation 
homogeneous by the introduction of the linear unit z, we at once 
perceive the identity of the two forms 

Aa" + Bd|3 + Cj3' + Day + E/By + F7' = 0, 
Aa^ + ^ay + Cy' + Da:* + 'E.yz + Fa' = 0; 
the hitter being the form assumed by the former, when two of the 
lines of reference (a/3) are the axes (xy), and the third (7) is the 
line at infinity z. It is important to keep constantly in view the 
analogy which subsists between these two forms of eq^uations. 
K, for instance, we make y = in the first equation, the result 
Aa' + Bo^ + C^' = is plainly the equation of the lines joining 
the point (a/3) to the points where y cuts the curve. In hke 
manner, if we make s = in the second equation, the result 
Aa;* + Ba:y + Cy' ■= must be the equation of the p^r of lines 
joining the origin (xy) to the points where the line at infinity 
cuts the curve (Art. 134). 

Precisely the same argument which proves (Art. 36) that the 
curve represented by 

(Aa' + B«p + C/3^) + y (Da + E)3 + Fy) = 
passes through the intersections of the line y with the pair of 
lines (Aa* -<- Ba^ + (^/3'), proves likewise that the curve passes 
through the intersections of the same pair of lines with the line 
Da + Ej3 + Fy = 0. This hitter equation then denotes the fourth 
side of a quadrilateral inscribed in the conic, of which the other 
three sides are the line y, and the lines joining to a^ the points 
where y meets the curve. In like manner Da; + Ey + F = is 
the equation of a line joining the two finite poinf« where the 
curve is met by two lines drawn througli the origin to meet the 
curve at infinity. 

In general let the equation of a curve of any degree be written 
u„ + Un-iz + Un.^"^ + WmS* + Sea. = 0, 
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(where we use the abbrevialionB u„ u,.„ &c. to denote terms ol 
the n*, n - l"*, &c. degrees). Now, if we seek the pointe where 
the line at infinity meets the curve, we have only to make z °> 0, 
when we obtfun the equation u, - ; hence we infer that the 
directions of the points at infinity on any curve are found by 
putting the highest terms of the equation = 0. 

Agun, we saw (Art. 136), that, if A = in the equation of 
the second degree, the axis of x will meet the curve in one infi- 
nitely distant point. The same thing appears, by making y= 
in the equation, whic^ will then reduce to 

Dxz -t-Fz^-O. 
The axis, therefore, meets the curve, not oidy in the finite point 
where it meets the line (Dx + F), but also in the point at infinity 
where it meets the line z. 

In like manner, if both A and D » 0, the points where the 
axis meets the curve are given by the equation Fz' = ; hence, 
the axis meets the curve in two coincident points at infinity, and 
is, therefore, an asymptote. 

272. We shall commence our examples of the use of trilmear 
co-ordinates with the equation (Art. 254) of a conic section, re- 
ferred to two tangents and their chord of contact, 

LM = BS 
and shall first show how to express the equation of any line con- 
nected with the conic in terms of L, M, B. 

We can express the positioii of any point on the curve by a 
ftttgle variable (Art. 234); for if /iL= R be the equation of the 
line joining any point on the curve to (LB), then, substituting 
in the equation of the oiure, we get 

M B ^B and ju'L ■= M 
for the equations of the lines joining this point to (MB) and 
(LM) : any two of these three equations, therefore, will deter- 
mine a point on the curve. We shall call this point the point /x. 

We can form, by Art. 59, the equation of the line joining 
two pointe on the curve n and ^', and we get 
/i/i'L - (/I + ;i') R + M -= 0, 
an equation evidently satisfied by either of the suppositions 
OiL = B, ^B = M), or 0:.'L-R, ^'B = M). 
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l?fi and fi coincide, we find the equation of the tangent, viz., 

fi'Ij - 2^B + M = 0. 
Hence, conversely, if the equation of a right line(ju'L - 2;tB+ M = 0) 
cont^n an indeterminate quantity fi in the second degree, the right 
line vfill always touch a conic section (LM = K'). 

273- Given/our points of a conic, the anharmonic ratio of the 
pencil joining them to anyj\fik point is constant. 

The lines joining four points fi, fi", ft", [/" to any fifth point 
fi, are 
^' (,*L - R) + (M - ^n) =. 0, fi" (^L - B) + (M - ^R) = 0, 
fTi^ - B) + (M - ;,R) = 0, ^""OL - R) -f (M - ^uE) = 0, 
and their anharmonic ratio is (Art. 56) 
in' -V) (ft" - fi") 
(^'J- ^'") 0*" - ft"")' 
and is, therefore, independent of the position of the point /*• 

We shall, for brevity, use the expression, " the anharmonic 
ratio of four points of a conic," when we mean the anharmonic 
ratio of a pencil joining those points to any fifth point on the 
curve. 

274. Fowled tangents cut any J^^h in poiids whose ankar' 
monic ratio is constant. 

Let the fixed tangents be those at the points ju', fx', fi", fi'"', 
and the variable tangent that at the point /t ; then the anharmonic 
ratio in question is the same as that of the pencil joining the four 
points of intersection to the point ITM. Now il'we eliminate B 
from the equations of any two tangents, 

H^h - 2juR + M = 0, 
fi'lj - 2^'R + M = 0, 
we obtiun juju'L - M = 0, 

the equation of the line joining LM to the intersection of these 
two tangents. The anharmonic ratio in question is therefore that 
of the four lines, 

HfiL - M = 0, fifi'lt - M = 0, ^fi"'L - M = 0, ixfi"'!! - M = 0, 
which by Art. 55 is 

0^' - ^" J (*«"' - p "")^ 

2g 
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a result independent of ju. Hence too we see that tlie anharmonic 
ratio of four tangents is the same as that of their points of 
ecmtact. 

275. Since the equation of the line joining any point to (LM) 
is /*'L - M, we see that the two points + /i and - ^ lie on a right 
line passing through LM. 

The expresaion given in the last Article for the anharmonic 
ratio of four points on a conic, //, /i", /i", ji'", remains unchanged, 
if we alter the sign of each of these quantities ; hence we derive 
an important theorem, that if we draw four linea through any point 
LM, the anharmonic ratio offiurqfthepointt (ji, ft, ^"', fi") 
where these lines meet the conic, is equal to the anharmonic ratio 
f^the other four points (- fi, - f/, - fi", - f^"") where these lines 
meet the conic. 

The equation in this form enables ua easily to investigate pro- 
perties of two conic sections relating to the point of intersection 
of their common tangents. For, let L and M be common tan- 
gents to two conies, and their equations will be 
LM - R^ = 0, LM - R' = 0. 

A point of one conic may be siud to correspond to a point of 
the other if the line joining them paaaea through (LM) the inter- 
eectiim of common tangents. This will be the case if they have 
the same ju, since the equation ^'L ~ M = does not iDvolve K 
or E'. Points are smd to correspond inversely if they have the 
same n with opposite signs. . The chord joining any two points 
of one conic is s^d to correspond to the chord joining the corre- 
sponding points of the other. 

Corresponding lines must meet on one or other of the common 
chords of the curves (Art. 265). 

The chords of intersection of LM - R' and LM - B'' are 
K' - E'' = 0, 
but fifiL ■-^^-^ ^')R + M = 0, 

HfiL - (ft + ft')R + M ~ 0, 
evidently intersect on the common chord K - E'. If the lines 
correspond inversely they meet on the common chord E + B', 
as will be seen by changing the signs of fi and ft in the latter ' 
equation. 
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The anharmcmc ratio of four points of one conic ig equal to 
the anJiarmonic ratio of the four corresponding points of the other. 

This useful theorem follows immediately from the expression 
for the anharmonic ratio of four points given in the last Article, 
and from the fact that corresponding points have the same ft. 

276. To find the equation of the polar qfany point. 

Let the oo-ordinatee of the p<unt substituted in the equation 
of either tangent throagh it give the result 
ju'Ji' - 2^R' + M' = 0. 

Now, at the point of contact, /i' = j-, and /i =Y-(-Art.2T2)- 
Therefore, the conirdinat^ of the point of contact satisfy the 
equation ML' - 2ER' + MX. = 0, 

which is, therefore, that of the polar required. 

We may sometimes express a point by the equations 
aL - R = 0, 6R - M = ; 
in this case, by exactly the same method, the equation of the 
polar is found to be 

a4L - 2aR + M = 0. 

277- It is evident that if we were ^ven any relation between 
the fi's of two points, we could find the envelope of the chord 
joining them, or the locus of the intersection of their tangents. 
One or two simple cases of this are worth mentioning. For ex- 
ample, if we were given the product oftwo/t's, fifi = a, then 
(Art. 274) the intersection of their tangents will lie on the right 
line aL - M = ; and by substituting a for (ift in the equation 
of the chord joining the points, we see that this chord must pass 
through the fised point (aL + M, R). 

In general the chord joining two points, 

^tilj - (ju + ^') ^ + M = 0, 

will pass through a fixed point (Art. 50) if 

afifi - 6f^ + iu') + c = 0, 

where a, 6, c are any conatanta ; that is, if 
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If the ratio of two ju'b be given, ft ■= kft, the equation of the 
chord becomes 

Aju'L-(l4 A)juR+M = 0; 
the chord muBt, therefore (Art. 272), always touch the conic 
4ALM - (1 4 A)»R'. 

This property may be expresaed in a more symmetrical form, 
as follows : " The chord joining the points fitsaiip, ju cot 0, will 
always touch the conic LMsin'20 = K' at the point ^ on that 
conic." It can be proved, in like manner, that "the locus of the 
intersection of tangents at the points ju tan and n cot ^, will be 
the conic LM = fi' sin'2^." 

278. Since the expression for the anharmonic ratio of four 
points on a conic (Art. 273) remains unaltered, if we multiply 
each ft either by tan or by cot <jt, we obt^n an important theo- 
rem : " If two conies have double contact, the anharmonic ratio of 
four qflhepoirUi in which any four tangents to the one meet the 
other, is thesame as thatofthe other Jour points in which thejbur 
tangents meet the curve, and also the same as that of the ^w 
points of contact."' 

Or, again : " If from four points of one of the conies pairs of 
tangents be drawn to the other, the anharmonic ratio of one set 
of points of contact is equal to the anharmonic ratio of the other 
set." 

If, in the expression for the anh^monic ratio of four pdnte 
(Art. 273), we substitute for each ju, — ~~ (a, b, c, d being con- 
stants), the anharmonic ratio will remain unaltered. It will be 
found that this is the most general substitution we can make for 
ft, which will leave the anharmonic ratio unshanged. The chord 



^' c + dfx' 



ivelope a conic having double contact 



with the given one. For its equation is 

(u((i + &;u)L - {(a + bfi) •¥ tx{c + dfi)] R + (c + dn)M.= 
or (iL - <fR) ;(' + {ah ~bR-cR + dU) fi + cTA-aR^ 



IB of the theoiem in page !26 w 
(end, wiio had obtained it geometrically. 
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a line always touching a conic whose eqiiation can be written in 
the form 

A(bc - ad) (LM - R') + \ah + (6-c) R - rfMj' = 0, 
and which, therefore, has double contact with the ^ven conic. 
We may see, from Art. 277, that the touched conic will reduce 
to a point if i = - c. 

Hence, *' Given three chords of a conic, AA', BB', CC; the 
envelope of a fourth chord DIK, such that the anharmonic ratio 
of ABCD is equal to that of A'B'C'U, will be a conic having 
double contact with the given one." 

279. We give now some examples of the application of the 
preceding forntulie to the invcBtigation of questionB relating to 
the position of lines (Axt. 1). We suppress some formtdse re- 
lating to the magnitude of lines and angles, as, where these are 
concerned, it is in general more advantageous to use ordinary 
rectangular co-ordinates. 

Ex. 1. A trisngle is circiimscrilKd to a given conic ; two of its vertices move on 
fixed right lines: to find the 1ocd9 of the third. 

Int us take for lines of ref^reuce the two tangents tlirough the interaection of the 
fixed lineo, and their chord of conuct. Let the equstdona of the fixed lines be 

oL - M = 0, fcL - M = 0, 
while Ihkt of the conic Is LM- R>=0. 

Now we proved (Art 277) that two tangents which mset onoL-Mmust have the 
product of tbair ii'a = a; hence, if one side of the triangle tonch at the point p, the 

a b 
others win touch at the points -, ~, and th^r equations win In 

^L-22e + M = 0, ■^L-2-B + M = 0, 
It* It p^ n 

fi can eauly be eliminated trotn the last two equations, and the locus of the vertex ia 
fcnndtobe LM=_ifi_R,, 

[a + b^ 
the equation of a conic having double contact with the given one along the line R. 

Ex. 3. To find the envelope of the lisse of a triangle, Iniciibed in ■ conic, and whoM 
two Aie» pasa (hrongh fixad pduts. 

Take the line jdning the fixed pdnia for R, let the equaUooofthe conk be LU == R', 
and those of the linee jinniiig the fixed points to LH be 

oL + M = 0, *L + M = 0. 

Now, it was proved (Art. S77) that the extremities of any chord passing through 
(aL + M, R), must have the product of their n'e = a. 
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a 6 

Hence, if tbe votes be p, tbe blue angles mnat be - and — , and the eqiution of 

the bue mnat be 

abL -(a + b)fiR + liW = 0. 

The b«M muat, therafora (Art 2TS), slwaja touch the conic 

a conic baring doable contact wilh the giveo odo along tbe lioe JrMng the given points. 
Ex. 8. To liwiibe in a conic section ■ triangle nhoae tides paaa through three given 

Two of the points being aunmed, aa ia the last Example, we saw tliat the equation 
of the base muat be a6L--(a-( ft)^R + ^«M = 0. 

Now, if tUa line paag throagh the point cL - R = 0, dR-U~0, we must h^ve 

oi _ (o + 6) fic + n^cd = 0, 
an equation BofBdent lo delermloe /i. 

How, at the pttot /i wa have jiL ■= E, ;i»L = Mi hflncelhaco-ordlnateaoftUsptant 
mast mtiefy the equation abL-(a+- 6) cB + «iM = 0. 

The qneslian, therefore, admits of two lolatioDs, for dther of tbe points in which this 
lioe meets tbe curve ma; be taken for tbe vertex of the raquired triangle. 

The solution here givm, although algebraically complete, has the disadvantage of 
aot pointing out how to conatmct geometrically the line whose equation has just been 
given ; it will be a useful exerdse, however, on the preceding fonnulse, if the student 
verify by this method the fbllowing constmctioa, nhich we shall prore Dtherwise in the 
next chapter: — "Form the triangle whose udes are the polars of the three given pointa, 
join each point to tbe opposite vertex of this tiiaogle, and the line jcouing the points in 
which two of these lines meet Che oppodte sides of the polar triangle will bathe required 

Tbe three given points ara 

(aL + M, R), (*L + M, E), (eL - S, dE - M), 
and the three polars, aL-M, (L - M, cdL-ScB + M; 
the three joining lines are 

6 (a + eiJ) L - 2c (a + *) R + (a 4- cd) M = 0, 

o(J + «f)L-2c(o+ *)E + (6 + cii)M = 0, 

cifL-M = 0. 

Now, the line whose equation we want to construct passes through the interseclion of the 

first li these lines with bL — M, and of the second wilh aL ~ M. 

Ex. 4. Uac Laurin's method of generating conic sections. The three ^es of a tri- 
angle pass through three fixed p<mits, and two vertices move on fixed lines, the third 
vertex will describe a conic section. 

Let the triangle formed by the given points be L, M, N. 

Let the given hnea be L + oM + ftN = 0, (1) 

L + n'M + ft'N = 0. (2) 

Let the baao of the triangle be L = /iM, (3) 
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SubstHuUng thia value of L in (1) we find, far the equation of the line joining (1, 8) to 
<"• '0. (,1 + «) M + 6N = 0. 

In like maimer, the Hue joining (2, 8) to (L, N) [a 

0< + «■) L + ftfc'N = 0. 
Eliminating /i trom tlie lost two eqaations, the equation r^ the locos ia 

oXM = (aU -i- 6N) (L + ill). 
The locna is, therafore, a ccoiic passing throDgh Iht points (L, IS), (H, S), (L, 1), (H, 2). 
Ez. 6. The base of a triangle touches a given conic, its extremitiea move on two 
fixed tangenta to the conic, and the other two sides of the triangle pass through fixed 
points : find the locus of the Tertex. 

Let tlie fixed tangents be L, M, and the equation of the conic LH = R<. Then the 
pdnt of iulecseetion of the line L with any tangent Oi»L - 2/iR + M) will have its co- 
ordinatft L, B, M leapectively proportional to 0, 1, Sfi. And (by Art C>9) the equation 
nS the line jidning this pmnt to any flxed pcdnt L'B'H' will be 

LM' - L'M = 2f< CLE' - L'R). 
Simitariy, the equation of the line Joining tlie fixed point Lltlf to th^ pohit (2, fi, 0), 
which is the interaectioD of the line M with the some tangent, is 

2 (Eir - R"M) = fi (LM- - L"M). 
Fliminatjpg ft, the Idcdb of the vertex is fbund to be 

(LM' - VM) (liM" - L"M) = 4 (LE' - L'E) (EM" - R"M), 
the equation of a conic through the two given points. 

£x. 6. If in the last example the extremitiea of the base lie on any conic having 
double contact with the given conic, and paering through the given p<rints, to find the 
locus of the vertex. 

Let a.e conies be j^_^^^ lM - -^ = 0. 
8mS2J 
then, if any Une touch the latter at the point p, it will, by Art 277, meet the former in 
the p(dnts fi taa^ and /i cot^ and if the fixed poinls are/i', p", the equations of the 
Bidesare ^/tan0L-(p' +,. tanf)B + M = 0, 

fifi" ootf L -(/»" + /* cot 0) K + M. 

Miimin^fing ^ (Im loCUB iS fOUSd tO ]» 

(M - liV) (j,~L - B) = tans^ (M - jiTt) (jO. - R). 
TOCAL PROPERTIES. 

280. We Bhall next diacuBS the equatioo L* + M' - R' = 0, 
which is one of great importance, and, as well aa the equation 
LM= K', adnutA of our expressing the position of any point on 
the curve by a single indeterminate. We may suppose 
L = B cos ^, M = Rein ^ ; 
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then (aa at pp. 93, 198) the chord joining any two points ie 

L coe i (0 + ^') + M sin i (^ + ^') = R cos i (^ - ^'), 
and the tangent at any point ie 

L C08 + M sin " E. 
281. The equation L' + M' - R' = represents a conic sack 
that any qfthe linee L, M, K u the polar with regard to it of the 
intersection of the other two. For it may be written in any of the 
forms 

L» = B»-M'; M' = R»-L"; R» = M'4L'. 

The first form shows that the lines R + M, R - M (which inter- 
sect iu RM) are tangents, and L their chord of contact ; Conse- 
quently RM is the pole of L. Similarly, the second form shows 
that RL is the pole of M. The third form shows that the ima- 
ginary lines L + My*- li L - My*- 1 (which intersect in the 
real point LM), are tangents, and R their chord of contact ; con- 
sequently the point LM is in like manner the pole of R, but it 
lies inside the conic, ance the tangents through it are imaginary. 
It is eT»y^t in like manner that the equation 
. ^- AoM Bo/3 + CP' = 7' 

denotes a conic such that the point a^ is the pole with regard to 
it of the line y ; for the lefl-hand side of the equation can be re- 
solved into the product of fectors representing two lines which 
pass through a^. 

282. Themo3timJjfrtantapplicationoftheequationI>+M'=R' 
is in obtaining the properties of the foci. For if a; = 0, y = 0, be 
any lines at right angles to each other through a focus, and y = 
the equation of the directrix, the equation of the curve is 

a particular form of the equation we are examining. 

The form of the equation shows that the focus (xy) is the 
pole of the directrix y, and that the polar of any point on the 
directrix is perpendicular to the line joining it to the focus 
(Art. 197), for y, the polar of (^), is perpendicular to x, but x 
may be any line drawn through the focus. 

The form of the equation shows that the two imaginary lines 
represented by the equation (a:' + j/= = 0) are tangents drawn 
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through the focus. Now, since theae lines are the sanie whaterer 
7 be, it appears that all conies which have the same focus have 
two imagitiary common tangents passiiy through this focus. All 
couics, therefore, wluch have both foci common, have^ur imagi- 
nary common tangents, and xa&j be considered as conicB inscribed 
in the same quadrilateral. The imaginary tangents through the 
focus (^' + I/" = 0) are the same as the lines drawn to the two 
imaginary points at infinity on any circle (see Art. 2d9). Hence 
we obtajn the following general conception of foci, which we shall 
find useful afterwards : *' Through each of the two inTaginary 
points at infinity on any circle draw_ two tangents to the conic ; 
these ftugents will form a quadrilateral, two of whose vertices 
will be real and the foci of the curve, the other two may be con- 
sidered as imaginary foci of the curve." 

283. The tangents through (-y, a;) to the curve are evidently 
ey-^x and ey - x. If, thei-efoi-e, the curve he a parabola, e = 1 ; 
and the tangents are the internal and external bisectors of the 
angle {yx). Hence, " tangents to a parabola from any point on ■ 
the directrix are at right angles to each other." 

In general, since x = ey cos ^,y = ey sin^, we have 

? = tan<*i 

X ^ 

or f expresses the angle which any radius vector makes with ;r. 
Hence we can find the envelope of a chord which subtends a 
constant angle at the focus, for the chord 

a; COB i (0 + 1^') + y sin J (^ + 0') ■= ey cos \{^~ <p'), 
if ^ - ^' be constant, must, by the present section, always touch 

x' + y^ = c» 7' cos' i (^ - 0'), 
a conic having the same focns and directrix as the g^ven one. 

284. The line joining the focus to the intersection of two tad- 
gente is found by subtracting 

X CO60 + y sin $ - ey = 0, 

a;coB0'+ ysin^'- ey = 0, 
to be X an ^ (^ -1^') - y cos i (0 + ^') = 0, 

the equation of a Ime mating an angle ^ (<p_+ ^') with the axis of 
X, and therefore bisecting the angle between the focal radii. 
2 H 
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The line joining to the focus the point where the" chord of 
contact meets the directrix is 

a!cosi(^ + ^') + yein J(f + ^') = 0, 
a line evidently at right angles to Ike last. 

To find the locus of the itUersection oftangSiUs at points which 
subtend a given angle 2£ at the focus. 

By an elimination pre<^sely the same as that in TSiX. 1 and 2, 
p. 93, the equation ofthe locus is ibund to be (i* + y') coa'S = e'y% 
-which Kpresente a conic having the same focus and directrix as 

the given one, and whose eccentridty = =■ 

" -^ cos S » 

If the curve be a parabola, the angle between the tangents ia 
in this case given. For the tangent (xco%^ + ysin^ - -y) bisects 
the angle between Jt:cos^+^ sin and y. The angle between the 
tangents b, therefore, half the angle between ^Ecos^ + ysin^and 
X cos ^* + y sin ^', or = J (^ - ^'). Hence, the angle between two 
tangents to aparabola is halftheangle which the points ofcontact 
subtend at the focus ; and ag^, the locus of the intersection oftanr- 
gents to aparabola, which contain a given angle, ia a hyperbola 
with the same focus and directrix, and whose eccentricity is the se- 
cant of the given angle, or whose asymptotes contain double the 
given angle (Art. 170). 

, . ENVELOPES. 

286. We have aeen that the line represented by the equation 
fi'L - 2^l'S. + M - 0, 
always touches the curve LM = K'. 

We wish the reader to take notice that this will be the case 
whether L, M, R repr^ent r^kt lines or not. For the equation 

t,fi"L - (^ + ^') R + M = 
must be satisfied for any points which satisfy the equations 

(,uL-R = 0, ^R-M = 0), (,x'L-I{ = 0, ^'R-M = 0), 
and is therefore the equation of a curve passing through the points 
in which juL - R and ^uX - R meet LM - B?. Now let ix •= n', 
and we see that ^=L - 2;xR + M touches LM - R= in the pomts 
where fiL - R meets it. 
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Similar remarks apply to the equation 

Lcos^ + MsinfciR, 

which indeed may be reduced to the preceding form by aesuming 

tan ^^ =• ^, OB we have then 

1 - »' . 2u 

C08A = T , smA ° ■ . - -■, 

1 + ^' '^ 1 + ^' 

and Bubatitutiog these values, and clearing of fractions, we have 
an equation in which fi only enters in the second degree. 

If, therefore, we are required to find the curve always touched 
by a variable line, we have only to form its equation bo as to con- 
tiun oiJy a single indeterminate, and, if this indeterminate be only 
in the second degree, the envelope can be found as above. We 
can in like manner find the envelope of a line whose equation 
conUune two indeterminates, provided these be connected by some 
given relation, for we have only to eliminate one of the indeter- 
minates by the help of the given relation. 

Et 1. To And (he envdope of a Una sncli that the product of the perpendicolBis on 
it fcom two fixed point* may be coneUnt 

Take for axestbe line joining (he fixed nfinU and a perpeDdicalar thnmgh !ta middle 
point, ao that the co-ordinates of tho fiied prantB may bey = 0, x = ±c; tlien if the va- 
riable line bey-iiix + ii = 0,vt have by the conditions of the qae«tioii 

or , B» = i« + t>B«i + cSm', ^ 

but ■= = y> - 2Btry + m* i', 

therefore «• (ii _ 6» - e«) - 2«*y + y> - fr* = ; 
and the envelope a *V = (a^ - 6> - ci) O^ - S'), 



Ex. 2. Find the envelope of a line such that the aum of Che aqiiares of the peri^cii'li- 
culais on it from two Used points may be ronataiit. a* *' _ i 

"'■ 6ir7i + y ~ ■ 

Ex. 8. Find the envelope if the difference of squares of perpendiculars be given. 
Atu. A parabohi. 

Ex. 4. Through a fixed point any tlae OP ta drawn to ine«t a fixed linej to fiud 
the envelope of FQ drawn so as to make the angle OPQ constant. 

Let OP niske the angle B with Ihc perpendicular on the fixed line, and its length is 
p teeO; but the perpendicular from O on PQ makes a fixed angle (3 with OP, Ihcnfore 
its length is =piKt:9 cos/i; and dnce this |>erpendiculaT makes an angle = + p willi 
the perpeodicular on the fixed line, if we assume the latter for the axis of :r, the equa- 
tion of PQ is 1103(9 + ;3) fyain(e + ^)-pBececo3ft ■ 
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or * ««(2e + ^) + y an (28 + fl) = 2p co.^ - * «B(3 - , uafi, 

an eqnaliou of the fanu Lcoe^ + Uainf = K, 

wb<iee eDTelope, Ihenioie, it 

if + 1^ = (iiniap + fAi$ -^ ipcMpy, 
the equstlOB of a punbola luTing the point O for its facm. 

Ex. G. To find the enrdope of the line 1 — ; = 1, irbere the hidelennlDBtee arc 

cumiHted lij- the relation ft + fi = C. 

We may BubatiCnte tor ;>', C ~ ;i, and clear uf fractiona'; tlie eovelope u thus found 
•o >« A« + B' + C» - aAB - 2AC - 2BC = 0, 

aD equation Co which the foUoiriog farm will be toKai to be equirileiit, 

+ VA + VB + VC = 0. 
Thui, Cot example, — Given veiUcal an^ and mun of lidita of a triaagle, to God tlie en~ 
vclope of base. 

The equalioD of the baw ia f V _ i 

The ecTelope is, therefore, 

J* + y' - Sary - 2m - 2cy + e« = 0, 
a punibola touciuDg the ^des x and g- 

Id like manner,-- Given in position two conjugate diameters of an elUpee, and the 
sum of thdr equarea, to find it) envelope. 

If in the equation *■ S* _ , 



, The elDpoG, therefore, must aiwijs touch four fixed right linee. 

Ex. 6. Again,* given the two equation* 

1 + 1 + ^ = 0, vo«,)4.v(p-t)^.vo."<) = o, 

if we elimmate it", the eqnaUtm in ^. will be only of the second order, and the enielope 
wiU be found to be Aa + BS + Ce = O-t 



* This example, and ita applicaCions, are taken from Mr. Heam'a SeitareiM m Omie 

fkelhiit. 

t in general, given the two equaliona 

(^)- + o.'B)'' + o"C)" = 0. (flay 4 (flb)'- + (^",y = o, 

it can be proved that the envelope is 
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Tbiu, for eismple, ia the equalion ol a couic dTcnmiKTilnDg a triangle, 

a y 
(Art IDS), if the coubUsIs b« connected by the lelBtiou 

the conk win touch tli« right line 

(M 4 i{3 + n"= D. 
Or, iigain, in the eqnatioD of ■ conic inacribed ia k triangle, 

{An. 108), Uthe coDBtuitsbe connected b; tha relation 



the cooic will touch the right line 

Aa + B^ + Cy = 0. 

286. Theee principles enable ua to write tbe equation of a 
conic having double contact with two given conies, S and S'. 
Let E and F he their chords of intersection, so that S - S' = EF, 
then the equation of any conic touching the two will be 

^'E' - 2;:*(S + S') + F» = 0. 
For, if we seek the envelope of this conic, we find 
E'F" - (S + S')> = 0, or 4SS' = ; 
hence tlus conic touches both the given ones. 

Since ^ is of the second degree, we see that through any 
point can be drawn two conies, each of which will have double 
contact with the given ones ; and it can be proved that one of the 
chorda of intersection of these conies is the line joining the ^ven 
point to (EF), and the other the fourth harmonic to this line, E 
and P. 

287. The equation of a conic having double contact with two 
circles assumes a simpler form, viz. 

^'-2,,(C + C') + (C-C')' = 0. 
The chords of contact of the conic with the circles are found 
to be C - C 4 ^ - 0, and C - C - ^ => 0, 

which are, therefore, parallel to each other, and equidistant from 
the radical axis of the circles. This equation may also be written 
in the form V C ± VC = Vi"- 
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Hence, the locus of a pointy the sum or difference of whose tangents 
to two given circles is constant, is a conic haxing double contact with 
the tw> circles. If we suppose both circles infinitely email, we 
obtain the fundamental proi>erty of the foci of the conic. 

If (J be taken equal to the intercept between the circles on 
one of thdr common tangents, the equation denotes a p^r of 
common tangents to the circles. 

Ex. 1. Solve hj tbl> method the Examples (p. 110) ot flnding common tangmts to 
drclee. Ant. Ex. 1. VC + Ve = 4ot=2. Aiu. Ex.2. VC4 VC'=I ot = V-80. 

Ex. S. OiTen three drda ; let L, L' be the commoa tangents to C, C ; M, M' to 
C, C ) K, 1!r to C, C; then if L, U, N meet in a point, so will L', H', N'. 

Let the equations <rf the pain of common tangents 1>e 

vc'^-vc" = (, vc" + vc = c, vc + vc'=r, 

Thm the condition that L, H, N ibould meet in a point i> t' ± 1= f; and it is obviuua 
tbat when this condidon is fulfllled, L', H', N' also meet in a point. 

288. The equation of a conic inscribed in a quadrilateral is 
found as a particular case of Art. 286, and is 

^»E» - 2^1 (AC + BD) + F» = 0, 
where ABCD are the sides, EF the diagonals, and AC~BD= EF. 
This equation, however, will assume a simple form if expressed 
in terms of tlie three diagonals of the quadrilateral. Let L, M, N 
represent the diagonals, then (I) L + M + N, (2) M + N - L, 
(3) L - M + N, (4) L + M - N, represent the four sides ; for 
L passes through the intersections of (12), (34); M through 
those of (13), (24); N through those of (14), (23); and the 
equation of the conic touching the four sides may be written 

y'L» - ^(L' + M» " N') + M» - 0. 
For this always touchy (L' + M» - N')' - 4L'M» = 

(L +M + N) (M+ N - L) (L - M + N) (L + M - N). 

The equation of the touching conic may be written 

H \ -ft 

Ex. 1. Find the equation of Uie conic touching the four udes of the quadrilaliTal 
nbose equations are given (Ex. S, p. 27). 
It will be Men that we have here 
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And the eonk is 

{(iH>H^^)'-'}■=(^jy^{^^J^ 

Ex. 2*. Find tbe kxnu oT the centre of the come toacbing tma right lines. 
Tlie'coitn of the conic whwe eqntUion ii given in the lut exuipla U detemtiMd by 
Ibeequctiona, 

\. .i'^\b h-f -■(.■-.)'^»»-(i'->/' 



Eliminating p, we bare 



the eqiuUoD af the line jcdning the middle points or the diagonal*. 

GENERAL BQUATION OF TRB SECONO DEORBE. 

289. We have already Been that the general trilinear equa- 
tion of the second degree is 

Aa" + Bo/3 -f C^> + Day ^ Ej3y -t Fy' = 0, 
which for the sake of symmetry we shall write in the form 

a<i» + ap + a'V + 26/37 + 2670 + 26"e/3 - 0. 
This equation is evidently equivalent to the equation 
{aa + by + A'/3)' + {aa' - b"') ^> + 2{ab - b'b") Py + (aa" - b'^)y^ ■= 0, 
but the last three terms are the equation of two right lines drawn 
through (fiy) ; hence (Art. 281) aa + b'y + 6"p is the chord of 
contact of two tangents drawn through (jiy), that is to say, the 
polar of the point (jSy). 

In like manner, the polars of (ya) and (a^) are 

a'ji + iy + b"a = 0, a"y + b(i + b'a = 0. 

290. The form of the equation of the tangents through (^) 
leads to an important property of the sides of a circumscribing 
hexi^on, and affords a useful test for determining whether six 
lines touch a conic. 

Tbe tangents are 

{aa - A"») /j' + 2 {ab - W) ^y + (aa" - 6') y' = 0, 
{a'a" - &>) 7> + 2 (ab'- b"b) ya + (aa' - i"-) a' = 0, 
(a"a -6'')a' +2(aT-M>^ + (aV- 4') P= = «■ 
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Now, if the roots of the first equation he ji'ky, ^ = k'j, we 
have gg-'-h^ 

The correepoDding quantities for the other equatione are , „_,, 
and -;; —, and these three multiplied together are = 1. Now, 

recollecting the meaning of i (Art. 53) we learn, that if A, F, B, 
D, C, E, be the verticea of a circumscribing hexagon, 
BJnEAB ■ BJnFAB . sinFBC ■ sinDBC ■ sinDCA , sinECA 
sinEAC.sinFAC.sinFBA.sinDBA.sinDCB.sinECB ^ ' 

Hence, also, if the equations of three piurs of lines can be put into 
the form L' + M» - SreXM = 0, 

M' + N' - 2/'MN = 0, 

N' + L> - 2m'NL « 0, 
they will touch the same conic section, for the equations last given 
can be reduced to this form by writing yf(ad' - 6") L for a, &c. 

29 1 , It appears from Art. 289 that the equation of the polar 
of any point (/Sy), with regard to the conic, S - 0, is the_^M( de- 
rived equation of S" 0, considered as a function of a. We eliall 
anticipate the notation of the calculus, and denote this derived 

equation by -j-. 

In like manner, the polar of (ay), with r^ard to S, b the 

first derived equation of S, considered as a function of S, = -r-., 

dS '^ 

and the polar of o/3 is -r-. . Hence, if the equaHonyfa conic be 

expressed in terms of the equations of three right lines, the equation 
(f the polar of the intersection of any two tfthem is theftrst derived 
of the equation of the conic, considered as a function of the third 
line. The equations of polars ^ven already are particulars cases 
of this. For example, the polar of the origin (a;y), with regard to 

Ax' + Bxy + Cy* + Dxz + Ey^ + Fz' = 0, 
is Dar + E^f + 2Fz = ; 

that is, its &st derived equation with regard to z. 
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Again, the equation of the diameter which bisects chorda pa- 
rallel to the axis of x ia 

^ = 0, or 2Aar + Bv + Dz=0, 

and we shall ehow faereafler that this diameter may be concddered 
as the polar of the point (yar) at infinity on the axis of x. 

Ex. I. Given font points on a conic, the polar of any other gives ptnat will pasa 
tbrongb a tixed pdU (Ex. 8, p. 1ST). 

The equation of the conic most be of the fonn 9 -f tS' = 0, where 9 and S' are any 
two coniea thtoogh the fbnr points : now the polar of any pdnt ^y with legaid to lhi« is 
■ ■ ■ J ' — -= 0, which, it will be gaen, ia equivalent to 

and ilnce thia equation only inv<dves it in the Srat de^tM, it will pass throngh a fixed 

Sbc 3. To find tiie tocm of the pole of a given Una (y), with regard to a conic of 
which fonr p<Hnta are given. 

We bave to eliminate k from tiie eqnatians 

dS .rf8' „ rfS ,iffl' „ 

^ + '5^ = ^' ^^'^^^^ 
andweflnd liS rf S| ^9 iJS' _ 

the equation of a conic lecUon. 

If we anppose the ^ven line at an infinite distance, we obtain the locus of the centres 
(Ex. 4, p. 187> 

Es. 3. Gtven two points and two tangents to a conic, the polar of a fixed point 
touches a conic section. 

Let LH be the two tangents, R the line joining the ^ven pnnts, and LM ~ IP one 
conic touching the two lines, and paging thmogh the given points; then tiie eqoation 
of any other most be of the fonn 

LM-(N + iE)» = Oi 
the polar is, therefore, 

aa da da 

which must always touch a conlo section, dnce i enters in the second degree. In the 

• We may mention here, that if the axes of 3 be parallel lo the aies of 3', so will 
the axes of 8 + AS' ; for if we take the axes of 8 for axes of co-ordinates, neither S nor 
S' win contain the term ay. If S' be a oiicle, the axee of S + JS' must be always po- 
laHel to the axes of 3. If 8 -)- iS' redoes to a pair of right lines, its axes will beconie 
the Internal and external bisectoii of the angles between these right lines : thus we ol>- 
tahi the theorem of p. 208. 

2l 
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Mune ■ntnner it may be prared that the lociu of the pole of > c^yeit line ia t conic 
eectioD. 

In general, if the equation of ■ conic Bcctioii inTolTC an iadetermhiate in the second 
degree, the polar of aoy fixed p<nBt will touch a conic section. Thua, fi>r example, the 
lociu of centres of conic sectioiia which have double contact with two given conies 
(Art. 286) is a conic section. 

292. Tojind the equation of the polar of any point (a'PV)* 
with regard to a conic section. 

This may be done by a method simiLir to that used Art. 150. 
It is proved, as in Art. 7 , that if ay a" be the lengths of the per- 

pendiculare from two points npon a given line, —=- will be 

the length of the perpendicular on that line from the point which 
divides in the ratio / : m the line joiniog the given points. But 
since equations in trilinear co-ordinates are always homogeneoiis, 
they are not affected if the co-ordinates of any point be all muld- 
plied or divided by the same quantity. Hence la" + ma', l^" + jn/3'. 
If" + n-y', may be taken as the trilinear co-ordinates of the point 
dividing in the ratio / : m the line joining a'^'y, a"(i''y". If then 
we substitute these values in the general equation S = 0, we have, 
to determine the points where this conic ia met by the line join- 
ing a'^'y, o"^"y", the quadratic 

/"(aa"' + a/3"> + a"y"^ + 2J/3'Y' + ^Y''' + 2iV'3"} 
+ 2/m I (aa"+6V"+ ^Vl "'+ («'^"+ *7"+ ^'oO^'^ («"y"+ *i3"+ ^'■»') V) 
+ ni'{aa'' + a'0'' + oV+260V + 26Vo'+2AV/3'| -0. 

Now, aa in Art. 1 50, "when a"^"y" is on the polar of d^'y, the 
coefGcient of Im must vanish, since we know that the line joining 
the points must in this case be cut harmonically ; tiie equation 
of the polar of a'/Sy' is, therefore, 

(an + h'y + b'P) a' + (a')3 + by + b"a) (3' + {a''y + b(i + b'a) y = 0, 
which we may write for shortness 

When o'/3'-y' is on the curve, this equation, of course, represents 
the tangent at that point. 

Ex. I. To find the equation of the p^ of tangents at the pctots itltet« the conic S 
is cnt bj the line j. 
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The y of dther pcnnt of contact will in Ibla cue >= 0, snd the equatloD of the tan- 
gent at it will become jq jq 

•'i + '^S-*- 

But making y = in the general eqnation, the points of contact are detennined bf 
the flqnalion g.t j^ iv^S + aS^ — 0. 

Eliminn tuig a')? between these eqnelions, we find (or the eqnalion of the pur of tangents 



{e)-"(*){*;)"(s)- 



As a pBTticalai csae of this, we find for the equation of the asymptotes of a conic given 
by its Cartesian equation (since the asymptotes are the pair of tangents at the p<nnCa 
where the cnrye is met by t the line at inflnity), 

Ex. 1. The lines jdoing corresponding verUces of any triangle, and of iU conjugate 
triangle with respect to a conic, meet in a point. By the conjugate triangle is under- 
stood the triangle whose ddes are the polara at the vertices of the first triangle (see 
Ex. 3, p. 230). 

It ia obvious that the reenlt of substituting the co-ordinates of any point (1) in the 
equatioa of the polar of (2) is the same as the result of substituting the co-ordinates of 
(2) in the polar of (1). Let us denote this result by ('"j and, in like manner, let t de- 
note Ihn result of substituting the co-ordinates of (2) in the equation of the polar of (3), 
and f" the result of substituting the co-crdinatea of (3) in the polar Df([). Let the equa- 
tions of the three polais of the verticeB of the first triangle be P' = 0, P" = 0, P"' = 0. 
Then the equation of any hue through the intersection of the last two lines will be 
P" = iP"', and if this line pass through the point (I), the co-ordinates of this pnint sub- 
stituted in the last equation give i" = M'. Hence the equations of the three lines 
joining corresponding vertices are 

tV = ("P", fV~ = ("■?■", f "F" = (V, 
which obvionsly meet in a point. 

Ex. 3. Tlie intersections of cotreeponding ddes of two conjugate triangles lie In one 
right line. 

We can (by Art. 69) write in the form 12' + mP" + nP"' = 0, the equation of the 
line joining d^y', a^'y". fiemembeiing that the co-ordinatee of the fitst p<rint substi- 
tuted in F, P", F"glve results, t, t",t"; while those of the second point give results, 
t", i", (' ; the equation of the joining line is fbund to be 

((■(■" - ,"f) p" + {ft- - .'0 F' + (,;■■ - ('■■«) P" = 0. 

Siniilacly the eqnatiifts of the other ddes of the first triangle are 

((/■ - ,•■■(-) P' + (,■.- - (■■• ) P" + (("*- - .r ) F- = 0, 
(,■',"■- f ) P' + ((■('■ - .Y") P" + (('('" - <■'*'■) P'" = 0, 

IS of corresponding sides of the two triangles lie on the right tuic 
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Ex. 4. ^Hie anhaimoiilc ratio of tota pdota <tu & ilgtat line Ig tlw fame m tbU at 

thdi CiiirpoUn. 

For llie tuImiDoqlc nUo <rf thi four pcjnt* 

la' + ma', td + ma", To' + in"a', To' + ■"a", 
i« evidently the ume u tlut of tlie fbor lines 

JF + mv, TV + m'p-, rr- + »•"?", rp* + m-p: 

Ex. fi. To expmi Uie eqution of Cbe conio S in tornu of F, F", F". 
From the general prindploe of trilineiT co-tadfautee, it fbUointliat the eqnttion of 
Uw conic can be expreaaed in the foim 

AP^ + Ai" + AT™" + 2BF'P- + 2BT~P + 2B"PT' = 0. 

Now the equation of the polar of any ptnnt bung formed according to the roles of 
Art !9S, the equation of the polar lA a fly', iihoae co-oidinatee in thli aj'stam are 

»', r, r, ij 

(A*' + B'f + BT) P' + (A'r + B(' + B-O P" + (A"*" + B(* + Si) P~ = ; 
BDd ^Dce the polar <^thia p<^ f» P*, we nuut have 

A'r+Bt" + BV = 0, A*(- 4 BT + BV ^ 0. 
In like maimer, we luve 

Ar+ BY + BVe 0, A-O Bi' + BT = 0, 
A(" -i- B»"+ BY = 0, AV + B»'+ BV = 0. 
Theae eqoatiani are snffldent to detetmiae the ibi. unknown qoanfllla A, A', &c^, 
and we find for the equation of the conic, 

(.■■.•" - f ) P^ + if'!"- i"<) P"» + {«V - (^) P^ + 2 (f T - ii^ PT- 

+ 2 (re - (".-) p-p" + 2 (cr - r.-) ft* = o. 

Ex. S. To inscribe In a conic a triangle wlioae ridea paia throngfa tbi«e given points. 

Let a/37 ^ '^ co-ordlnatei of the vertex of tlie triangle; we And, fts in Art ISO, 
the co-ordinatee of the point where the line joining a^f, a'ffy meets the ctmlc ^tain, 
by Bubstitnting in the eqoalian of the cnrre la + nu', If) + mff, ly + my', toia,0,y. 

And dnce a^y is on the carve, thii gives ni 

and the ccK)rdinat«B of the point required are t'a - 2Fa', ifi - 2P'/J', I'y - SFy'. If 
theae vaiuea be anhalituted in F, P", F", they give reettlta, 
- PV, »'P" - 2rP', .'P" - 2*^. 
SmitarTy, the co-radlnatw in die same ^stem of the point where the line jdniag a0y, 
n'jTy", meete the conic agun, aie »"F - arp", - »°F", ."P" - 2f P". The coDdiOott 
that tbcee pdnti abonld lie in a right line with (", C, <"', ii 

p-i*" C^** - 'O + P"" »'(•■''- ''O + FT" («'«'''- 2r*-> - /f»- wt*) 

+ PT^i' (ir - ft-) + P-Fi" (»f - Cf) = 0. 
The vertex of the required triangle is thus determined as the intersection of the ^ven 
conic with another conic, but the eoladon usiunea a ample form if we eobliBct From the 
equation just foimd the equati<m of the ctndc given in the last Example multiplied by 

r, wlien we get 

(FC+ rr - F-c") {p'cir- .v) + F'C'r- »'o+ p-(.v - n)} = o. 
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It is obvioni, from Ex. 2, that the first tatMsr in this product lepresenta tlie soma 
tight Una aa Oat described in the scilndon of the aame problem given at p. 230. Tlie 
second fiutor ia Imderaiit to the geometrical aolotlon : for it repnsenta (aee Ex. 3) tJie 
line Joining the points a'ffj', i{^y'\ and though dther of the pointain which thia line 
meets the cnrre fblfils the condition wliidi we have expressed analytically, namely, that 
if it Im Joined to a'^y, n'^y", the {Kdnts in which the Joining lines meet the carve lie 
on a right line which puses Uiroogh o'^y"; yet as the Joining linea coincide, they 
cannot be sides of a triangle. 

Ex. 7. If two conies bare double contact, any tangent to the one is cnt harmomcaUy 
at its pdnt of contact the points where it meets Ihfa other, and where it meets the cliard 
of contact. 

It we Bubstitnto in the equation 8 + E» = 0, la + ma', lfi'+ m/T, ly + my', for 
apy (where the points dPy, o'^y' satisfy the eqostloa S = 0), we gd: 
(ffi' + »iir)' + 2&Mr=:0. 

Now, IT (he line johuog a'^y', a'/3'y', tonch 9 + B>, this equation must be a perfect 
square: and It Is evident that the only way this can haf^mi is if r = — SRlt', when the 
eqoBtion l>ecomeB(iB'— *iB^)'= j whence the tmtb of the theorem Is manifeaL 

mSCBIBBD AHD CIRCUMSCRIBED TRIANGLES. 

293. We gave (p. 99) the equation of a conic circumsmbed 

about a triangle,* , 

^^ I m n ^ 

_ + _ + - = 0, 
« P 7 
we may prove, precisely ns at p. 100, that the tangents at the 
three verticea are 

i)3 + ma = 0, t»y + «^ = 0, na + ^7 - ; 
that the three points in which each tangent meets the opposite 
eide are in one right line, 

and that the lines joining each vertex to the opposite vertex of 
the (^icumscribed triangle are 

I m m n n I 

wluch evidently meet in a point. 

Tojind the equation of a conic circunucrHnnff a/3r, andhaving 
itt centre at a given point (a'^y). 

* This equation was, I believe, first discussed tiy U. Bobilliei (.liuuria de iblhima- 
HjMei, vol. xviii. p. 320). 
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The polar of any point is (Art. 292) 

a- {my + 7(/3) + ^'{na + ly) -i- y (l^ + ma) = 0. 
Now it is required to determine Imn, so that this equation should 
represent a line at an infinite distance (Art. 157). 

Comparing this equation, therefore, with the equation of a 
line at infinity (Art. 64), 

oa + 4^ + tfy = 0, 
where abc are the lengths of the sides of the triangle ojSy, it will 
be found that we may take 
l = a'{b^' + cy'-aa); m ■■ /3'(ao' + cy' - A^') ; n = y'(aa'-\^bfi'-Cy'). 

In like manner we could determine I, m,n, bo that the polar 
of (a'P'y') should be any right line, Aa + B/3 + C7, by writing 
A, B, C, for a, b, c. 

If we were g^ven three points on a conic and any fourth con- 
dition, this fourth condition will give a relation between I, m,n', 
then, by writing in this relation the values of I, m, n, just found, 
we can find the locus of centres of the conic, or the locus of the 
poles of a given line.* Thus, for example, if we are given afourth 
point on the conic, we must have 

and therefore the locus of the centre of the conic oircumscribing 
a quadrilateral is- 

<i(b^ + cy-a<,) ^ ^(au + Cy-bji) ^ yjoa + ft f 3 - gy) ^ ^ 
a fi" y" 

a conic through the middle points of the given quadrilateral; for 
aa + 6/3 - cy represents the line joining the middle points of 
0/3, &c. 

If we are g^ven a tangent to the conic we must have 
V(?A) + v'(mB) + ^(nC) = 0, 
in order that the conic should touch 

Ao + B3 + Cy = (p. 237), 

• Tho melhodgiveQinthUand the following Article, of finding the locus of the centie 
o[ a conic nction described imder certaia conilitioiu, is taken from Mr. Hearn'a BeKurcAcs 
en Oonie Stctioni. 
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therefore the locus of centre, three points and a tangent being 

^ven, is 

v/ (Ao(A/3 + cy - aa)i + y/ (B/3<«a + Cy - 4/3)1 

+ V{Cy(b(i + aa-cy)\ =0, 
a curve in general of the fourth degree. 

294. The equation of the conic section inscribed in a triangle 
may be written in either of the fomiB (Art. 108) 
V(M+ V('»/3)+v/(«y) = 0, 
Po' + m"^" + fi=/ - 2mn^y - 2niya - 2lmafi = 0. 
It was proved (Art. 1 09) 
that AD, BE, CF meet 
in a point, their equations 
being 
m^ -ny = 0, ny-la = 0, 

i.-m/3 = 0; 
that LP, MQ, NB have 
for their equations respec- 
tively, 

2m/3 + 2B7. - ?a = 0, 2ny + 2/a - m/3 = 0, 2/a + 2fflj3 - By = 0, 
and that PQE is a right line whose equation is 

la + m(3 + ny = 0. 
It is evident likewise that CA, CF, CB, CB form a harmonic 
pencil, their equations being 

/3 = 0, la-m(i = Oy « = 0, /a + m/3 = 0. 
Tojind ike equation of a conic inscribed in a/3y, and having 
its centre at a given point {a^'y). 

The polar of any point with regard to this conic is (Art. 292) 
al(m^' + ny - la) + fim(la' + ny - m/3') + yn (la + m(i' - wy') = 0. 
Now if it were required to determine I, m, n, so that this polar 
should coincide with 

La + M/3 + Ny = 0, 
we should find 
;= L(M/3' + Ny' - La'); m = M(La' + Ny' - M/3') ; 

« = N(La'+M/3'-Ny'). 
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Hence the locus of the centres of a conic touching three lines, 
axxd pas^g through a given point a'^''-^", la 

^/ (ao"(6/3 + cy - o«)) + V (i(3"(«" + -^ " «/3)l 

+ v" [<^"{aa + J0 - ey)) = 0, 

the equation of a conio tondiing the hues joining the middle 

points of the sides of the triangle (bnned by the given tangents. 

If the come touch a fourth ^ven line, Ao + B^ + €7 = 0, 

we must (p. 237) have the relation 

I m n 

the locus of the centre is, therefore, 

a(flf3+cy-ng) b{aa + cy - b^) c(aa + b^ - Cy) 

A * B * C ""' 

the equation of a right line.* 

Thus too we may eauly form the equation of a conic touching 
five given right lines, viz. a, /3, y, Aa + B/3 + C7, A'a + B'p + C'7 ; 
for we have the two equations 

7mn„ i m n „ 

A+B^U*"' T^ff + C-"' 

fix>m which we can determine / : m and / : n. 

Ex. 1. find tha equUw of the conic toudiiag tlia flra BUM, a,p,y, a + § + y, 

ia + $-r. 

We have I-l-m-<-fi = 0, ^ + iN-fl = 0: hsnM the reqnind equation is 

Ex. 3. Find tlu equUoii of On conic tooching a, ^ 7, at tbxa middle [KdnK 

Mi. («!)' + (80)* +Cey)* = 0. 
Ex.8. n[idlliecondiU0Dth«t(;io)'+(m/3)*+ C«y)'=0 ahonldreptMentapjraboIa. 
Ami. The onira tondwi the line *t Infinity when — + — + — = 0, 

■ The condiHoa that a conic drcnmacribed about the triangle (a^), 

thoold touch another inscribed ia ft, 

V (La) + V (1^) + V(Sy) = 0, 
is (note, p. 486) ^^^J^ (mM)* + («N)4= 0; 

hence we can find Use locni of the centre of the conic inscribed Id a given triingle, and 
tuuehing anolhei chvumscribed to the eaine triangle, or viot virii (Heain, p. GO). 
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Ex. 4. Tofind tI>el(wiuattIisfi»iuorap»'^M>l«laiichinga,(3,y. 

Otnerall;', if the co-ordinaUa of one tocua of a conic inscribed in tlie triune a/3y be 
a'^y, the Uoea Joining it to the veiticce of the triangle will be 
fL t ^ = 1. L = ±. 

a 3" ^ y / a" 
■Dd aince the line* to the otlier focni make equal inglea with tlw >idea of the triangle 
(An. 194], these linu wiU be (Art G7) 

and the co-ordinates of the other fociu mar be taken ~,,-xt —.- 
a p Tf 

Hence, if we ate giroi tlie eqnatlim of any locne described hj one tbcns, we can at 

once writedown the equatJon of the locna described l^ the other; and if the lacoDdlbcne 

bettinflnitf, tbatia,lf a'^nA-t-^'einB-t-r'^C^O, the fii«t mnet lie on the drcle 

rinA aipB ^C 

«■ + ^ ^ — - 

-— ' — nembering the lelation in Ex. 8) tb«M valnes aattaiy 



The co-ordinatea of the focna of a paiabola at Infinity ii 



inC = 0, 



The UMiidinatea, then, of th 



Ex. S>. To Gnd the equation of (he directrix of this parabola. 

Forming, Xij An. 394, the eqnalioiL of the polar of the punt whoee co-ordinates 
have joat been given, we Bnd 

la (CbilB + tin>C - einiA) -I- m^ (^>C -<■ ilniA - Bn>B) -1- ny (iin>A + nn'B - inniC) = 0, 
or larinBrinCooaA-l-m^dnCalnAcDeB t-RrstnAeinBcoeCEO. 

Subalitnting for n from Ex. 3, the equation becomes 
• I>lnB!iiiiC(aco«A-ycoaQ + »BinCiinA03oosB-')'coaC)=.0i 

hence the directrix Rln«.je psMM tbrongh the intersection of the perpendicnlais of the 
triangle (see Ex. 8, p. G4). 

DISCRIMINANTS. 

295. The condition that an equation of the second degree 
should represent two right lines, ia called the discrimiitant of that 
equation. When a conic breaks up into two right lines, the 
polar of any point passes through the intersection of the two 
lines ; being the fourth harmonic to the two lines and the line 
joining thdr intersection to the given point. Now the line 

ffl' T— + P' JO + t' J— will always pass through a fixed point, 

provided that -7-, -jg, -j— represent lines meeting in a point. If 
then we form the condition that 

2k 
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aa 4 6"/3 + b'y = 0, a'^ + 67 + h'a ■= 0, ay + ^a + A^ = 0, 
ehould represent lines meeting in a point ; by eliminating a, f3, 7 
between these equations, ve obt^ the discriminant of the giren 
equation, viz., 

o6* + a'fi'' + a'T' - aa'a" - 2M'A" - 0, 
which only differs in notation from what we have obtuned already 
by other methods (see pp. 67, 139)." 

296. Given the equations of two conies, 

(S) aa» + o'/B" + (i"7» + 2607 + 2A'7« + 24"<.p = 0, 
(S") Aa' + A'/B* + Ay 4 2B0y 4 iR'ya 4 2B"op = 0, 
if it were required to form the equation of their chords of inter- 
section, we have only to form the discriminant of kS + S', by 
writing ta + A for a, Ai 4 B for b, &c. in the discriminant of S ; 
and putting this discriminant = 0, it will be found that we have 
a cubic to determine h. It is geometrically evident that this 
must be the case, since if the two conica intersect in the points 
ABCD, there can be drawn through these four points any of 
the tiu«e pairs of right lines, AB, CD; AC, BP; AD, BC. 
If then the roots of the cubic be k, k\ k'", the equations of the 
pMTS of right lines will be A'S 4 S' ■= 0, *"S 4 S' = 0, k"'S 4 S' = 0. 
The cubic in question actually is 

k' (a& + a'b-' 4 a"b"' - aa'a" - Wib") 4 A' { A (6» - a'a") 4 A' (A"" - a'o) 
4 A"(i"» - aa') + 2B {ab - b'b") 4 2B'(«'A' - b"b) 4 2B"(a"6" - bb')) 
4 i {a(B' - A'A") + a'{B'' - A'A) + a"(B"" - AA") 
4 2A(AB - B'B') 4 2b' (A-B' - B"B) 4 2bXA"B" - BB") ) 
+ { AB' 4 A-B'' 4 A"B"' - AA'A" - 2BB'B") - 0. 
If we call the ^scriminant of S, V ; then it is plain that the 00- 



* The condition tbat an algebraic eqnatioo should bare equal roots is slio caDed the 
discrimiiuuit {€thst eqnatioD. For if the equation be made homogeneona b^theintrO' 
daction of a variable jr, the condition tiiat the equation shonld have eqnal coots is 
id y between j- = 0, T; = 0. And, m general, if a hi>- 
n of any number of variablea be differentiated mccesBivel}' witli respect 
les, and the Tariables eliminated between the' resulting equations, the 
>n 13 called the diadiaimaDt of the given function. 
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effi<Meiit of i? ie Vi and that the absolute term is v- l^be co- 
efficient of k' is 







^■£+ 




= S*« 






as 
is 


is also evident fix>m 


Taylor's 


theorem. 


The coefficient of A 



297. To find the cojidition that the line la + m/3 + ny should 
touch the conic S. 

Form the discriminant of AS + (la + m/3 + ny)*, and it will be 
found to be 

*^ \ da da dd db db db" J 

the coefficient of A and the absolute term vanishing identically. 
It is eas)" to see the geometrical reason why this should be the 
caae. For if S' represent the two right lines AB, CD, we have 
V' = 0, and one root of the cubic is A = 0, a« it plmnly ought to 
be. But suppose that S' is a perfect square, and represent two 
coincident lines, then the points A, C ; 6, D ; coincide, and the 
pwr of lines AD, BC is also represented by S'. "We must have 
then two roots of the cubic, A = 0, or the equation must be divi- 
^ble by A*. In this case the third piur of lines ACi BD is the 
pair of tangents to the conic at the points where it is met by 
la + iw/3 + ny ; and substituting in AS + S' the value of A obtained 
by putting the discriminant - 0, the equation of this pair of tan- 
gents is found to be 

(fg + &c.)S-v('. + »./3*»r)'-0- 

But suppose now that the line la + m^ + ny touches S, then it is 
pl^ that the pMr of tangents AC, BD also coincides with S* ; 
we must therefore have the three roots of the cubic A = 0, or the 
equation must be divisible by A^. Hence we obt^ the same 
condition that la + m/3 + ny should touch S, as was otherwise 
obtiuned (Ai-t. 154), viz., 

da da da db db db 

We may sometimes write this condition S = 0. 
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The condition that AS + S' should touch U + m^ + nyia im- 
mediately obtuned by writing ka + A for a, ^ + 'B for b, &c. in 
S ; and the result will obviously contain k in the second degree. 
Hence the problem to deacribe a conic through four points to 
touch a giv^i line admits of two solutions. 

Ex. nnd ths oondition thit At -I- m|3 -f- ny dumld touch S -t (fa + m'^ -i- n'y)). 

jint. £ -t- K = 0, wlure K li the retnlt of writing «n' ~ nn', hT - W, 
b/t'-ttf tOi a, p, y in B. 

298. To^find the condition that two conies S and S' should 
touch each other. 

When two points A, B, of the four points of intersecticm of 
two conies cdndde, then it is plain that the piur of lines AC, BD 
is identical witli the pur AD, BC. In this case, then, tJie cubic 
in h (Art. 296) must have two equal roots. Now it can readily 
be proved that the discriminant of the cubic 
Li» + MA* + NA + P - 
is (MN-9LP)» = 4(M'-3LN)(N'-3MP). 

Substituting tiienfbrL, M, N, F, thm values ^ven in Art. 296, 
we obtain the required condition, which will be of the mzth de- 
gree in the coeffidents of eadt equation. And it may be inferred, 
as at the doee of the last Article, that tiie problem " to describe 
a conic through four ^ven points to touch a conic," is one which 
admits in general of ax solutionB. 

299- Tojind the co-ordinates of the pole with r^ard to ^ of 
the right line la + m^ + ny. 

If these co-ordinates be a, /B", y', we must hare 

a -r-, + B Trr, + 7 -r-, identical with 2a + »>3 + «>. 
da '^ dp' 'or/ f I' 

or aa +h'^'*h'-(' = l, a'^" + fry' + ifa - m, a"-^' ■^lia' -^hff -n; 

whence we get a' proportional to 

I (&■ - a'a") + ffl (a'T - W) + n {aH - b'b), &c., 

values which may be written 

"'dl' '^~dm' "^'dn' 
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CHAPTER XV. 

aEOHBTBICAL METHODS. 

3(19. Having in tlie previous cliaptere sufficiently illustrated 
the use of tte method of co-ordinates, ve purpose to occupy the 
present chapter with some important geometrical methods, an 
account of which must form an essential part of any work devoted 
to the theory of curves. 

THE UBTUOD OF BECIPEOCAL FOLARS." 

301. Being ^ven a fixed conic section (S) and any curve (S), 
we can generate another curve (a) as follows : draw any tangent 
to S, and take its pole with regard to S ; the locus of this pole will 
be a curve «, which is called the polar curve of S with regard to 
2. The conic S, vrith regard to wliich the pole is taken, is called 
the auxiliary conic. 

We have already met with a particular example of polar 
curves (Ex. 20, p. 190), where we proved that the polar curve of 
one conic section with regard to another b always a curve of the 
second degree. 

We shall for brevity say that a point corresponds to a line 
when we mean that the point is the'pole of that line with regard 
to 2 ; thus, since it appears from our definition that every point 
of « is the pole with regard to 2 of some tangent to S, we shall 
briefly express this relation by saying that every point of < cor- 
responds to some tangent of S. 

302. The point ofintersedion. qftwo tangents to S tot// citrre- 
spartd to the line joining the corresponding points of s. 

This follows fix)m the property of the conic 2, that the point 

■ Thia beantifnl method ma introdDced b; M. PoDcelet, whoee acconnt of it will be 
bimd *X the commeocemeDt <^ tbe foortli Tolnme of Cielle's Jomnal. The reader viU 
find the prindpto of dnalily, which is iarolved in this method, titttted of from ■ punly 
•ludrlical point of rleir in tbe uithoi's work on the Higher Plane Omei, chap. i. 
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of interBeotion of any two linea is the pole of the line joining the 
poles of theee two lines (Art, 146). 

Let us suppose that in this theorem the two tangents to S are 
indefinitely near, then the two corresponding points of a will also 
be indefinitely near, and the line joining them will be a tangent 
to » (Art. 81); it also eaoly follows, fix)m our definition of a tan- 
gent, that any tangent to a curve interseota the conseoulive tangent 
at its point of contact (see Art. 142); henceforthia cose the last 
theorem becomes ; if any tangent to S correspond to a point on s, 
the point of contact of that tangent to S will correspond to the tan- 
gent through the point on a. 

Hence we Gee that the relation between the curves ia recipro- 
cai, that is to say, that the curve S might be generated firom i in 
precisely the same manner that t was generated from S ; hence 
the name " redprocal polars." 

■ 303. We are now able, being ^ven any theorem of position 
(Art. 1) concerning any curve S, to deduce another concerning 
the curve s. Thus, for example, if we know that a number of 
points connected with the figure S lie on one right line, we learn 
that the corresponding lines connected with the figure s meet in 
a point (Art. 146), and vice versa; if a number of points con- 
nected with the figure S lie on a conic section, the corresponding 
lines connected with t will touch the polar of that conic with re- 
gard to S ; co*, in general, if the locus of any point connected 
with S be any curve S', the envelope of the corresponding line 
connected with s is «', the reciprocal polar of S'. 

304. The degree of the polar reciprocal qfany curve is equal 
to the number of tangents which can be drawn from any point to 
that curve. 

For the d^ree of s is the same as the number of points in 
which any line cuts » ', and to a number of points on s, lying on 
a right line, correspond the same number of tangents to S passing 
through the point corresponding to that line. Thus, if S be a 
conic section, two, and only two, tangents, real or imaginary, 
can be drawn to it from any point (Art. 142); thereibre, any 
line meets s in two, and only (wo points, real or imaginary ; we 
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may thus infer, iodependently of Ex. 20, p. 190, that the reci- 
procal of any conic section ia a curve of the second degree. 

305. We shall exemplify, in the case where S and « are conic 
secUone, the mode of obtidning one theorem from another by this 
method. 

We know (Art. 268) that '* if a hexagon be mscribed in S, 
whose sides are A, B, C, D, E, F, then the points of intersection, 
AD, BE, CF, are in one right line. Hence we infer, that " if a 
hexagon be circumscribed about s, whose vertices are a, b, c, rf, c,_^ 
then the lines ad, be, cf, will meet in a poinf' (Art. 266). Thus 
we see that Pascal's theorem and Brianchon's are reciprocal to each 
other, and it was thus, in &ct, that the latter was first obtained. 
In order to give the student an opportunity of rendering him- 
self expert in the application of this method, we shall write in 
parallel columns some theorems, together with their reciprocals. 
The be^nner ought carefully to examine the force of the argu- 
ment by which the one is inferred from the other, and he ought 
to attempt to form for himself the reciprocal of each theorem be- 
fore looking at the reciprocal we have ^ven. He will soon find 
that the operation of forming the reciprocal theorem will reduce 
itself to a mere mecbamcal process of interchan^g the words 
"point" and "line," "inscribed" and "circumscribed," ''locus" 
and "envelope," &c. 

If two TertJcea of a triangle move _If two eldes of a triangk pass 

along fixed right lines, while the sidea through fixed points, while the ver- 
pass each throng a fixed point, the tices move on fixed right lines, the 
loeus of the third vertex is a conic envelope of the third idde is a conic 
section. (Ex. 4, p. 230.) section. 

If^ however, the points throagh If the lines on which the vertJcee 

whicbthesidespasslieinonerightline, move meet in a point, the third side 
tlie locos will be a ri^t line. (p. 40.) will paas through a fixed point. 

In what other case will the locus be In what other case will the third 

a right line? (p. 41.) side pass through a fixed point? 

(p. «.) 
If two conies touch, their reciprocals will also touch ; for the 
first pair have a point common, and also the tangent at that point 
common, therefore the second pair will have a tangent common 
and its point of contact also common. So likewise if two conies 
have double contact their reciprocals will have double contact. 
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If a irian^ be circumBcribed to 
a oonic sectioD, two of whose vertices 
more on fixed lines, the locus of the 
third vertex is a conic section, bsving 
doable contact with the given one. 
(Ex. 1, p. 229.) 



If a trian^ be inBcribed in a co- 
nic BGCtiiui, two of whose rades pass 
throDgh fixed points, the envelope of 
the third side is a conic section, hav- 
ing double contact with the ^ven one. 
(Ex. 2, p. 229.) 



306.. We proved (Art. 302, see figure, p. 258) if to two poiDta 
P, R, on S, correspond the tangents pt,yt', on >, that the tangents 
ftt P and P will correspond to the points of contact p, f/, and 
therefore Q, the intersection of these tangents, will correspond to 
the chord of contact pp. Hence we leam that to any point Q, 
and it» polar PP", vnth respect to S, correspond a line pp and its 
pole q with respect to t. 

Given two points on a conic, and 
two of its tangents, the line joining 
the points of contact of those tangents 
passes through a fixed point (Art. 
261) 

Given four points on a conic, the 
polar of a fixed pcnnt passes through 
a fixed point (Ex. 3, p. 137.) 

Given four points on a conic, the 
locus of the pole of a fixed right line 
is a conic section. (Ex. 2, p. 241.) 

The lines joining the vertices of a 
triangle to the opposite vertices of its 
polar triangle mth regard to a conic, 
meet in a ptnnt (Ex. 2, p. 243.) 

Inscribe in a conic a triangle whose 
sides pass thioDgh three pven pcnnts. 
(Ex. 6, p. 244.) 



. Given two tangents and two pants 
on & conic, the point of intersection 
of the tangents at those p<nnta will 
move along a fixed right line. 

Given four tangents to a conic, the 
locus of the pole of a fixed right line 
is a right line. 

Given four tangents to a conic, the 
envelope of the polar of a fixed point 
is a conic section. 

The points of intersection of each 
ride otmj triangle, with the opposite 
side of the polar triangle, lie in one 
right line. (Ex. 3, p. 243.) 

Circumscribe about a conic a tri- 
angle whose vertices rest on three 
given lines. 

307. Given two conica, S and S', and their two reciprocals, s 
and s' ; to any point common to S and S' will correspond a tangent 
common to s and «', and to any chord of intersection of S and S' 
will correspond an intersection of common tangents to s and >'. 
If three conies have two tangenta 



If three conies have two points 
common, and, therefore, one com- 
mon chord, their other three common 
chords will meet in a point. (Art. 267.) 
If three conies have tvro common 
. tangents, or if the^ have each double 



common, the points of intersection of 
the other three pairs of common tan- 
gents lie on one right line. 

If three conies have two points 
common, or if they have each doable 



^ 
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contact with a fourth, their ai chonls 
of intersection will pass three by three 
through the same points. (Art, 2660 
Or, in other worda, three conies, 
having each double contact with a 
fourth, may be conaidered as having 
four radical centres, (p. 105.) 

If through the point of contact of 
two conies which touch, any chord be 
drawn, tangents at its extremities 
mil meet on the common chord of the 



If, through the intersecdon of com- 
mon tangents of two conies any two 
chords be drawn, lines joining their 
eztremities will intersect on one or 
other of the common chord.t of the 
two conies, (p. 226,) 

If A, and B be twp conies having 
each double contact nith S, the 
chords of contact of A and B with S, 
and their chorda of intersection with 
each other, meet in a point, and form 
a harmonic pencil. (Art 264.) 

If A, B, C, be three conies, having 
each double contact with S, and if A 
and B both touch C, the tangents at 
the points of contact will intersect on 
a common chord of A and B. 



contact with a fourth, the six pointa 
of intersection of common tangents lie 
three by three on the same right lines. 

Or, three coulcs, having each dou- 
ble contact with a fourth, may be 
considered as having four axes of n- 
militude. (See Art. 132, of which 
this theorem is an extension.) 

If from any point on the tangent 
at the point of contact of two conies 
which touch, a tangent be drawn to 
each, the line joining their points of 
contact will pass through the inter- 
section of common tangents to the 



chord of two co- 
nies, any two points be taken, and 
from these tangents be drawn to llie 
conies, the diagonals of the quadrila- 
teral so formed will pass through one 
or other of the intersections of com- 
mon tangents to the conies. 

K A and B be two conies having 
each, double contact with S, the inter- 
sections of the tangents at their points 
of contact with S, and the intersec- 
tions of tangents common to A and 
B, lie in one right line, which they 
divide harmonically. ' 

IfA,B, C, be three conies, having 
each double contact with S, and if A 
and B both touch C, the line joining 
the points of contact will pass through 
an intersection of common tangents of 
A and B.« 



■ The reader wIU tik« notice that we have now proved that every tbeotem osed in 
Art. 137, indie theory of three circles, has ■ Iheotem corresponding in the theory of thiee 
eonice which are each iogcribed in the same given conic; and hence that, given ttireeanch 
conies, we can Sni a fourth inscrilied in the aame conic, and such as to touch the three 
given conies. The learner will do well to refer to Art. 127, and to examine for himwlf 
how the demooalTBUon there given ia lo Ije extended to the case of three oonics inscribed 
b> a given conic. The chief difference occora in (5) of that Article, for the line a'^' ia 
now eanatrueted by jtdning the pole of SS'S' to any m« nf Ihtfaur radical centres of 
2l 
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308. We have hitherto enppoaed the auxiliary conic X to be 
any oonio whatever. It is moat common, however, to Buppoae 
this conic a circle ; and hereafter, when we speak of polar curves, 
we intend the reader to understand polars with regard to a circle, 
unless we expressly state otherwise. 

"We know (Art. 86) that the polar of any point with regard 
to a circle is perpendicular to the line joining this point to the 
centre, and that the distances of the point and its polar are, when 
multiplied together, eqaal to the square of the radius; hence the 
relation between polar curves with regard to a circle is often 
stated as follows : Being given __ 
ani/ point O, if from it me let fall 
a perpendicular OT on any tan- 
gent to a curve S, and produce 
it until the rectangle OT.Op ia 
equal to a constant k', then the 
loau of the point p ia a curve s, 
which ia called the polar reciprocal 
of S. For this is evidently equi- 
valent to saying that p is the pole of FT, with regard to a circle 
whose centre is O and radius i. We see, therefore (Art, 302), 
that the tangentpt will correspondto thepolnt of contact P, that 
is to say, that OP will be perpendicular topi, and that OP.Oi ■• k\ 

It is easy to show that a change in the magnitude of k will 
affect only the size and not the shape of s, which is all that in 
most cases concerns us. In this manner of considering polars, all 
mention of the circle may he suppressed, and s may be called the 

the time cooica. The problem therefore admits of thit^-tvo ralationB inst«ed of eig^t, 
■a in the cue of the three cirelei. The theoieniB which mswer to (6) of the same Ar- 
ticle are the (bllovlag : 

Tbs chord of contact of the reqnirad co- The pole of this chord, with r^aid to S, 

nlc with 8 pnnnnn through the Intenectlon liea on the line joialiiff one of their rediol 
of one of the ucei of simllitnde of the three centreg with tlie pole, frith regard to S, of 
given coiiiea with the polar of one of their oneof thdr aue of similitada. 
radical centrei with regard to 8. 

The reader will find a very able Investigation of tUa whole problem in a memoir pub- 
lialied by Ur. CiQ'U? in vol. xxxix. of Cnlle't JoamaL 
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reciprocal of S with regard to the point 0. We shall call thia 
point the origin. 

The advantage of using the circle for our auxiliary conic 
chiefly ariees from the two following theorems, which are at once 
deduced from what has been said, and which enable us to traiu- 
forra, by this method, not only theorems of portion, but also 
theorems involving the magnitude of lines and angles : - ■ ^ 

The distance of any point V from the origin is the reciprocal of 
the distance of the corresponding line pt. 

The angle TQT between any two lines TQ. TQ, is equal to 
the angle pOp' svbtended at the origin by the corresponding points 
p, p', for Op is perpendicular to TQ, and Op' to TQ. 

We shall ^ve some examples of the application of these priu- 
uples when we have first investigated the following problem : 

309. To find the polar reciprocal qfone circle tottk regard to 
another. That is to sayi to find the locus of the pole p with re- 
gard to the circle (O) of any tangent PT to the (urcle (C). Let 
MN be the polar of the point C 
with regard to O, then having 
the points C,p, and their polars 
MN, PT, we have by Art. 98, 

the ratio 777^ = -^, but the first 
CP pW 

ratio b constant, smce both OC 

and CP arc constant ; hence the 

distance of p from O is to its distance from MN in the constant 

ratio OC : CP, its locus is therefore a conic, of which O is a focus, 

MN the corresponding directrix, and whose eccentricity is OC 

divided by CP- Hence the eccentricity is greater, less than, or 

= 1, according as O is without, within, or on the circle C. 

Hence the polar reciprocal of a circle is a conic section, of 
which the origin is thef>cus, the line corresponding to the centre is 
the directrix, and which is an ellipse, hyperbola, or parabola, ac- 
cording as the origin is within, without, or on the circle. 

310. We shall now deduce some properties concerning angles, 
by the help of the theorem given in Art. 308. 
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Abj two tangents to a (nrcle make Tke line (IraTn irom the focuB to 

equal angles with their chord of con- the intersection oftwo tangents bisects 

tact. the angle subtended at the focus by 

their chord of contact (Art. 196.) 

For the angle between one tangent PQ (see fig. p. 258) and 
the chord of contact PP" is equal to the angle Bubtended at the 
focufi by the corresponding points p, q ; and dmilarly, the angle 
QFP is equal to the angle Bubtended by p, q ; thereforeT since 
QPP=QFP, pOj=/Oj. 

Any tangent to a circle is perpen- Any pcunt on a conjo, and the point 

dicular to the line joining itB point of where its tangent meets tiie directrix, 
contact to the centre. subtend a right angle at the focus. 

This follows as befoife, recollecting that the directrix of the 
conic answers to the centre of the circle. 



Any point and the intersection of 
its polar with the directrix subtend a 
right angle at the focus. 

If tiie point where any line meets 
the directrix be joined to the focu«, 
the joining line will bisect the angle 
between the focal radii to the points 
where the given Une meets the curve. 

The enTelope of a chord of a conic, 
wtucb subtends a ^ven angle at the 
focus, is a conic banng tHe same focus 
and the same directrix. 

The locus of the intersection of tan- 
gents, whose chord subtends a ^ven 
angle at die focus, is a conic having 
the same focus and directrix. 

If a fixed line intersect a series of 
conies having the same focus and 
same directris, the envelope of the 
tangents to the conies, at the points 
where this line meeta them, will be a 
conic having the same focus, and 
touching both the fixed line and the 
common directrix. 
In the latter theorem, if the fixed line be at infinity, we find 
the envelope of the asymptotes of a seiiee of hyperbola haring 



VAny hue is perpendicular to the 
line joining its pole to the centre of 
the circle, 

The tine JMuing. any point to the 
centre pf a drcle makes equal angles 
with the tangenta through that point. 



The locus of the intersection of 
tangents to a circle, wluch cut at a 

given angle, is a, concentric circle. 

The envelope of the chord of con- 
tact of tangents which cut at a given 
angle is a concentric drcle. 

If bora a fixed ptunt tangents be 
drawn to a series of concentric circleE, 
the locus of the points of contact will 
be a circle passing through the fixed 
point, and through the 
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the same focus and same directrix, to be a parabola having the 
same focus and touching the common directrix. 

Iftwochordsatright angleatoeoch The locua of Uie intersection of 

other be drawn through any point on tangents to a parabolA which cut at 
a circle, the line joining their extre- right angles is the directrix, 
inities paSBCS through the centre. 

We say a parabola, for, the point through ^rhich the chords 
of the (HTcle are drawn being taken for origin, the polar of the 
circle is a parabola (Art. 309)- 

The envelope of a chord of a circle Thelocua of the intersection of tan - 

which BubteDda a given angle at a gents to a parabola, vhich cnt at a. 
^ven point on thecnrveia aixincen- given angle, ia a conichaving the samo 
trie circk. focus and the same directrix. 

Given baBe and vertical angle of a Given in position two aides ofatri- 

triangle, the locus of vertex is a (orcle angle, and the angle subtondedb; the 

paawig through the extremities of the base at a given point, the envelope 

base. of the base is a conic, of which that 

point is a focus, and to which the two 

given sides will be tangcDts. 

Thelocua of theintersection oftan- The envelope of any chord of a 

gents to an ellipse or hyperbola which couLc which subtends a right angle at 
cut at right angles is a circle. any fixed point is a conic, of which 

that point is a focus. 
" If from any point on the circumference of a circle perpen- 
diculars be let fall on the sides of any inscribed triangle, their 
three feet will lie in one right line" (Art. 106). 

If we take the fixed point for origin, to the triangle mscribed 
in a circle will correspond a triangle circumscribed about a para- 
bola ; again, to the foot of the perpendicular on any line corre- 
sponds a line through the con'eeponding point perpendicular to 
the radius vector from the origin. Hence, " If we join the focus 
to each vertex of a triangle circumecribed about a parabola, and 
erect perpendiculars at the vertices to the joining lines, those per- 
pendiculars will pass through the same point." If, therefore, a 
dxcle be described, having for diameter the radius vector from 
the focus to this point, it will pass through the vertices of the 
(Urcumscnbed triangle. Hence, Given three tojiffcnts to a para- 
bola, the locus of the focus is the ciTcumscriinng circle (p. 187). 

The locus of the foot of the per- If from any point a radius vector 

pendicular (or of a line making a ■ be drawn to a circle, the envelope of 
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contUut angle with the tuigent) Irom a perpendiculBT to it at iu extremity 
the fociu of an ellipw or hyperbola (or of a line making a couBtant angle 
on the tangent ia a circle. with it) is a .conic having the fixed 

point for tta fbcna. 

311. Having euffidently exempUfled in the laet Article the 
method of trBnsfonmng theorems inTolving angles, we proceed 
to show that theorems involving the magnitude of lines jKunn^ 
through the origin are eaeXj transformed by the help of the firet 
theorem in Art. 308. For example, the sum (or, in some cases, 
the difference, if the ori^n be without the drole) of the perpen- 
diculars let &11 from tlie origin on any pair of parallel tangents 
to a circle is constant, and equal to the diameter of the drcle. 

Now, to two parallel lines correspond two points on a line 
passing through the origin. Hence, '* the sum of the reciprocals 
of the segments of any focal chord of an ellipse is constant." 

We know (p. 169) that this sum is the reciprocal of the semi- 
parameter of the ellipse, and since we leom from the present 
example that it only depends on the diameter, and not on the po- 
sition of the reciprocal drcle, we infer that the recqtrocah ofegual 
circles, with regard to any origin, have the tame parameter. 

The rectangle under the segmenta The rectangle under the peipen- 

of any chord of a circle through the dicul&ni let fall from the focus on two 
origin is constant. pai'allel tangents is constant 

Hence, given the tangent from the origin to a circle, we are 
given the conjugate axis of the reciprocal hyperbola. 

Agiun, the theorem, that the sum of the focal distances of 
any point on an ellipse ia constant, may be expressed thus : 

The sum of the distances from the The sum of the reciprocals of per- 

focua of the points of contact of pa- pendiculars let fall from any p<nut on 

ralM tangents is constant. two tangents to a drcle, whose chord 

of contact passes through tbe point, 



312. Many relations involving the magnitude of lines nof 
passing through the origin may be transformed by the help of the 
theorenrof Art.98. Thus we know, that if PA, PB, PC, PD, 
be the perpendiculai^ let fall from any point of a conic on the 
sides of an inscribed quadrilateral, PAPC-tPB-PD (Art. 
PA Pf PB PT) 

260) ; now we may write this relation, -r^ ■ t^tj = k ■ -p^ ■ ^^, 
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but if a, b, c, d, be the points corresponding to the Imee A, B, 
C, D, and ap the perpendicular let &11 from a on the line cor- 
responding to P we have (Art. 98) j=yp = —-. Similarly for the 

other sides; and Oa, Ob, Oc, Od, being constant, we infer that 
l^a Jtxed quadrilateral be circumscribed to a conic, the product of 
the perpendiculars let fall Jrom two opposite vertices on any va- 
riable tangent is in a constant ratio to the product of the perpen- 
diculars let fail Jrom the other two vertices. 

J The prcfduct of the perpendiculars The product of the perpesdiculara 

fromanj'pomtofa codlc on two fixed from two fiaed points of a conic on 
tangents, ia in a constant ratio to the any tangent, ia in a constant rado to 
square of the perpendicular on their the square of the perpendicular on it, 
chord of contact. (Art 260.) from the intersection of taugeuta at 

those points. 

If, however, the origin be taken od the chord of contact, the 
reciprocal theorem is, " the intercepts, made by any variable tan- 
gent on two parallel tangents have a constant rectangle." 

The product of tie perpendiculars The aquare of the radius vector 

on any tangent of a conic from two from a fixed point to any point on 

fixed points (the foci) is constant. a conic, is in a conatant ratio to the 

product of the perpendiculare let fall 

from that point of the conic on two 

fixed right Unea. 

313. Very many theorems concerning magnitude may be re- 
duced to theorems concerning lines cut harmonically or anbar- 
monically, and are transformed by the following principle : To 
any Jour points on a right line correspond Jour lines passing through 
a point, and the anharmonic ratio of this pencil is the same as that 
qfthe four points. 

This is evident, ^ce each leg of the pencil drawn from the 
ori^n to the given points is perpendicular to one of the corre- 
sponding lines. We may thus derive the anharmonic propertiea 
of the conicB in general from that of the drcle. 

The anharmonic ratio of the pencil The anharmonic ratio of the pants 

joining four points on a conic to a inwhlchfourfixedtangentstoaconic 
vajiable fiflh is constant. cut any variable fifth is constant. 

The first of these theorems is true for the circle, since all the 
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angles of the pencil are constant, therefore the second is true for 
all the conies. The second theorem is true for the circle, since 
the angles wliich the four points subtend at the centre are con- 
stant, therefore the first theorem is true for all the conies. By 
observing the angles which correspond in the redprocal figure 
to the angles which are constant in the case of the cirele, the 
student will perceive that the angles which the four points of 
the variable tangent subtend at either focus are constant, and 
that the angles are constant which are subtended at the focus 
by the four points in which any inscribed pencil meets the 
directrix. 

In like manner, the theorem of Art. 149 is the reciprocal of 
that in Art. 147| and both, being true for the circle, must he true 
for all the conifa. 

314. The anharmonic ratio of a line is not the only.relation 
concerning the magnitude of lines which can be expressed in 
terms of the angles subtended by the lines at a fixed point. 
For, if there be any relation which by substituting (as in Art, 54) 

*■ 1.1- AH- 1 J ■ -. OA-OB-smAOB , 
tor each line AU involved m it, j^p — can be re- 
duced to a relation between the sines of angles subtended at a 
^ren point O, this relation will be equally true for any trans- 
versal cutting the lines joining O to the point* A, B, &c. ; and 
by taking the given point for origin a reciprecal theorem can be 
easily obtained. For example, the following theorem, due to 
Camot, is an immediate consequence of Art. 151 : " If any conic 
meet the side AB of any triangle in the points c, c ; BC in a, d ; 
AC iah,h; then the ratio 

AcA c'Ba-Ba'CACy 

Afi . Afr' "Be ^B<f-CaCa'° 
Now, it will he seen that this ratio is such that we may sub- 
stitute for each line Ac the sine of the angle AOc, which it sub- 
tends at any fixed point ; and if we take the reciprocal of this 
theorem, we obtain the theorem given already at p. 240. 

315. Having shown how to form the reciprocals of particular 
theorems, we shall add some general considerations respecting 
reciprocal conies. 
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We proved (Art. 309) that the reaprocal of a orcle is od 
cllipse/hyperhohi, or parabola, according as the origin is within, 
without, or on the curve ; we shall now extend thia conclusion to 
all the conic eections. It is evident that, the nearer any line or 
point is to the origin, the ferther the corregponding point or line 
will be ; that if any line jmsses through the origin, the corre- 
sponding point must be at an infinite distance ; and that the line 
corresponding ta the origin itself must be altogether at an infinite 
distance. To two tangents, therefore, through the origin on one 
figure, will correspond two points at an infinite distance on the 
other; hence, tf two reaj tangents can be drawn from the origin, 
the redproc^ curve will have two reappoints at infinity, that is, 
it will be a hyperbola ; if the tangents drawn from the origin be 
ima^nary, the reciprocal curve will be an ellipse ; if the origin 
be on the curve, the t^gents from it coindde (p. 130), therefore 
the points at infinity on the ret^procal curve coincide, that is, 
the reciprocal curve will be a parabola. Since the line at infinity 
corresponds to the ori^, we see that, if the origin be a point on 
one curve, the line at infinity will be a tangent to the rei^procal 
curve ; and we are ag^ led to the theorem (Art. 255) that 
every parabola has one tangent situated at an infinite distance. 

Hence Ex. 2, p. 160, is the reciprocal of the theorem. Art. 226. 

316. To the points of contact of two tangents through tlie 
ori^n must correspond the tangents at the two points at infinity 
on the reciprocal curve, that is to say, the asymptotes of tlie 
reciprocal curve. The eccentricity of the reciprocal hyperbola 
depending solely on the angle between its asymptotes, depends, 
therefore, on the angle between the tangents drawn from the 
ori^n to the ori^nal curve. 

Ag^, the intersection of the asymptotes of the reciprocal 
curve (i. e. its centre) corresponds to the chord of contact of tan- 
gents from the origin to the original curve. We met with a 
particular case of this theorem when we proved that to the centre 
of a drcle corresponds the directrix of the reciprocal conic, for 
the directrix is the polar of the origin which is the focus of that 
conic. 

We can thus, likewise, find the axes of the redprocal curve, 
2m 
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for they must be lines drawn through ita centre parallel, to the 
internal and external bisectors of the angle between the tangentA 
drawn from the origin. This may otherwise be expressed (by the 
help of the theorem, Art. 194), that if through the origin we 
draw a conic confocal to the given one, the axes of the reciprocal 
conic will be parallel to the tangent and normal at the origin to 
the coiifocal conic. This latter statement is preferable, because 
it holde when the ori^n is within the curve. 

317* Hence, ^ren two circles, we can find a point such that 
the reciprocals of both shall be confical conice. For, since die 
remprocals of all <arcles must hare one focus (the origin) com- 
mon ; in order that the other focus should be common, it is only 
necessary that the two redprocal curves should have the same 
centre, that is, that the polar of the origin with regard to both 
circles should be the same, or tliat the origin should be one of the 
two points determined in Art. 116. Hence, g^ven a system of 
circles, as in Art. 114, their reciprocals with regard to one of these 
limiting points will be a system of confocal conies. Theorems, 
therefore, concerning confocal conies, are at once transformed into 
theorems relating to the system of circles, e. g., the theorem of 
Art. 192 corresponds to "thecommon tangent to two circles sub- 
tends a right angle at either of the limiting points." The theo- 
rem of Art. 194 corresponds to — " if any line intersect two circles, 
its two intercepts between the circles subtend equal angles at 
either limiting point." Or, again, by Ex. 3, Art. 231, any fixed 
point, and the fixed point through which (Art. 1 IS) its polar 
must pass, subtend a right angle at the limiting points. 

We may mention here that the method of reciprocal polars 
affords a simple solution of the problem, "to describe a circle 
touching three ^ven circles." The locus of the centre of a circle 
touching two of the given circles (1), (2), is evidently a hypei^ 
bola, of which the centres of the given circles are the foci, since 
the problem is at once reduced to — " Given base and difference of 
sides of a triangle." Hence (Art. 309) the polar of the centje, 
with regard. to either of the given circles (1) will always toucha 
circle which can be easily constructed. In like manner, the polar 
of the centre of any circle touching (1) and (3) must also touch 
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R given circle. Therefore, if we draw a cotnmoo taDgent to the 
two drdes thus determined, and take the pole of this line with 
respect to (I), we hare the centre of the lurcle touching the three 
given (arcles." 

318. Given any two conies ; there are three points such that 
thdr reciprocals with regard to any of them will be concentric 
ciUTes. For there are three points whote polarstoiih regard to the 
two conies are the tame, namely, if we form the common inscribed 
quadrilateral by joining the fomr points in which the curves inter- 
sect, the three points E, F, O (see Art. 149, Ex. 1). These three 
points may be real, even when tiie conies cut in imaginary points. 

319. To find the equation of the reciprocal of a conic with re- 
gard to its centre. 

We found, in Art. 1S2, that the perpendicular on the tangent 
could be expressed in terms of the angles it makes with the axes 

p" = fl' coa'& + bi' sin'fl. 
Hence the polar equation of the reciprocal curve is 



k* h* ' 
a concentric conic, whose axes are the redprocals of the axes of 
the ^ven conic 

320. To find the equation of the reciprocal t^a conic with re- 
gard to any point (afy). 

The length of the perpendicular trom any point is (Art. 182) 

it* 
p = ~ = ^(a'coa'd + 6'sin'fl) - a^cosd - i/said ; 

thereibre, the equation of the reciprocal curve is 
{xaf + y]/ + k^y = a'x^ + b'y'. 

321, To find the reciprocal of ike cottic 

ax' + a'y* + a"z' + 26yz + 26'za: + 26'iy = 0. 
For symmetry we shall write A" = - z", and look for the reciprocal- 

* TluB solution IB Mkeo from Gergotne'i AnnaltM. 
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with regard to a? + y» + z* = 0. Then the pohit with regard to 
this of any poiot on the redprocal corre will touch the ^ven 
carve. But the equation of the polar ia x:^ + yy' -i- V^ ■= ; and 
expresung (Art. 154) the condition that this line should touch 
Uie given conic, the equation of the retaprocal le found to be 
(o'a" - 6») I' + {a"a - 6'')y' + (aa' - K*) z* 

■¥ 2{b'h' - ab)yz + %(b"b'-ab')zx^^(bh -al-^xy^O. 
We have seen (Art. 296) that the coefficients in thie equation are 

equal to -r-, -7—,, &a. We shall denote these coefficients by 
da da ^ 

ft,A',4[", IS, V, V. It is easy to deduce from this equation the 
properties which we have already obtiuned geometrically, such 
as, that if the curve be a parabola, the origin will be a point 
on the reciprocal curve, &o. 

Ex. 1. To and Un (qiuUioa ot the rgciprocal of the redprocat of > ^v«ii conic. Thi( 
miut erldentlf rqireteat the given corre itself. The eqmitioD Ii 

■nd wriUng fbr K', &&, Iheii Tabes, tbis I> foimd eqni] to the gireo etinaUiKi mnhl^ied 
bj V. In like manner the diectiminant of the ledprocal ia (uuod = v*. 

Ex. 2. To find tlie reciprocal of a Bfatem of coDica which pass thnxij^ four pi^tf. 
TheeqnatJonof aoy conic of the ^stem hdng S -l-J(S' = 0, the equation of the red[nocal 
le faimd bj writing a-i kLiatt, a' + kk' for a', &c., in (he eqoation of the redprociL 
It ia taxj to lee (hat the remit will contain k in the aecond degree. We may inita It 
S + A* + £*£'= 0, where X and S' an the redprocala of 8 and S, while 
* = (a'A" + a"*'- are) «« + (O'A + aA" - SfB-) y" + (a A + o'A - ar B") i» 

+ 2 (J'B" + J"B' - aB - 6A)yi + 2 (fr"B + 6B" - o'B' - VL^ « 
+ i(iB' + J'B-a''B"-ft-A'5«y. 

Now', Aaot the original eyetem of conica pugea througb fonr fixed pointa, the reci- 
procal system alwa/a touchea four fixed right lines. But the fonn of the equation 
Bhows that (he reciprocsl Blwayi toochea 4iS£'= V. This, then, is the equation of the 
fonr lines which are Common tangents to Z, X, and the other conies of the redprocal 
Vystem. Bnt the form of ISZ' = If, the equation to theee four lines, sbows tliat S Is 
touched by them, and that « passes throogh llie points of contact. In like manner, 
4 passes thioogh the four points wiieie X is toached by the common tangents. Hence 
the eight points of contact of comnion tangents to the two conies S, £', all lie on tbe 

Bx. 3. To find the equation of the common tangents to S and 3'. 

The system redprocal to tbe system of conies which have the same common tangents 
will pass through fonr fixed points, and will he S 4- jlS'= 0. Forming, then, the red- 
procal of this latter eyatem, we find PS + *F 4 i'V8'= 0, wbere F is what * become* 
when the coeffidoits %, %', &c. of tbe mciprocal sre written for A, A', &C. Ibe equa- 
tion, then, of the oommon tangents will be Fi = 4V VS3'. 
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Ex. 4. To End tba envelope oT a. system oT coDtbcol conies. 

TTie eqimtion of sooh i lystem is ■-- + = 1. The redproc*! of this ii 

(AH. 319) (a.^ - k'') xf + (h' - ifi) ^ = 1; tai as this denotes a BTstem of cooica thnnigii 
tbe four points of intersection of (uSjr" + b'^ - 1) and (*» + y'), it followa that the 
•ystam of confocal conicB tonchea fbur Axed right lines. Arranj^ng tbeir eqnatioa, 

(fc'i« + oV - a'lfi) + *'Co' + W-i»-!^-i* = 0, 
Ihej' always touch 

(oi -1- W - li - y')" + * (tiaa + o«y« - b16') = 0, 
which will be found to be aqninlent to 

I," +(,-.)!) !,.+(• + .)•).«, 
a result in aiMurdance with Art. 2B2, 

Ex. 5. Ilia equation of tbe pMr of tangents tiom any pdnt x'g'z to S is found by 
substituting yi' — tg', xx' — xx\ ly' — yx' fbi 2, y, z in the equation of the reciprocal 

Any point on rither tangent throngh x'y'z' evidently poeseasea the property Ihit the 
line jdning it to zy'z' touches the corre. Id order, then, to find the equation of the pair 
of tangenla, we have only to expreu (Art 154} the condition that the line joining two 
P^t» X 0'." - y-T-) -1- y (*■*- - z"*-) + i {xY - xVO = 

shonld toDcli the cnrve, and to consdei then f'VV as variable. And remembering 
(Art. 821) that the GoefBdenIa are the same in the condition tliat a line should touch the 
eoTTCs and In tlie eqoation of the leciprocal curve, the truth of the theorem is manifeet 
As we have alre*(^ (Art 160) (Mained tlie equation of the pur of tangents in another 
toiBL, H fiillows (as may easily be vtrified) that 
(iw* 4- a'y» + &&) (flif* + «>'> + &C.) ~ (mx' + at/y + 4o.)» = « (yi' - ty')" 

InUkemanno', 

(«»* + &c) (a*' + Ac.) - (1b«f + 4c)« = v{o (S*" - *?■)• + &0. |. 
Ex. 6. To verify that, if two conies have double contact with each other, thdr reci- 
pFOcals have double contact with each other (Art 391). 

The reciprocal of S+(te + my + »»)" is (Art 297) 2 + {o(ini -ny)" + &c.}. 
Bat ance (Ex. 6) 

V {a(«z - fiy)i + &&} = S (*;• + ic.) - (Bi^ + Ac)". ., . 

The reciprocal is 

{V + (33 + &«.)} 2 - (Kii! + &c.)« = (t, 
• eot& (rridently having doable contact with X. 

322. Givea the reciprocal of a curre witll regard to theorigpii 
of co-ordinates, to find the equation of ita reciprocal with regard 
to any point (x'y). 

If the perpendicular irom the orijpn on the tangent be P, the 
perpendicular from any other point is (Art. 27) 
P - «'co6d -y'sinfl, 
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and| therefore, the polar equation of the locus is 

^ k' . . , . . 
— = o - a: coatf - w sintf ; 
p K 
hence 

A' s^x + j/y + k* , Rcoafl jo cob 
B " p *• " xa^ + yy + *" ' 
ve most, therefore, substitute, in the equation of the ^ven reci- 
procal, — ; -. — 7; for X, and -3 — ^, — r- for y. 

The effect of this substitution may be very simply written as 
follows : Let the equation of the reciprocal with regard to the 
ori^ be tt, + u,^, + K^,, &0. (see Art. 271), 

then the redprocal with regard to any point is 

a curve of the same degree as the g^ven reciprocal. 

323. Before quitting the subject of reciprocal polars, we wish 
to mention a class of theorems, for the transformatioD of which 
M. Cbasles has proposed to take as the auxiliary conic aparabola 
instead of a circle. We proved (Art. 216) that the intercept made 
on the axis of the parabola between any two lines is equal to the 
intercept between perpendiculars let &11 on the axis from the poles 
of these lines. This principle, then, enables us readily to trans- 
form theorems which relate to the magnitude of lines measured 
parallel to a fixed line. We shall give one or two specimens of 
the use of this method, premising that to two tangents parallel to 
the axis of the auxiliary parabola correspond the two points at in- 
finity on the redprocal ciu-ve, and that, consequently, the curve 
will be a hyperbola or ellipse, according as these tangents are real 
or imagioary. The reciprocal will be a parabola if the asia pass 
through a point at infinity on the original curve. 

" Any variable tangent to a conic intercepts portions on two 
pEuidlel tangents whose rectangle is constant." 

To the two points of contact of parallel tangents answer the 
asymptotes of the reciprocal hyperbola, and to the intersections of 
those parallel tangents with any other tangent answer parallels 
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to the asymptotes through any point ; and we oht^, in the first 
instance, that the asymptotes and parallels to them through any 
point on the curve intercept portions on any fixed line whose rect- 
angle is constant. But tlus is pl^ly equivalent to the theorem : 
" The rectangle under parallels drawn to the aeymptotee from 
any point on the curve is constant." 

Chordii droim from two 6sed If any tangent to a parabola meet 

points of a hyperbola to a variable two fixed tangents, perpendicnlKTi 

third point, int«rcept a constant irom it^ extremities on tlie tangent 

length on the asymptote, at the vertex will intercept a constant 

length on t-hat line. 

This method, of parabolic polars is pl^nly much more limited 
in its application than the method of circular polars, whose re- 
sources in transforming theorems of magnitude M. Chasles has 
possibly underrated. 

HARMONIC AND ANHARHONIC PROPERTIES OF CONICS.* 

324. The harmonic and anharmonic properties of conic sec- 
tions admit of BO many implications in the theory of these cmrves, 
that we think it not unprofitable to spend a little time in point- 
ing out to the student the number of particular theorems either 
directly included in ^he general enundations of these properties, 
or which may be inferred fix>m them without much difiSculty. 

The cases which we shall most fi^quently consider are, when 
one of the four points of the right line, whose anharmonic ratio 
we are examining, is at an infinite distance. The anharmonic 

ratio of four points, A, B, C, D, being in general = . - -r._ , if 

D be at an infinite distance, the ratio -7^ is ultimately = 1, and 

AB 
the anharmonic ratio becomes simply »^, If the line be cut 

harmonictdly, its anharmonic ratio - I, and if D be at an infinite 
distance AC is bisected. The reader is supposed to be acquainted 
with the geometric investigation of these and the other funda- 
mental theorems connected with anharmonic section. 

• The diecoverj' of the anharmonic propertieB of aoniia is due to M. Chttalea, from the 
note* Co whose Hiatorg of Geonttry the following psgee have been developed. 
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320. We Bhnll commence with the theorem (Art. 147) : " If 
any line through a point O meet a conic in the points B', R", and 
the polar of O in K, the line OR'RR" la out harmonically." 

First. Let B" be at an infinite distance ; then the line OR 
must be hieected at R'; that ia, if through a^ed point a line be 
dravm parallel to an asymptote <{fan hyperbola, or to a diameter 
ofaparabolOy the portion of this line between the Jixed point and 
its polar will be bisected by the curve (Art. 216). 

Secondly. Let R be at an in&ute distance, and R'R" must be 
bisected at O ; that is, \f through any point a chord be drawn pa- 
rallel to the polar of that point, it will be bisected at the point. 

If the polar of O be at infinity, every chord through that 
point meets the polar at infinity, and is therefore bitted at O. 
Hence this point is the centre, or the centre may be considered as 
a point whose polar u at infinity (p. 139). 

Thirdly. Let the fixed point itself be at an infinite distance, 
then all the lines through it will be parallel, and will be bisected 
on the polar of the fixed point. Hence every diameter of a conic 
may be considered as the polar qftke point at ijijimty in which its 
ardinates are supposed to intersect (p. 241). 

This also follows from the equation of the polar of a point 
(Art. 144), 

(2Ai. + Bj, + D) + (2Cy + Bx + E) ^ + 5il^jL?!: . 0. 
Now, if a'y' be a point at infinity on the line my=nx,we must 
make^,- —, and ji' infinite, and the equation ofthe polar becomes 

fn(2Ar + By + D) + n{2Gy + Bx + E) = 0," 
a diamet«r conjugate to my - ma; (Art. 139), 

326. We may, in like manner, make particular deductions 
from the theorem (Art. 1 49)i that the two tangents through any 
point, any other line through the point, and the line to the pole 
of this last line, form an harmonic pencil. 

Thus, if one of the lines through the point be a diameter, the 
other will be parallel to its conjugate, and since the polar of any 
point on a diameter is parallel to its conjugate, we learn that the 
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portion between the tangents of any line drawn parallel to the 
polar of the point is bisected by the diameter through it. 

Again, let the point be the centre, the two tangenta will be 
the asymptotes. Hence the asymptotes, together with any pair of 

conjugate diameters, form an harmonic pencil, and the portion of 
any tangent intercepted between the aaymptotea is blBected by 
the curve (Art. 201). 

327. The anharmonic property of the points of a conic (Art. 
260) gives rise to a much greater variety of particular theorems. 
For, the four points on the curve may be any whatever, and either 
one or two of them may be at an infinite distance ; the fifth point 
O, to which the pencil is drawn, may be also either at an infinite 
. distance, or may coincide with one of the four points, in which 
latter case one of the legs of the pencil will be the tangent at that 
point ; then, again, we may measure the anharmonic ratio of the 
pencil by the segments on any line drawn across it, ivhich we 
may, if we please, draw pai'allel to one of the legs of the pencil, 
80 as to reduce the anharmonic ratio to a simple ratio. 

The following examples being intended as a practical exercise 
to the student in developing the consequences of this theorem, 
we shall merely state the points whence the pencil is drawn, the 
line on which the ratio is measured, and the resulting theorem, 
recommending to the reader a closer examination of the manner 
in which each theorem is inferred from the general principle. 

We use the abbreviation (O-ABCDj to denote the anhar- 
monic ratio of the pencil OA, OB, DC, OD. 

Ei. I. {A.ABCDJ = [B.ABCDJ. 
Let these retios be eetimaCed bj the aegments on the 
line CD; let the tangenta at A, B meet CD in the points 
T, T, and let the chord AB meet CD in K, then the radoa 
*"' TK.CD KT.CD 

TD.KC" KD.rC 
that ia, if any chord CD meet two tangenta in T, T, and P. 
thdr chord of contact in K, 

KC . KT. DT = KD . KT . C T. 
(The reader most be careful, in this and the following 
examples, to take the points ot Ihe pendl in thi aanu order 
on both sides of the equation. Thus, on (be left-band i«de of tbis equation vi 
2n 
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■eeoDd, becsDMituisirere totbe leg OB of the pencil ; od the ri^U-lMtld we Uke E first, 

beciun it amwen to tiie 1% OA). 
Ex. S. Let T ind T coindde, tltea 

KC.DT = KD.CT, 
or, utj cb<Hd through the Inlavectian cf twa tangaita is cut barmonicallf by Uk chord 
afotHitact (Art. I4T> 

Ex. 3. Let T be It ID Infioltfl dtstsnce, or the Kcuit CD dnwn pvallel to FT, and 
It will be fbnad tliU the ratio will reduce to 

TK' = TC . TD. 



a, h i then the ratio of tlie peccQ will reduce to — ; snd we learn, that if two fixed 
points, A, B, on a hyperbola or paiabola, be joined to anj variable p<not O, and the 
joining line meet a fixed parallel to an BBymptote (if the curve be a hyperbola), or a dia- 
meter (if tlie curve be a parabola), in a, (, then the ratio Ca : Cb will be constant. 

Ex. 6. If the same ratio be ratimated on an7 other parallel line, linea inflected Cram 
any Itiree fixed points to a variable pdnt cut a fixed parallel to an asymptote or diame- 
ter, so that ab : oc is constant. 

cs joining A6 to any fonrtli ptnot O' meet 

oi _oC 

aT ~ aC 
Now let us suppose the pidnt C lo be also at an infinite distance, the line C» becomea an 
aaj'mptote, the ratio ab ; a'b' becomea one of equality, and lines joining two fixed punts 
to any variable point on the byperlxria ii^larcept nn either asymptote a constant portion 
(p. 178). 

Ei. 7. {A.ABCoo} = {B.ABCoo}. 

Let these ratios be eetiuuted on C<n ; then If the 
tangents at A, B, cot Cce in a, b, and the choni of 
contact AB In K, we have 

Ca CK 
CK^ C4 
(observing the caudan in Ex. 1). Or, if any parallel 
to an asymptote of an hyperbola, or a diameter of a parabola, cut two tangentfl and thdr 
chord of contact, the intercept t^on the curve to the chord is a geometric metm between 
the intercepts from the curve to the tangants. Or, conversely, if a line oft, panillel to a 
given one, meet the ^es of a triangle in the points niK, and there be taken on it a 
point C such that CK' = Ca : Ct, the locus of C will be a parabola, if Ci be panlld to 
the bisector of the base of the triangle (Art. 316), but otherwise an hypeibola, lo an 
asymptote uf which ab is parallel 

Ex. 8. Let two of the fixed points be st infinity, 

(a..AB»o.'] = {«'.AB»a>-j; 
the lines oo », »'»', are the two asymptotes, while ohk h altogether at infinily. 
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Let tliese ratios b« ettin 
line meet tlie ptuvlleU t 



a the ntloa become 



ted on the diameter OA ; l«t this 
the »7mptotee Ba, Bob', in a 
OA Oa' 



OA 



Or, parallels 




to the a^imptates through saj pdnt on a byperbols cat any 

Mmidiameter, go that it ia a mean proportioiial between the 

B^pnenta on tt ftavi the centre- 
Hence, coDveraely, if tliroiigh a fixed pomt a. line be 

drawn cutting two fixed lines. Bo, Ba', and a p<dnt A Uken 

on it aa that OA ii a mean b«tweem Oa, Oa', the locna of A 

i» a hyperbola, of which ia the centra, and Bo, Ba', paralld to Uie a^mptottft 
Ex.9. {o=.AB»at.'} = {a'.ABosa'}. 

Let the iegimentg be meaiured on the uymptotes, and we have — = ^^ (q bdng 

the contre), Oc the rectangle nnder paralleU to the asymptotes throngb any point on the 
cnrre is constant (we invert the second ratio fer the leasoo given in Ez. I). 

328. We next proceed to examine some particular case9 of 
the anharmonic property of the tangents to a conic (Art. 274). 

Ex. 1. This propeny 
assumes a very rimple form, 
if the curve be b parabola, 
for one tangent to a para- 
bola Is always at an Infl- 
Dlle. distance (Art. 365). "^ 
Hence three fixed tangents 
to aparabola cntany fburtb 
in (lie points A, B, C, eo 
that AB : AC is always cooatant. If the variable tangents coindde in turn wltb each of 
the given tangents, we obudn the theorem, 

pQ RP Qr 
QR ^ P^ ■" rP ■ 

Ex. 2. IiSt two of the fnu tsngents to an ellipse or hyperbola be parallel to each 
other, and let the variable tangent coincide altemalely 
with each of the parallel tangents. In the first case 
the ratio is 




n the second 







Hence the reclangte Ai . Dt' is constant 

It may be deduced fiwn the aolutTmonic property 
of the pdnts of a conic, that if the tines joining any pc^t on the curve O to A, D, meet 
the paralld tangents in the p<dnts A, b% then the rectangle A6 . Db' will be cmstaat. 

INVOLUTION. 

329. If we have a system of pointe on a right line ABODE, 
&c., and another system A'B'CTVE', &c., either on the same or 
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on a (liferent right line, the syatems are SMd to be similar, if the 
anharuionic ratio of any four points of the first system be equal 
to that of the four corresponding points of the second system. 
Thus, if we join the points A, B, C, &c., to any point P, and cut 
by any transversal the pen- ^ 

cil 80 formed, we obt^n a 
system abc, &c., which is 
ohvioutily similar to the 
given one. In the figure 
the transversal is drawn 
through A, so that the a^ 
points a and A coincide. 

It is always possible to construct a system similar to a given 
one, and such lAiat three arbitrary points A', B', C, shall corre- 
spond to three points A, B, C, of the given system. For draw 
through A any line making an angle with AB ; measure on it 
from the point A, ai = A'B', ac = A'C : then the intersection of 
6B, cC determines the point P, by joining which to the points 
D, E, &c., we obtain the oorTeaponding points de, &c. And if we 
take CD' = cd, D'E' = de, &c., we have a system ATJ'C'D'E', &c. 
similar to ABODE. 

330. When two similar systems form part of the same right 
line, it wiU not in general happen that any point will have the 
same point corresponding to it when it is considered as belonging 
to the first and as belonging to the second system. Thus if in 
the figure we consider the point A' as belonging to the first sys- 
tem, and construct the corresponding point by joinmg PA', &c., 
the point so determined would not in general coincide with A, 
If, however, it should happen that the points A, A' mutually 
correspond, whether A be considered as belonging to the first or 
to the second system, then every pair of points which correspond 
will correspond, no matter to which system they are conadCTed 
to belong, and the whole series of points is said to form a system 
in involution. 

Supposing, for instance, that to the points ABBA' of the 
first system there correspond A'B'iA of the second, we say that 
the points b and B must coincide. For we have 
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lABB'A'] = |AB'5A|, 
or ABB'A' Al?' ■ &A 

AA- BB' ° A'A ■ B'i' 
or AB:BB'::AA:AB'. 

The line AB' then is cut at b, and at B into parts which are in 
the same ratio, and therefore h and B muet coincide. 

331. Tioo pairs of points AA', BB' determine a system in in- 
volution. 

It would in fact only be a particular case of Art. 329 to de- 
termine a system similar to AA'BB'CD, &c., and such that to 
A, A', B shoi^d correspond A', A, B'. We need only draw through 
A any line making an angle with AB ; measure off Irom A, 
a'a = A'A, a'&' = A'B'; 
then draw A'a', Bi' 
intersecting in F, and 
the point P joined to 
B',C,D, Ac. will deter- 5^ 

mine the correspond- , 

ingpointsofthesepond** ^ ^ B' Af 

system. N. B. — The points A, A' are said to be conjugate to 

each other. 

332. We recommend the reader to make a table of the diffe- 
rent relations of magnitude between three p^s of points in invo- 
lution, inferred from the identity of their anharmonic ratios. For 
instance, from [ ABCA'} = { A'B'C'A) we have 

AB-CA' A-B'-CA 

A ABC AA-BC" 
or AB ■ CA' ■ SC = AB' - C'A BC. 

As the development of these relations can present no difficulty 
to the reader, the only case on which we think it necessary to 
dwell is when one of the points has its conjugate at an infinite 
distence. This would happen if we draw To parallel to AB, and 
meeting a'b' in o ; and measure A'O = a'o. The point O will then 
have its conjugate at infinity, and is called the centre of the sys- 
tem of pointii in involution. 
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Now the relatioD between the poiDts takea in this case a very 
simple form ; for we have 

(ABOO'I = IA'B'0'0], 
or AOBg A'O'. BO 

Aty-BO ' AOBO' 
let O' be at an infinite distance, and this equation becomes 

OA ■ OA' - OB . OB' ; 
or, the proc^cttif the distances fiom the centre of any two conjtigate 
points is constant. It is pWn that the construction given in this 
Article enables ub, "being given two ptura of points of a Bystem 
in involution, to find the centre." 

333. Some writers have founded thdr deflnitioo of involution 
on the property just proved, and have defined a system of points 
in iovolutioD as a Beries of points so taken that 

OAOA' = OB.OB' = &c. = c=. 
It can at once then be proved that the anharmonic ratio of any 
four points of such a system is equal to that of their four conju- 

gates, since the anharmonic ratio ^ "V y ' " "'( C*'^®'^ *■ ^ *^^ 

distance of any of the points from O) remains unchanged, if we 
substitute for each of the dlBtaDces r, its reciprocal. 

334. A point which coincides with its conjugate has been 
called by Mr. Davies (see The Mathematician, vol. i. pp. 169, 
243) si/ocus of the system of points in involution. It is phun 
that there are two foci equidistant fi-om the centre on either side 
of it, and whose common distance is given by the equation 
OF* = OA . OA'. When A and A' both He on the same wde 
of the centre we have OF* " + c\ and the foci are real ; but if A 
and A' lie on different sides of the centre OF' = - c', and the foci 
are ima^nary. 

Anyttoo cotyugate points of the system, together with the two 
fi>ci, form four points of a line cut harmonicailg. For the relation 
{AFFA'} = lA'FFAj ^ves us 

AF ■ A'F AF-AT FA FA' 
AA'- FF "^ AA'- FF" ""^ FA ° FA? ' 
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or the distance between the foci FF ia divided internally and ex- 
ternally at A and A' into part« which are in the same ratio. 

Cob. When one focus ia at infinity, the other bieects the 
distance between two conjugate points, and it follows hence that 
in this case the distance AB between any two points of the sys- 
tem is ec|ual to A'B', the distance between their conjugates. 

335. Given two pairs of points qftke system, we canjind the 
Jbei: either by first finding the centre (Art. 332), or directly aa 
follows : — Since P is conjugate to itself, we have 

lAFBA} - lA'FB'A), 
or AF-BA A-FB'A 

AT-BA " AFB'A 
Hence AF» : AT' : : AB ■ AB' : A'B ■ A'B' ; 

or F ia the point where the line AA' is cut, either internally or 
externally, in a certain given ratio. 

It is important to observe that the relation between six points 
in involution is of the class noticed in Art. 314, and is such that 
the same relations will subsist between the ainea of the angles sub- 
tended by them at any point aa subsist between the segments of 
the lines themselves. Consequently, if a pencil be drawn from 
any point to six points in involution, any transversal cuts this pencil 
in six points in involution. Again, the reciprocal of six points in 
involution is a pencil in involution. 

336. We proceed to mention the moat important application 
of these principles to the theory of conic sections. 

If a quadrilateral abed 
be inscribed in a conic sec- 
tion, and .any transversal 
cut the come in A, A', the 
sides ab, cd, in B, B', and 
the sides ad, fc in C, C, 
then the points AA'BB'CC 
are in involution, for by the anharmonic property of conic sections, 

{a-A^iA'j = {c-AdbA'l; 

but if we observe the points in which these pencils cut AA', we get 

{ACBA'I = (AB'C'A'j = jA'C'B'A). 

r.,--:S....GoOQlc 
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Since two pwra of pointB BB', CC detennme a system in invo- 
latioD, the points EE', in which any other conic through the 
points abed meet the transversal, belong to the same system in 
involution. Hence a system of conies circumseribing the same qua- 
drilateral meet any transversal in a system of points in involution. 

Be<^procally, if a system of conies be inscribed in the same 
quadrilateral, the pairs of tangents drawn to them from any point 
will firm a si/stem in involution. 

337. Since the diagonals ac, bd may be considered as a conic 
through the four points, it follows as a particular case of the last 
Article that any transversal cuts the four sides, and the diagonals 
of a quadrilateral in points BB', CC, DD', which are in invo- 
lution. This property enables ue, being given two pairs of points 
BB', DD' of a system in involution, to construct the point con- 
jugate to any other C. For take any point at random, a ; join 
aB, oD, aC; construct any triangle bed, whose vertices rest on 
these three lines, and two of whose sides pass through B'D', then 
theremainingside will pass through C, the point conjugate toC. 
The point a may be taken at infinity, and the lines aB, aD, aC 
will then be parallel to each other. If the point C be at infinity 
the same method will give us the centre of the system. The 
simplest construction for this case is, — " Through B, D, draw 
any pair of parallel lines B6, Dc ; and through B'D' a diflTerent 
p£ur of parallels D'b, B'c; then be will pass through the centre of 
the system." 

Ex. 1. If three conies circum>crib« the ume quadrilateral, the commoo tangcot to 
an7 two i» cut hannonicollir' by the thiid. For the paints of contact of this langent are 
thB foci of the system in invoiution- 

£x. 2, If throug^i the intenection of the common chorda of two copice we draw a 
tangent to one of tbem, this line will be cut harmonically by the other. Foi in this caae 
the points D and D' io the last figure coiacide, and will therefore be a focus. 

Ex. 8. If two conlca lure double contact with each other, or It ihey have a contact 
of the third order, any tangent to the one is cut tiarmonically at 1^ points where it 
meeta the other, and where it meets tlie chord of contact. For in this case the common 
chorda coincide, and the point where any transversal meeta the chord of contact ia a 

Ex. i. To dwcribe a conic through four points abed to touch a given right line. 
The point of contact must be one of the fod of the eyeleta BBCC, &c,, and tbeae poiots 
can be determined by Art. 331. This problem, therefore, admila of two solutions. 
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Ex. 6. If > pualtet to an asyrnptate meet Iha cnrve in C, and tny InBciibed quadri- 
btenl in pdaU abed ; Ca.Cc^Cb.Cd. For C ia the centre of the system. 

Ex. 6. Solve the examptes, p. S73, &c, as casea i.t invDlntion. 

Id Ex. 1, K is a focoa: id Ex. 2, T is also a focos : in Ex. S, T is a centre, be 

Es. 7. The intercepts on any line between a hyperbola and its asymptotes are eqoa]. 
For [n this case one focus of the aystom is at infinity (Art. 335). 

338. We now proceed to ^ve some esamplea of problems 
easily solved by the help of the anharmonic properties of conies. 

Ex. 1. To prove Mac Lanrin's me^od of generating conic secllona (p. 230), viz., — 
To find the locna of the vertex V of a triangle whose sides pass throngh the points 
A, B, C, and whose base angles move on the fixed lines Oo, Ob. 

Let DB suppose four such triangles drawn, then since the pencil [C'Oa'a'a") is the 
same pencil as {C.bb'b'li"), we have 

{«,v.-) . {i«-t -|, 

aod, therefore, 

{A.oo'aVJ = [S.hbb~b-} ; 
or, from the nature of tlie question, 

(A.VTT'T"'} = {B.VW"T"t ; 
«nd tiumfoie A, B, V, V, V", V" lie on th 
same conic section. Now if the first tl 
triangles be fixed, it Is evident that the 
locns of V" is the conic section passing through ABTV'V. 

Ex. 2. M. Cbasles has showed that the same demonatration will hold if the side aft, 
instead of pssHng through the fixed point C, touch any conic which tonches Oo, Oi, for 
then any four positions of the bass cnt Oa, Ob, so tliat 

{aaa~ir} = {bbTb"} (Art, 274), 
and the rest of the proof proceeds the same as before. 

Ex. 3. Newton's method of generating conic sections : — Two angles of constant 
msgnitnde move about fixed paints P, Q; the inteiscction of two ofth^ ^dea travsiees 
the right hne AA' ; then the locus of T, the 
intersection of their other two udes, wiU be 
a conic passing through P, Q. 

For, ss before, take four jHMitions of the 
angles, then 

{P.AA'A-A") = {Q.AA'A'A"'} ; 
but {P.AA'A'A") = {P.W'V"V-'|, 
{Q.AA'A"A~') = (Q.VVT"V"), 
ance the angles of the pendls are the same ; 
therefore {P.VT'rT"} = {Q.VVVV") ; 

and, therefore, as before, the locus of V™ is a conic tbrougli P, Q, V,y',V~. 

Ex. 4. H. Chaales has extended this method of generating conic sections, by supposing 
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the pcdnt A, iiutesd of moTiDg on • right Hue, to move on any coiilc puaing thnngh 
the pdDti P, Q, for -we shall atitl taiTO 

{P.AA'A"A"'}.= (Q.AAXA-). 

Ex. b. Tbe denunstntioD Tould be the same if, in plan of the angles AFT, AQV 
being constant, APT and AQTcnt aflTcoaetant intercepts each on one of two fixed iinea, 
for we Bhoald tliea prove the pencil 

{P.AAX'A"} = {P.VVT"V"), 
becanse both peadls cut off intBrcepta of the same length on a fixed line 

Thm, (lao, given base of a triangle and the intercept made bj the aides on anj fixed 
line, we can prove that the local of vertex is a conic section. 

Ex. 6. We ms}' also extend Elx. 1, by snpposiag tbe extremitica of the line ab to 
more on uty come section paalng throogh tbe pdnta AB, for, taking four poaitiona of 
ths tiian^ we have, by Art S75, 

therefiwe, {A.oaVV't = {B.HIT"), 

and the reet of the proof proceeda aa before. 

Ex. 7. The baseofatriangle passes throogh C, the bitereectionof common ttngenls 
to two conic sectione ; the extremities of the.baee ab lie one on each of tlie cmic secOona, 
wbile the ndea pass throogh fixed points AB, one on each of the conies : the locus of the 
vertex la a craiic tliroogh A, B. 

The proof proceeds exactly as before, depending now on the last theorem proved. 
An. 276. 

We may mention that the theorem of Art. 37B admita of a dmpio geometrical proof. 
Let the pendl (O.ABCD) be drawn horn ptnots corte^iODding to {o.abcd). Now, the 
lipes OA, on, intsTSect at r on one of the cammao chords of the coulee ; in like manner, 
BO, to, intersect in/ontbesame chord, &c; henca (rrVV") meagurea the anharauHilc 
ratio of both these pendla. 

Ex. 8. In Ex. 6 the base, inataad of p«a»ng throogh a fixed point C, may be sup- 
posed to touch a conic having double contact with the given conic (see Art. 276). 

Ex. 9. If a polygon be inscribed in a conic, all whose aides bnt one pass throngh 
fixed points, the envelope of that ride irill be a conic having double contact with the 

For, take any fbnr poaltloni of the polygon, then, if a, A, e, kc, be the vertices of 
the polygoo, we have 

{«!■«"«'■} = (M'6"6") = {ecoV}, &0. 
Tbe problem is, therefore, reduced to that of Art 276, — " Given three paira of pwnta, 
aa'a", dd'd', to find the envelope of a^iT', auch that 

Ex. 10. To inecribe a polygon in a conic secUon, all whose aides pass through fixed 

If we assume any point (o) at random on tbe conic fbr the vertex of the poh^oD, 
and form a polj-gon whose sides pass through the given points, the point 2, where the 
last side meets tbe Qonic, will not, in genersi, ciuncide with a. It ne make four such 
attempts to inscribe the polygon, we must liave, as in the last example, 
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Now, if the Inat Bttempt were lucceaiiful, the point a" would coincide with i'", and Oie 
probleiD is reducol lo, — " Given three pairs of points, aa'a", n't", Co find a point S nich 
"^t {Kao'o-1 = (K«V}." 

Now, if wB malts iw"oWV the verticea of an infloril)ed hexsgon (in Uie order here given, 
taking an a and i alternately, and eo that m, a't, sV, E^--' 

may be opposite vertices), then either of the points in „ ^-^-""'^ 

which tlie line joining the intersections of opposite j'r\ / 

^dcs meets the conic may be taken for the pwnt K. ^^ /• \ / I 

For, in the flgure, the points ACE are aa'o", DFB are /iV«' •' /v / 

kV; and if we talte the Bides in the order ABCDEF, k/...1j^£^— .\3S. 

L, H, N are the intersBctions of oppodto sides. Now, V i //\ \ / \ 
mnce (KPNL) measures both {D . £ACE} and ^^\ yV \ 
(A.KDFBj.wehavB ^\\/ \\ 

{KACE} = {KDFB} Q. E. D." ^'^'^--^ 

It is ea^ to see, from the last eiample, that K Is H "" 

a point of contact of a conic tiavlng douhie contact with the given couic, to which 
<u, oV, d'i' are tangents, and that wo have therefore just given the solution of the 
question, " To describe a conic touching three ^ven lines, sjid having double contact with 
a given conic" 

Ei. 11. T!ie anharmonic property affords also a simple proof of Pascal's theorem, 
alluded to in the last example. 

We have (£.CDFB} ^ (A.CDFB). Now, if we examine the segmente madi by 
the first pencil on BC, and by the second on DC, we have 

{CRMB} = jCDN8|. 
Now, if we draw a pencil from the point L to each of these points, both pendlt will have 
the three legs, CI^ DB, AB, common, therefore the fonitb 1^, NL, LH, must form one 
right line. 

Ei. 12. Pascal's theorem leads at once Vi Mac I^nrin's method of generating conic 
secUons, ftir if we suppose the five points ABODE given, and F variable, then F will be 
the vertex of a triangle FMN, whose sides pass through the fixed points L, A, E, and 
whose base angles move on the fixed lines CD, CB. We see, therefore, that, ^ven five 
points on a conic, we con determine as msny other points on tiie conic as we please- 
By the same construction, given five points ou a conic, ABCDE, we can determine the 
point where any line AN through one of them meets the conic again. So also, given five 
points on a conic, we can find its centre. For we may draw parailds through A Vs BC, 
BD^and determine the p<aDta where they meet (he conic again, and then find the centre 
by note, p. 128. 

* This construction for inscribing a polygon in a conic Is due toM. PoDcelet (IVoiJe 
des Propririrt Frojteliva, p, 861). The demonstration here used, which was comma- 
nicated Ui me by Mr. Townsend, seems to me more rimple than that employed by M. 
Poncelet. The proof here used shows that Poncelet's conatmction will equally solve 
the problem, " To inscribe a polygon in a conic, each of whose Ndes shall touch a conic 
having double contact with the given conic." The conies toudisd by the sides may lie 
hII difierent. 
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Ex. 18. GiToi four pt^nta on a code, ADFB, and tvo fixed linei Ihiou^ an; ime 
of them, DC, DE, to find the eoTelope of the line CE joining the pwnta where those 
filed lints ugain meet the curre. 

The verticea oT the triangle CEM move ob the fixed lines DC, DE, ML, and two of 
its fddea pass thrangh the fixed points, B, F, therefore, the third aide envelopes a coiuc 
aection touching DC, DE (bj the reciprocal of Hac Lauiin'* mode of geoention). 

Ex. 14. Given fonr poinia on a conic ABDE, and two fixed linei, AF, CD, paadng 
each throogh a Afferent one of the fixed pnnts, llielino CF joining Ihe pi^la where the 
fixed linea again meet the curve will paaa through a fixed point. 

Far the triangle CFM baa two ndes passing through tlie fixed pohila B, E, and the 
verticet move on the fixed liaca AF, CD, NL, wliich fixed linea meet in a p<unt, tb^e- 
fore (p. 2&£) CF pasaea through * fixed point. 

The reader will find, In the aection on Projections, how the last two theorem! are 
sugf^ested by other wdl-known theorems. 

Ex. 15. To iiueribe a triangle in a conic wluae thite udca pass thrangh three given 

This is of course a particular case of Ex. 10, bnt our present object is to ^re a geo- 
metrical proof of the conttroctian used at p. 280. 

It we consider the qna- 
driUtenl of which K. L, N 
are vertices, and D, F the 
intersecUouB of oppoute 
tndes; by the harmonic 
properllea of a qnadritate- 
rd, UL, ME, MN, MD 
form a htnnouu: pencil, 
and therefore the line Bl 
is cut harmonically in the 
ptrinla where it meets these four lines. But since B is the pole of MD, BI is also cut 
harmonically in the paints where it meets the conic and where it meets MD-, hence it 
appears that Bl and MN must intersect on the conic, or that I, 2, B lie on one right line. 
In the same manner it is proved that 18 passes through A, uid 32 through a 

339. It was proved (Ex. 4, p. 244) that the anharmonic ratJo 
of four points on a right line is the same as that of their polars 
with respect to any conic. A particular case of this theorem is, 
the anharmonic ratio of any four diameters is egval to that of their 
fwtr conjugates. We might also prove this directly, from the 
consideration that the anharmonic ratio of four chords proceeding 
from any point of the curve is equal to that of the supplemeutal 
chords (Art. 183). 

A conic circumacribes a given quadrilateral, to find the locus 
of its centre. 

■ Draw diameters of the conic bisecting the sides of the quadri- 
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lateral, their anharmonic ratio is equal to that of their four con- 
jugates, but this lost ratio is given, since the conjugates are 
parallel to the four given lines ; hence the locus is a conic pasaing 
through the inid<Ue points of the ^ven sides. Ifwe take the 
cases where the conies break up into two right lines, we see that 
the intersections of the diagonals, and also those of the opposite 
sides, are points in the locus, and, therefore, that these points lie 
on a conic passing through the middle points of the sides and of 
the diagonals. When the given quadrilateral has a re-entrant 
angle it is easy to see that such a quadrilateral cannot be inscribed 
in a closed figure of the shape of the ellipse or parabola, and that 
the drcumscribing conic must therefore be a hyperbola, which 
may have some of the vertices in opposite branches. But since 
the centre of an hyperbola ia never at infinity, the locus ofcenb'es 
must in this case be an tUipse. Through four points not SO dis- 
posed, in general, two parabolte can be drawn, for (Art. 2-55) 
this is a particular case of Ex. 4, p. 280. The locus of centres 
will in this case be a hyperbola, having for asymptotes lines pa- 
rallel to the diameters of these two parabola. The locus of 
centres will be a parabola when one of the g^ven points is at an 
infinite distance ; that is, when it is required, " Given three points 
and a pandlel to an asymptote, to find the locus of centre." 

It is very easy to show, by the same method, that the locus 
of the pole of any given right line is a conic section. 

340. We think it unnecessary to go through the theorems, 
which are only the polar reciprocals of those investigated in the 
last examples; but we recommend the student to form the polar 
reciprocal of each of these theorems, and then to prove it directly 
by the help of the anhanuonic property of thetan^entoofaconic. 
A single example will suffice. 

■ Aiy transversal through ajixed point P meets twojixed lines 
OA, OB, in the points A, B, and portions of given lengths AC, - 
BD, are takenon those lines: tojind the envelope o/CD.- 

Take any four positions of the transversal, and we have 
'■ ■ ,■ [AA'A"A") - iBB-B^B"'|, 

but |AA'A"A"} - {CC'C"C"j, and |BB'B''B-'j - (DD'D'D'j; 
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therefore, the four liaes, CD, CD", C"D", C"'D~', cut the two 
lines OC, OD, so that 

iCC'CrC") = {DD-D-D-'j, 
and, therefore, the envelope of CD is a conic touching OA, OB. 

341. Crenerallj when the envelope of a moveable line is found 
by this method to be a conic section, it is useful to take notice 
whether in any particular position the moveable line can be alto- 
gether at an infinite distance, for if it can, the envelope is a para- 
bola (Art. 255). Thus, in the last example the line CD cannot 
be at an infinite distance, unless in some position AB can be at 
an infinite distance, that is, unless F ie at an infinite distance. 
Hence we see that in the last example if the transversal, instead 
of passing through a fixed point, were parallel to a given line, the 
envelope would be a parabola. In like manner, the nature of the 
locus of a moveable point is often at once perceived by observing 
partieular poations of the moveable point, as we have exemplified 
in Art. 339. 

342. Given three points on a right line, a, b, c, and three 
points on another right line, A, B, C, if we take dD so that 

\abcdi = (ABCDj, 
it is evident, from the preceding Articles, that the envelope of f/D 
is a conic section, and that the lines pd, PD, joining dD to two 
fixed points, will intersect on a conic passing through these points.* 
Let us examine the most general relation between d and D that 
this should be the case. If we denote the distMicea of abed from 
any fixed point o on the same line by r, r, r", r", and the distances 
of ABCD from a fixed point O on the other right line by 
E, R', R", W", we have 

(r-/)(r"-0 (B - RQ (R" - R-) 

(,_O(r'-o"(K-R0(fi'-R0' 

* -We saw, p S29, thai it Is aha true, if ABCD, abed, be poioU on the Mine conic 
section, that D>I will envelope a conic if {ABCD | = [abed), sndtbe interBection of PD, 
pd, will In this ease beonaconic if P.pbefKflStoonUieconio. Again, any two ronics will 
be cut b; four taQKenls to an; conic lutving double contact wilb both, ao that {ABCD) = 
{abed] (Art. 278) ; but it will not be true convereely, Ibat, if this relaUoii holds, the 
envelope of Dif will be a conic, unless the points ABC, abt, be su taken that Ao, B*, Cc, 
may ftll touch the same conic having doable eonlact with both. 
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and if we Buppose r and R alone variable, this gives a relation of 
the form 

iRr +ffi + mr + n = (compare Art. 278). 
This relation contmoiDg three independent constants is, there- 
fore, the most general connexion between od and OD if rfD en- 
velope a conic touching od, OD. 

If i = 0, (H) -will envelope a parabola, since then R and r will 
become infinite at the same time. 

M. Chasles has given this relation in a different form. Let 

there be given two otherpoints e and E, then if A. -^4^.=== 1, 

rfD will envelope a conic j for if the distances «o, EO, be called 
a. A, this relation may be written 

. T-a R-A , 

X. __ + ;,. _j^-l, 

an equation included in the general form we have given. 

343. The distances from the origin of a pair of points on the 
axis being ^ven by the equation Kx^ + 2Ba: + C = 0, and those 
of another pair of points by the equation A'x* -t 2B'x + C = 0, 
to find the condition that the four should form a harmonic 
sygt«m. 

The roota of the first equation being a, a', and of the second 
^, ^', the required condition is 

(/3-,)(/3'-.-) + (/3-.')(/3'-a)-0, 
which, expressed in terms of the coefficients, is 
AC + A'C " 2BB' = 0. 
N. B. It can be proved that the condition that the anharmo- 
nic ratio of the system shall begivenis, that (2BB'- AC- A'C)* 
shall be in a ^ven ratio to (B» - AC) (B" - A'C). 

344. The pMr of points given by any equation of the form 
(Aaf + 2Bar 4 C) + /(AV + 2B'a: + C) » is in involution with 
tiie points pven by Aa;" 4 2Rr 4 C = 0, A'^c" + 2B'a! 4 C » 0. 

For, let the foci of the system determined by the latter two 
pairs of points be given by the equation aa? 4 2&r 4 c = 0, then 
we must have (Art. 343) 

aC 4 cA - 26B = 0, a(y 4 cK ~ 26B' = ; 
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and it is evident that when these conditions are fulfilled we must 
l»ftTe o(c + fl^') + c(A + ;A') - 2ft(B 4 IB) = 0. 

345. To find the centre and the foci of the system just 
written. 

The foci are found, by solving for a, b, c, from the equations 
oC + cA - 26B = 0, aC + cA' - 2AB' = 0, 
and eubsiituting the resulting values in o^r' + 2bx + c = 0; when 
we get 

(AB' - BAO a:» 4 (AC - C A')« + (BC - CB') - 0. 
Thia may be otherwise written, if we make the equatjon homo- 
geneous by introducing a new variable p, and write 

U - Aa^ 4 2Ba!y + Cy\ V = AV + 2B'xy + Cy, 

then the equation which determines the foci is 

dU dVdU dV^^ 

dx dy dy dx 

ITie centre is got by determining /so that the equation U + /V = 

shall have one of its recta infinite, or shall have the coeflGcient of 

ar' = (Art. 131). The centre therefore is given by the equation 

2(BA' - B'A) X + (C A - CA) = 0. 

346. To find the locus of a point such that the tangents from 
it to ticoffiven conies shall form a harmonic pencil. 

For simplicity we shall take the equations of the conies, 
Aa;* + Cy' + Fx* = 0, A'a;' + Cj' 4 Fz' = 0, which is equivalent 
to supposing (see Art. 281) that we have chosen for z, y, z the 
three lines whose poles with regard to both conies are the same 
(Art. 318). Then the equation of the pmr of tangents from any 
point to the first conic being 

(Ajb' + Cy + Fz^ (Ax'' + Cy'' + Fj'') = (Aaw' + Cyy' + Fas')', 
if we make in this 2=0, tire points where the line z is met by 
these tangents is given by the equation 

A(Cy' + Fz'')x' - 2AQo^yxy 4 C(Aa;^ + F/')y = 0, 
and forming the condition (Art. 345) that this shall form a har- 
monic system with the correaponding pair of points for the second 
conic, we find for the equation of the locus. 
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AC'(A'a? + Fs') (Cff= + Fs') + A'C(Aa^+ Fz^) (Cy 4 F^') 

= 2AA'CCarV% 
or A A(CF'+ CF)a^ + CC'( AF+ X'¥)i/' + FF( AC+ A'C)2» - 0. 
And it will be seen tbat this is identical with the equation (eee 
J&x. 3, p. 268) of the conic F which pasaes through the eight 
points of contact of common tangents tothe two conies. It isprovetL 
in like manner that if the anharmonic ratio of the tangents be 
given, the locus is a curve of the fourth degree, F' ■= iSS'. 

THE METHOD OF INFINITESIMALS. 

347. In the next Part we purpose to show how the differential 
calculus enables us readily to draw tangenta to curvea, and to de- 
termine the magnitude of their areas and arcs. We wish first, 
however, to give the reader some idea of the manner in which 
these problems were investigated by geometers before the inven- 
tion of that method. The geometric methods are not merely in- 
teresting in a historical point of view ; they afford solutions of 
Bome questions more concise and simple than those furnished by 
analysis, and they have even recently led to a beautiful theorem 
(Art. 357), which had not been anticipated by those who have 
applied the integral calculus to the rectification of conic sections. 

If a polygon be inscribed in any curve, it is evident that the 
more the number of the sides of the polygon is increased, the 
more nearly will the area and perimeter of the polygon approach 
to equality with the area and perimeter of the curve, and the more 
nearly will any side of the polygon approach to coincidence with 
the tangent at the point where it meets the curve. Now, if the 
^des of the polygon be multiplied ad infinitum, the polygon will 
coincide with the curve, and the tangent at any point will coincide 
with the line joining two indefinitely near points on the curve. 
In like manner, we see that the more the number of the sides of 
a circunucribing polygon is increased, the more nearly will ita area 
and perimeter approach to equality with the area and perimeter 
of the curve, and the more nearly will the intersection of two of 
its adjacent sides approach to the point of contact of either. 
Hence, in investigating the area or perimeter of any curve, we 
may substitute for the curve an inscribed or circumscribing poly- 



■A.Ocli^lC 




290 THB METHOD OF IHFINITBSIMALS. 

gon of an indefinite number of aides ; we may conaider any tan- 
gent of the cui^ve as the line joining two indefinitely near points 
on the curve, and any.point on the curve as the intersection of 
two indefinitely near tangents. 

348. Ex. I. To find the direction of the tangent at any point 
of a circle. 

In any isosceles triangle AOB, either base angle OB A is less 
thui a right angle by half the -vertical angle ; but as the points 
A and B approach to coincidence, the q 

vertical angle may be supposed lees 
than any assignable angle, therefore 
the angle OBA which the tangent 
makes with the radius is ultimately a^. 
equal to a right angle. We shall fre- 
quently have occasion to use the prin- 
ciple here proved, viz., that two inde- 
finitely near lines of equal length are 
at right angles to the line joining their extremities. 

Ex. 2. The circumfirences of tioo circles are to each other as 
their radii. 

If polygons of the same number of sides be inscribed in the 
drcles, it ia evident, by similar triangles, that the bases ab, AB, 
are to each other as the radi! of the circles, and, therefore, that 
the whole perimeters of the polygons are to each other in the 
same ratio ; and since this will be true, no matter how the num- 
ber of sides of the polygon be increased, the drcumferences are 
to each other in the same ratio. 

Ex. 3. The area of a circle is equal to thi radios multiplied by 
the semicircumfirence. 

For the area of any triangle OAB ie equal to half its base 
multiplied by the perpendicular on it fivm the centre ; hence the 
area of any inscribed regular polygon is equal to half the sum of 
its aides multiplied by the perpendicular on any aide from the 
centre ; but the more the number of sides is increased, the more , 
nearly will the perimeter of the polygon approach to equality 
with that of the circle, and the more nearly will the perpendicu- 
lar on any side approach to equality with the radius, and the 
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difference between them can be made leaa than any aseignable 
quantity ; hence ultimately the area of the circle ie equal to the 
radius multiplied by the Bemicircumference ; or = n-r^. ■ 

349. Ex. 1. To determine the direction of the tangent at any 
point on an ellipse. 

Let P and F be two indefi- 
nitely near points on the curve, 
then FP + PF = FF + FF" ; or. 
taking FR = FP, F'K' - PF, we 
have FR = PR' ; but in the tri- 
angles PRF, PR'F, we have also 
the base PF common, and (by 
Ex. I , Art. 348) the angles PRF, PR'F right j hence the angle 
PFB = FPR'. Now TPF is ultimately equal to PFF, since 
their difference PFF may be supposed less than any given angle; 
hence TPF = FPF, or the focal radii make equal angles with 
the tangent. 

Ex. 2. To determine the direction of the. tangent at any point 
on a hyperbola. 

We have 

FT- - FP = FP' - FP, 



FR = P-R'. 

Hence the angle 

PPH - PFR', 
or, the tangent is the internal bisector 
of the angle FPF. 

Ex. 3. To determine the direction of the tan^ 
gent at any point of a parabola. 

"We have FP - FN, and FF - P'N' ; hence 
FK = FS, or the angle N'P'P = FP P. The 
tangent, therefore, bisects the angle FPN. 

350. Ex.1. To ^Ttd the area of the parabolic 
lector FVP. 

Since PS = PR, and FN - FP, we have the 
triangle FPR half the parallelogram PSNN'. 
Now if we take a number of points P'F, &c. 
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between V and P, it is evident that the closer we take them, the 
more nearly will the Bum of all tlie parallelc^frame PSKN', &e., 
approaclkto equality with the area DVPN, and the sum of all the 
triangles FFB, &c., to the sector YFP ; hence ultimately the 
sector PFV is half the area DVPN, and therefore one-third of 
the quadrilateral DFPN. 

Ex. 2. Tojmd the area of the legment of a parabola cut offhy 
asKg right line. 

Draw the diameter bisecting it, then 
the parallelogram PR' is equal to PM', 
wnce they are the complements of paral- 
lelograms about the diagonal; but since ' 
TM is bisected at V, the parallelogram 
PN' is half PR' ; if, therefore, we take a 
□umber of points P,P',P", &c,, it follows that 
the sum of all the parallelograms PM' is 
double the sum of all the parallelograms 
PN', and therefore ultimately that the space V'PM is double 
VPN; hence the area of the parabolic segment V'PM is to that 
of the parallelogram V'NPM in the ratio 2 : 3. 

351 . Ex. 1 . The area of an ettipte is equal to the area (fa cirde 
whose radius is a geometric mean between the lemiaxes qfthe ellipse. 

For if the ellipse and the 
(urcle on the transverse axis be 
divided by any number of lines 
parallel to the axis minor, then 
since mb : md : : m'b' : m'd' i:b: a, 
the quadrilateral mbb'm is to ■■ 
mddni in the same ratio, and 
the sum of all the one set of qua^ 
drilaterala, that is, the polygon 
BM''fi"A inscribed in "the ellipse 
is to the corresponding polygon 
DdditA inscribed in the circle, in the same ratio. Now tlus will 
be true whatever be the number of the sides of the polygon : if 
we suppose them, therefore, increased indefinitely, we learn that 
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the area of the ellipse ie to the area of the circle as £ to a ; but 
the area of the circle being = jra% the area of the ellipse = wab. 

Cor. It can be proved, ia like manner, that if any tfro figures 
be such that the ordinate of one is in a constant ratio to the cor- 
responding ordinate of the other, the areas of the figures are in 
the same ratio. 

Ex. 2. Every diameter of a conic bisects the curve. 

For if we suppose a number of ordinatea drawn to this diame- 
ter, since the diameter bisects them all, it also bisects the trapezdum 
formed by joining the extremities of any two adjacent ordinates, 
and by supposing the number of these trape^ increased without 
limit, we see that the diameter bisects the curve. 

362. Ex. 1. The area of the sector of a hyperbola made by join- 
ing any two points of it to the centre, is equal to the area of the 
segment made by drawing parallels from them to the asymptotes. 

For since the triangle PKC = QLC, the area PQC = PQKL. 

Ex. 2. Any two segments, 
PCiKL,-RSMN, are equal, if 

PK:QLi:RM:SN. 
For 

PK:QL::CL:CK, 
but (Art. 202) 

CL o MT, CK = NT ; 

we have, therefore, 

RM:SN::MT':NT, 
and therefore QE, is parallel to PT. We can now easily prove 
that the sectors PCQ, RCS are equal, since the diameter bisect- 
ing PS, QR will bisect both the hyperbolic area PQRS, and 
also the triangles PCS, QCR. 

If we suppose the points Q,R to coincide, we see that we can 
bbect any area PKNS by drawing an ordinate QL, a geometric 
mean between the ordinates at its extremities. 

Again, if a number of ordinatea be taken, forming a continued 
geometric progression, the area between any two b constant. 

353. The tangent to the interior of ttno similar, similarly placed, 
and concentric conies cuts off a constant area from the exterior 
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For we proved (p. 203) that this tangent is itlwaja biaected 
at the point of contact ; now if we draw any two tangents, the 
angle AQA' will be equal to BQB', , 
and the nearer we suppose the point Q 
to F, the more nearly will the sides 
AQ, A'Q approach to equality with the 
sides BQ, B'Q ; if, therefore, the two 
tangents be taken indefinitely near, the trian^e AQA' will b 
equal to BQB', and the space AVB will he equal to A'VB' ; 
mnce, therefore, this space remains constant as we pass from any 
tangent to the consecutire tangent, it will be constaiit whatever 
tangent we draw. 

Cor. 1 . It can be proved, in like manner, that if a tangent to 
one curve always cut off a constant area from another, It will be 
bisected at the point of contact ; and, conversely, that if it be 
always bisected it cuts off a constant area. 

Hence we can draw through a ^ven point a line to cat off 
from a given conic the minimiim area. If it were required to cut 
off a ffiven area it would be only necessary to draw a tangent 
through the point to some similar and concentric conic, and the 
greater the given area, the greater will be the distance between 
the two conies. The area will therefore evidently be least when 
this last conic passes through the ^ven point ; and since the tan- 
gent at the point must be bisected, the line through a given point 
which cuts off the minimum area is bisected at that point. 

In like manner, the chord drawn through a ^ven point which 
cuts off the minimum or maximum area from any curve is bi- 
sected at that point. In like manner can be proved the following 
two theorems. I am indebted to the late Professor Mac Cullagh 
for my knowledge of all the theorems of this Article, and 1 do 
not remember having seen them elsewhere published. 

Ex. 1. ^a tangent AB to one curve cut off a constant arc from 
another, it is divided at the point of contact, so that AP: PB i«- 
versely as the tangents to the outer curve at A and B. 

Ex. 2. If the tangent AB be of a constant length, and if the 
perpendicular let fall on KRfrtim the intersection of the tangents 
at A and B meet AB in M, then AF iciV/= MB. 
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354. To _find the radius of curvature at ant/ point on an ellipse. 

The centre of the circle circumBcribing any triangle ia the in- 
tersection of perpcodiculara erected at the middle points of the 
wdea of that triangle; it follows, therefore, that the centre of the 
arcle passing through three consecutive points on the curve is 
the intersection of two consecutive normals to the curve. 

Now, ^ven any two triangles FPF, FFF', and PN, FN, 
the two bisectors of their vertical angles, it is easily proved, by 
elementary geometry, that twice the angle PNP' - PFP'+ PFF; 
(See figure, p. 291). 

Now, since the arc of any circle is proportional to the angle 
it subtends at the centre (Euc. VI. 33), and also to the radine 
(Art. 348), if we consider PF as the arc of a circle, whose 

PF 
centre is N, the angle PNP' is measured by pj^. In like man- - 

ner, taking FR = FP, PFF is measured bj ^p, . 

2PF PR FR' 

PN " FP "^ FF ' 
but PR = FR' = PP' Bin PP'F ; 

therefore, denoting this angle by 0, PN by R, FP, FT, by p, p, 
we have 2 11 

Rsind p p 
Hence it may be '\D.%rKAika.ith.e focal diord of curvature is dotMe 
the harmonic mean between the focal radii. Substituting ^ for 
sinO, 2eE for p -I- p', and b"^ for pp, we obtiun the known value, 

ah 
The radius of curvature of the hyperbola or parabola can be 
investigated by an exactly similar process. In the case of the 
parabola we have p' infinite, and the formula becomes 
2 I 

Rsin6 p 

I owe to Mr. Townsend the following investigation, by a dif- 
ferent method, of the length of the focal chord of curvature: 
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Draw any parallel QB to the tangent at P, and deacribe a 
circle tlirongh PQS meeting the focsl 
chord PL of the conic at C. Then by 
the circle PSSC-QSSR, and by Q^ 
the conic (Ex. 2, p. 170) 

PSSLjQS SR::PL:MN; 
therefore, whatever be the drcle, 

SC:SL::MN:PL; 
but for the drcte of onrvatare the pouite S and F coincide, there- 
fore PC:PL::MN:PL; 
or, thejbcal chord qf curvature h equal to the focal chord of the 
conic drawn parallel to the tangent at the point (p. 210). 

355. The radius of curvature of n central couic may otherwise 
be found thus : 

Let Q be an indefinitely near point 
on the curve, QB a parallel to the 
tangent, meeting the normal in S ; 
now, if a circle be descnbed passing / 
through P, Q, and touching PT at P, ( 
flince QS b a perpendicular let fall 
from Q on the diameter of thia cu-cle, 
we have PQ* = PS multiplied by the diameter ; or the radiuB of 

curvature = Kpc' Now, since QB is always drawn parallel to 

the tangent, and unce PQ must ultimately coincide with the tan- 
gent, we have PQ ultimately equal to QR ; but, by the property 
of the ellipse (if we denote CP and it« conjugate by a', b'), 

b'^-.a-^:: QR' : PR • RF (= 2a'. PR), 
therefore ^t>. 26^ PR 




QR». 



Hence the radius of curvature = 



Now, : 



I matter how 



ft-" ra 

PS" 

small PR, PS are taken, we have, by similar triangles, their 
PR CP 
' PS'VT' p 



ratio = 



Hence radius of curvature = 
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It is not difficult to prove that at the intersection of two con- 
focal conies the centre qf curvature of either is the pole with re- 
spect to the other of the tangent to the farmer at the intersection. 

356. If two tangents he drawn to an ellipse Jrom any point of a 
confocal ellipse, the excess of the sum tf these two tangents over 
the arc intercepted between them is constant.* 

For, take an indefinitely near 
point T, and let fall the perpendicu- 
lars TB, T'S, then (Art. 348) 
PT = PR = PP' + PTl 
(for PR may be considered as the * 
continuation of the line PF) ; in like 
manner, Q'T - QQ' + QS. 

Again, since, by Art. 194, the angle TTR = TTS, we have 
TS = TK ; and therefore PT + TQ' - PT + TQ'. Hence, 
(PT + TQ) - (FT + TQ-) = PF - QQ' = PQ - FQ'. 

Cor. The same theorem will be true of any two curves which 
possess the property that two tangents, TP, TQ, to the inner one, 
always make equ^ angles with the tangent TT to the outer. 

357. If two tangentsbe drawn toan ellipse from any point of a 
confocal hj^rbola, the difference of the arcs PK, QK^ is equal to 
the difference of the tangents TP, TQ-t 

For it aj)pearB, precisely as be- 
fore, that the excess of TP' - P'K 
over TP - PK = T'K, and that 
the excess of T'Q' - Q'K over 
TQ - QK is T'S, which is equal 
to TR, since (Art. 194) TT" bi- 
sects the angle RTS. The dif- 
ference, thereibre, between the 
excess of TP over PK, and that 
of TQ over QK, is constant ; but 




* TtuB btlDtiful Uieaism was djfcoverad by Dr. Graves. S«e hia TranilatioH of 
CluuUii Mtntairt on Com, and Spherical Cania, p. 77. 

t This extengion of the preceding [Iieoiem vat dlocorered by Mr. Mac Cullagh. 
DabHf Ezam. Papert, 1841, p. 11; 1842, pp. 63, S3. H. Chulw afUrvaids ludepai- 
2q 
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in the particular case where T coincideB with K, both these ex- . 
cesses, and consequently th^ di^rence, vanish ; in every case, 
therefore, TP - PK - TQ - QK. 

Cor. Fe^nanii theorem, " That an elliptic quadrant can be 
so divided, that the difference of its parts may be equal to the 
difference of the semiaxes," follows immediately from Uiie Article, 
■- since we have only to draw tangents at the extremities of the 
axes, and through thar intersection to draw a hyperbola confocal 
with the ^ven ellipse. The co-ordinates of the points where it 
meets the ellipse are found to be 

a+b " a + i 

358. If a polygon drcunucribe a conic, and if all the vertices 
but one move on confical conicg, the locus of the remaining vertex 
will be a con/bcal conic. 

In the first place, we assert that if the vertex T of an angle 
PTQ (nrcnmscribing a conic, move on a confocal conic (see fig. 
Art. 356) ; and if we denote by a, b, the diameters parallel to 
TP, TQ; and by a, /3, the angles TPT', TQ'T', made by each 
of the sides of the angle with its consecutive position, then aa = b^. 
For (Art. 356) TR = T'S ; but TR - TP. a ; T'S = T'CJ'-jS, and 
(Art. 152) TP and TQ are proportional to the diameters to 
which they are parallel. 

Conversely, if aa = 6(3, T moves on a confocal conic. For 
by revOTsing the steps of the proof we prove that TR = TS ; 
hence that TT' makes equal angles with TP, TQ, and therefore 
coincides with the tangent to the confocal conic through T ; and 
therefore that T lies on that conic. 

If then the diameters parallel to the sides of the polygon be 
a, b, c, &e., that parallel to the last side being d, we have aa = bp, 
because the first vertex moves on a confocal conic ; in like man- 
ner 6j3 = cy, and so on until we find aa = dS, which shows that 
the last vertex moves on a confocal conic' 



dantl; noticed the same exlension of Dr. Graves'itheorem. Complei Bendui, October, 
1843, tom. nvii. p. 838. 

• This proof is tHken from a paper by Dr. Hart; CamMdgt and Dublin Mal/i. 



:.gn..sjvGoOQlc 



THIS METHOD OF PROJECTIONS. 



TBB METHOD OF PROJECTIONS.* 



359- We have already several times had ocea^on to point out 
to the reader the advantage g^ed by taking notice of the num- 
ber of particular theorems often included under one general 
enunciation, but we now propose to lay before him a short sketch - 
of a method which renders us a still more important service, and 
which enables us to tell when from a particular given theorem 
we can safely inJer the general one under which it is contained. 
The method of projections, indeed, as requiring some knowledge 
of the geometry of three dimen^ons, may seem scarcely admissible 
into a treatise on platu geometry ; yet, as it is only in laying 
down ite prinoipleB that we shall have to use a few not very diffi- 
cult theorems of solid geometry, and ae the applicatione of the 
method (the principles b^ng once admitted) do not require any 
connderation of space of three dimensions, we feel that it could 
not with propriety be excluded from the present treatise. The 
reader will have less difficulty in following the demonstrations 
here given, as in studying spherical trigonometry he baa been 
already introduced to the consideration of space of three di- 
mensions. 

360. If all the points of any figure be joined to any fixed 
point in space (O), the joining lines will form a ame, of which 
the point O is called the vertex, and the section of this cone, by 
any plane, will form a figure whicli is called the prqf'ection of the 
^ven figure. The plane by which the cone is cut is called the 
pitme of projection. 

To any point of one figure will correspond a point in the other. 

For, if any point A be joined to tlie vertex O, the point a, in 
which the joining line OA b cut by any plane, will be the pro- 
jection on that plane of the given point A. 

A right line will always be projected into a right line. 

For, if all the points of the right line be joined to the vertex, 

* Tlita meUiod ii tbe iDTentioD oTU. Pmcelet. See Ui TVaUi da PropriiUi Pro- 
jtctiva, publubed in the yvai 1S2S. I^luUI be glad if the slight sketch here given in- 
duces any reader to etudy a irork, ttma wliich I liaTe peihape derived moie infoimatiOD 
than tatia anyoCliei on the theoiy of curves. 
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the j<uDing lines will form & plane, and this plane will be inter- 
sected b; any plane of projection in a right line. 

Hence, if any number of points in one figure lie in a right 
line, 80 will also the corresponcUng points on the projection ; and 
if any number of lines in one figure pass through a point, so will 
also the corresponding lines on the projection. 

361. Any plan£ curve will always be proJeeUd into another 
curve of the tame degree. 

For it is plain that, if the given curve be cut by any right line 
in any number of points, A, B, C, D, &c., the projection will 
be cut by the projection of that right line in the tame number of 
corresponding points, a, b, c, d, &c., but the Aeg^ee of a curre is 
estimated geometrically by the number of points in which it can 
be cut by any right line. If AB meet the curve in some real and 
some imaginary points, ab will meet the projection in the same 
number of real and the same number of imaginary points. 

In like manner, if any two curves intersect, their projections 
will intereeot in the same number of points, and any point com- 
mon to one pur, whether real or ima^^ary, must be conddered 
as the projection of a corresponding real or imi^inary point com- 
mon to the other pair. 

Any tangent to one curve will be projected into a tangent to the 
other. 

For, any line AB on one curve must be projected into the 
line ab joining the corresponding points of the projection. Now, 
if the pdnts A, B, coincide, the points a, b, will also coincide, 
and the line ab will be a tangent. 

More generally, if any two curves touch each other in any 
number of points, their projections will touch each other in the 
same number of points. 
^ 362. If a plane through the vertex parallel to the plane of 
projection meet the original plane in a line AB, then any pendl 
of lines diverging from a point on AB will be projected into a 
system of parallel lines on the plane of projection. For, since 
the line from the vertex to any point of AB meets the plane of 
projection at an infinite distance, the intersection of any two lines 
whitdi meet on A6 is projected to an infinite distance on the 
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plane of projection. Conversely, any system of parallel lines on 
the original plane is projected into a system qf lines meeting on a 
point in the line DF, where a plane through the vertex parallel to 
the original plane is cut by the plane of projection. The method 
of projections then leads ue naturally to the concluBion, that any 
Byatem of parallel lines may be considered as passing through a 
point at an infinite distance, for their projections on any plane 
pass through a point in general at a finite distance ; and again, 
that all the points at ij^mity on any plane may be considered as 
lying on a right line, ^ce we have showed, that the projection of 
any point in which parallel lines intersect must lie somewhere on 
the right line DY in the plane of projection. 

363. We see now that if any property of a given curve does 
not involve the magnitude of lines or angles, but merely relates 
to the position of lines as drawn to certain points, or touching cer* 
tain curves, or to the position of points, &c., then this property 
will be true for any curve into which the given curve can be pro- 
jected. Thus, for instance, *' if through any point in the plane 
of a circle a chord be drawn, the tangents at its extremities will 
meet on a fixed line." Now since we shall presently prove that 
every curve of the second degree can be projected into a circle, 
the method of projections shows at once that the properties of 
poles and polars are true not only for the circle, 'but also for all 
curves of the second degree. Agfun, Pascal's and Brianchon's 
theorems are properties of the same class, which it is sufficient 
to prove in the case of the circle, in order to know that they are 
true for all conic sections. 

364. Properties which, if true for any figure, are true for its 
projection, are csilei projective properties. Beside the classes of 
theorems mentioned in the last Article, there are many projective 
theorems which do involve Ihe magnitude of lines. For instance, 
the anharmonic ratio of four points in a right line, {ABCD) being 
measured by the ratio of the pencil jO.ABCDj drawn to the 
vertex, must be the same as that of the four points { abed] , where 
this pencil is cut by any transversal. Again, if there be an equa- 
tion between the mutual distances of any number of points in a 
right line, such as 
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AB.CD.EP + A.AC.BE.DF + ^AD.CE.BF+&c. = 0, 

where in each term of the equation the same points are men- 
tioned, although in different orders, this property will be projeo 
tive. For (see Art. 314) if for AB we Bubetitute 



OP 

each term of the equation will contMD O A . OB . OC . OD . OE . OF 
in the numerator, and OF* in the denominator. Dividiog, then, 
hy these, there will remiun merely a relation between the ^es 
of angles subtended at O. It is evident that the points A, B, C, 
D, E, F, need not be on the same right line ; or, in other words, 
that the perpendicular OP need not be the same for all, provided 
the points ,be so taken that after the enbstitutioc, each term of 
the equation may cont«n in the denominate the .same product, 
OP . OP. OP*, &c. Thus, for example, " If lines meeting in a 
point and drawn through the Tertices of a triangle ABC meet the 
oppo«te sides inthepointsa, 6, c,tbenAi.Bc.Ca- Ac.Ba.Cft." 
This is a relation of the class just mentioned, and which it is 
sufficient to prove for any projection of the triangle ABC. Let 
us suppose the point C projected to an infinite distance, then 
AC, BC, Cc are parallel, and the relation becomes 

A6.Bc = Ac.Bd, 
the truth of which is at once perceived on makiog the figure. 

36d. It appears from what has been stud, that if we wish to 
demonstrate any projeotiTe property of any figure, it is sufficient 
to demonstrate it for the timpfett figure into which the given 
figure can be projected ; e. g.^ for one in whi<^ any line of the 
^ven figure is at an infinite distance. 

Thus, if it were reqmred to investigate the harmonic propei^ 
ties of a complete quadrilateral ABCD, whose opposite sides in- 
tersect in E, F, and the intersection of whose diagonals is G, we 
may join all the points of this figure to any point in space O, and 
cut the joining lines by any plane parallel to OEF, then EF is 
projected to infinity, and we have a new quadrilateral, whose 
sides ab, cd intersect at e at infinity, that is, are parallel ; while 
ad, be intersect in a pointy at infinity, or are also parallel. "We 
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thus see that any quadrilateral man ^ projected into a parallelo- 
gram. Now emce the diagonals of a parallelogram bisect each 
other, the diagonal ac is cut harmonicallj in the points a, ff, c, 
and the point where it meets the line at infinity ef. Hence AB is 
cat hormoiucally in the points A, Gi C, and where it nieei« £F. 

Ex. If (wo triangles ABC, A'B'C, be mdi Ui£t the points of IntecMcUon or AB, AD' ; 
BC, B'C'i CA,(!A'j lie in ■ right line, then the liaeg AA', BB', CC meet in a point 

Project to inflnitj the line in which AB, A'B'. &c, intersect; then the theorem be- 
comes : *' If two triangles abc, a'b'c have the sides of the one respective]^ parallel lo the 
sides of the other, then the lines aa, hb', cc meet in b point." Bnt the truth of this lat- 
ter theorem is evident, mnce aa\ hb' tiolh cnt cc in the same ratio. 

366. Before giving examples of the application of the method 
of projections to cm^es of the second degree, we wish to examine 
more particularly than in Art. 36 1 the nature of the section made 
by any plane in a cone standing on a circular base. We there 
proved that the projection of a circle must be always a curve of 
the second degree, and we wish now to show that the same circle 
may be projected into any of the three species of curves of the 
second degree. We commence by proving that an^ curve will be 
projected irUo a similar curve, on a fiane parallel to the plane of 
the original curve. 

For take any fixed point A in the plane of one of them, and 
the corresponding point a in the plane of the other, and let radii 
vectores be drawn fix>m them to any corresponding points B, b ; 
now from the similar triangles OAB, Oab, AB is to a& in the 
constant ratio OA : Oa ; and since every radius vector of the one 
curve is in this constant ratio to the corresponding radius vector 
of the other, the two curves are similar (Art. 239). 

Cor. If a cone standing on a cii-oular base be cut by any plane 
parallel to the base, the section will be a drcle. This is evident 
as before : we may, if we please, suppose the points A, a the 
centres of the curves. 

367. The tection by any plane of a cane standing on a circular 
base ie a curve of the second degree. 

A cone of the second degree is said to be right if the line 
joining the vertex to the centre of the circle which is taken for 
base be perpendicular to the plane of that circle ; in which case 
this line is called the axis of the cone. If tins line be not per- 
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pendioular to the plane of the base, the cone is said to be obUque. 
The investigation of the sectionB of on oblique cone is exactly the 
same as that of the sections of a right cone, but we shall treat 
them separately, because the fi^re in the latter case being more 
simple will be more easily anderstood by the learner, who may at 
first find some difficulty in the conception of figures in space. 

Let s plane (OAB) be drawn through the axis of Uie cone 
OC perpendicular to the plane of the section, so that both the 
section MSfN and the base ASB are 
supposed to be perpendicular to the 
plane of the paper: the line KS, in 
which the section meets the base, is, 
therefore, also supposed perpendicu- 
lar to the plane of the paper. Let us 
first suppose the line MN, in which 
the section cuts the plane OAB to 
meet both the sides OA, OB, as in the ^ 
figure, on the same side of the vertex. 

Now let a plane parallel to the base be drawn at any other 
point > of the section. Then we have (Euo. III. 35) the square 
of BS, the ordinate of the drcle, - AB. . BB, and in like manner 
rf-ar.rb. But fromacompaiisonof the 
similar triangles ABM, arM ; BEN, ^N, 
it can at once be proved that 

AE.BB:MB.BN::ar,rft:Mr.rN. 
Therefore 

BS':«»::MR.RN:Mr.rN. 
Hence the section MSjK is such that tbe 
square of any ordinate r^ is to the rectangle 
under the parts In which it cuts the line 
MN in the constant ratio BS* : MB . BN. 
Hence it can immediately be inferred (Art. 
152) that the section is an ellipte, of which , 
MN is the axis major, while the square of 
the axis minor is to MN» in the f^ven ratio 
BS':MB.BN. 
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Secondly. Let MN meet one of the sides OK /^rocfucecf. The 
proof proceeds exactly as before, only that now we prove the 
square of the ordinate ri in a constAnt ratio to the rectangle 
Mr . rN under the parts into which it cuts the line "MIS produced. 
The learner will have do ditBculty in proving that the locus will 
in this case be ^hyperbola, consisting evidently of the two oppo- 
ute branches N<S, M«'S'. 

Thirdly. LetthelineMNbe/Kira2/«ao 
one of the sides. InthiscaBe,BinceAIt=ar] 
md RB : r6 : : KN ; rN, we have the square 
of the ordinate r» (= ar.rb) to the absciBsa 
rN in the constant ratio 

R8'(=AR.RB):RN. 
The section is therefore a, parabola* 




■ Thou who fint treated of conic ■ectioni only caiuldered the cmb vrben a right 
cone IB cut by a pUse peipendLiiIaT to a side of tbc cone : tbat is to tt,y, vhen MN Ul 
peipeodicular to OB. Conic lectioiu were then divided into aectioni of a right-angled, 
•eale, or obtuie-iuigled cone ; and according to Eutocbius, the commentator on ApoUo- 
nlna, were called parabola, clUpee, or hyperbola, according aa Ihe angle of the cone wu 
equal to, leu than, or exceeded a right angle. (See the paasage cited in fall, WoUoh'i 
Examplet, p. 4S8.) Jt was Apollooiua who first showed that all three sections could be 
mada from one cone; and who, aocoiding to Pappns, 'gave them the names parabola, 
ellipae, and hyperbola, fbi the reamn stated, p. 170. The authority of Eutochlaa, who 
wu more than a cenlory Uler ihan Fappas, may not be very great, but the name para- 
bola was Bsed by Arcbimedea, who was prior to Apollonins. 

It is wortb mentioning, that if a iphere be inicribed in a r^hl tone lotKhmg ihi 
plant ofang tielion, thepoM af contact will bi a fount of that 
tecHon, mu! thi corrttponJing dirtciriz will be tht iRieriectivn of 
tht plane of Ihi lecHimwith tht plane of contact of the coneicilh 
the tpliert. (Bp. Hamilton'i Conic Scctioat, lib. il. prop. 87.) 

Let a sphere be both inscribed and exscribed between the 
cone and the plane of the section. Now, if any point P of the 
section be joined to the vertex, and the joining Una meet the 
planes of contact in T)d, then we have PD - PF, since they /( 
an tangents to the same sphere, and, similarly. Pi = PF', there- 
fore PF + PF' = D^ which Is consunt The point (B) where 
Ff" meets AB produced, is a point on the directrix, for by the 
property of the circle NFMR is cut harmonically, therefore, R is i 
F. This is only a particular case of a more general thearem. 

It ts not difficult to prove that the parameter of the section MPN is constant. If the 
(UlCance of the plane tram the vertex be constant. 
in 




n the polar ol 



jcirizeaoy Google 



306 THB METHOD OF PROJECTIONS. 

368. It 18 evident that the projections of the tangents at tjie 
points A, B of the circle are the tangents at the points M, N of 
the conic section (Art. 362) ; now in the case of the parabola the 
point M and the tangent at it go off to infinity ; we are therefore 
t^tun led to the concIuaioQ that evert/ parabola has one tangent 
altogether at an infinite distance. 

369. Let the cone now be supposed oblique. The plane of 
the paper is a plane drawn tiirough the line OC, perpendicular to 
the plane of the circle AQSB. Now let ^ 
the section meet the base in any line QS, 
draw a diameter LK bisecting QS, and . 
let the section meet the plane OLE in the / . 
line MN, then the proof proceeds exactly id—n^ 
as before ; we have the square of the ordi- ^aLJ^ 
nate RS equal to the rectangle LR . RK ; / ( y/ 
if we conceive a planci as before, drawn / yy—'' I 

parallel to the base (which, however, ia left /" '7 

out of the figure in order to avoid render- ^.^ / 
ing it too complicated), we have the square 

of any other ordinate, r*, equal to the corresponding rectangle 
Ir.rk; and we then prove by the similar triangles KRM, krM. ; 
LRN, Ir'N, in the plane OLK, exactly as in the case of the right 
cone, that ES' : r^, as the rectangle under the parts in which 
each ordinate divides MN, and that therefore the section is a 
conic of which MN is the diameter bisecting QS, and which is an 
ellipse when MN meets both the lines OL, OK on the same ^de 
of the vertex, an hyperbola when it meets them on different sides 
of the vertex, and a parabola when it ia parallel to either. 

In the proof just given QS is supposed to intersect the circle 
in real points; if it did not, we have only to take, instead of the 
circle AB, any other parallel circle ab, which does meet the sec- 
tion in real points, and the proof will proceed as before. 

370. If a circular section be cut by any plane in a line RS, the 
rectangle DR. 'RF of the segments of the diameter of the circle 
conjugate to QS is to the rectangle gR . Rk under the segments nf 
the diameter of the section conjugate fo QS as the square of the 
diameter of the section parallel to QS is to the square of the con- 
jupi'te diameter gb. 
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Tbb has beeD proved in the last Article, in the case where 
QS meets the ctrde in real poiat«, 
eince r«' = dr.rf. Now, if the plane 
meet any other parallel plane in a 
line QS which does not meet the 
curve: First, we say that the dia- 
meters conjugate to QS with regard 
to the circle, and with regard to the 
other section, will meet QS in the 
same point K; ibr, by Art. 366, the 
diameter df, bisecting chords of any 
drcular secUon parallel to q», will be projected into a diameter 
bisecting the parallel chords of any parallel section. The middle 
points, therefore, of all chords parallel to qs, must lie in the 
plane Odf, and, consequently, the diameter conjugate to QS, in 
the section gqhs, must be the line gk, in which it is met by the 
plane Odf. DF, therefore, and yk, intersect in the point K, 
where QS meets the plane Odf. 

Now, since we have proved that the lines gk, df, DF, lie in 
one plane passing through the vertex, tlie points D, d, are pi-o- 
jections of ^, that is, they lie in one right line passing through the 
vertex ; we have, therefore, by similar triangles, as in Art. 367, 
dr.rf-.DVi.B.'Fi'.gr.rk.gVi.B.k; and, since dr . rf: gr . rk, as 
the squares of the parallel semidiameters, DK.KF:^K.fi^ in 
the same ratio. 

371. If a plane be drawn through the vertex parallel to the 
circular base meeimg the section gqks in TL, it follows, as a par- 
ticular case of the preceding, thatyL.LAiOL' in the ratio of the 
squares of the parallel diameters of the section. Hence we sec 
that, g^ven any conic section and a line, TL, in its plane, it is an 
indeterminate problem to find O the vertex of a cone such that 
the section of it, by any plane parallel to OTL, should be a circle. 
. For, draw the diameter of the section conjugate to TL, then the 
distance of L from the vertex of the cone is determined by the 
present Article ; also OL must lie in the plane perpendicular to 
TL, since it is parallel to the diameter of a circle perpendicular 
to TL ; O may, therefore, be any point of a certain circle in a 
plane perpendicular to TL, 
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Hence, Owea any conic tection, and-any line TL in its plane 
not evtting it, we can project it, to that the come section may be- 
come a circle ; and the line may be projected to infinity, for we 
have only to take any point O, sucli that the [^ne OTL naay be 
parallel to the planes of circular section, and then any plane pa- 
rallel to OTIj will be a plane of projection fulfiUing the required 
conditions. 

372. Given any eonie section and a point in its plane, we can 
project it into a circle, qf which the projection qfthat point is the 
coitre, for we have only to project it eo that the projection of the 
polar of the given point may paea to infinity (Art. 157). 

Or again, Any two conic sectttms may be projected so as both to 
become circles, for we have only to project one of them into a cir- 
cle so as that any of its chords of intersection with the other shall 
pass to infinity, and then, by Art. 259, the projection of the se- 
cond conic passing through the same points at infinity as the 
circle must be a drole also. 

Any two conies which have double contact with each other may 
be projected into concentric circles. 

For we have only to project one of them into a circle so that 
itschtHrdofcontact with the other may pass to infinity (Art. 2d9). 

Strictly epeakiog, all these projections have only been shown 
to be possible when the line projected to infinity does not meet 
the conic in real points ; but it will be found in practice that this is 
a limitation which it is unnecessary to attend to, and that a pro- 
jective [ffoposition once proved true for any state of a figure may 
become unmeaning, but will netier heoomi false, when certain 
lines iu that figure have become imaginary. Thus, for example, 
although the method of projecting into concentric circles only 
directly proves properties of conies having double contact, whose 
chord of contact is imayinary, we shall not think it necessary to 
seek for an independent proof of the same properties in the case 
where the chord of contact is real. 

373. We shall now ^ve some examples of the method of de- 
riving properties of conies from those of the circle, or from other 
more particular properties of conies. 

Ex. 1. "A line through any point a cit hannoirii^Hy hy tlte curve sjid the polar <£ 
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thnt point." Thu propeitf uid ita reelproc^ are proJectiTe properUea (Ait, 3S4}, Bad 
both beiag trae for the circle, are tTue for ev~ery coiitc Hence all the properties of the 
circle depending oa the theory of polea uid polara are true for all the conic Kctiong. 

Ex. 2. The anfaannonlc properties of the points and tangentBofacoiitc are projectiva 
propertiea, irbicb, when proved for the circle, aa in Art.B13, am prored for all Uiecooics. 
Hence, ererj' property of the dicle which reaolta &om dtliei of ita uiharmonie propenka 
Is trae also for all the conic eectiona. 

Ex. S. Caraofs theorem (Art S14), that if a conic meet the rides oT alliance, 
Aft . Ai. B« . Be'. Co . Cb' = Ae . Ac'. Ba . Ba'. CS . C6; 
ie a projective pn^wity which need only be proved in the case of the drcic, la which 
case it is evidently true, since Aft . A£' = Ac . Ac', &c 

The theorem is evidently true, and can be proved in like nuumer lot any polygon. 

Es. 4. From Carnot'a theorem, thug proved, could be deduced the propeitie» of Ait. 
161, by Buppoeiag tlie ptnot C at an iofiiiite distance ; we then hare 
At.Aff Ba.Brf 
Ac. Ac "Be. Bs" 
where the line Aft is parallel to Bo. 

Ex. £. Given two concentric drclCB, Given two cenics having double eontaci 

any chord of one which toucbes (ke other mth each other, any chord of one which 

la tdsected at the pidnt of contact. loocbea the other la cut humooically at 

the pdnt of contact, and where it meeta 

the chord of eoatict of the coaics. (Ei. 3, 

p. 280.) 

For the line at infinity In the tnt ease ie projected into the chord of contact of two 
conies having double contact with each oltier. Ex. 4, p. 303, is only a particular cose oT 
this theorem. 

Ei. 6. Given three concentric drdea, Given throe ceoics aS tonctung each 

any tangent to one is cut by the other two other in the eame two pcdnts, any tangent 
in (bar points wboee anhannonic isUo la to one laeut l^tlw Olhralwointtau'paiMB 
cODttant. wboae anhannonic ratio is constant. 

The first theorem is obviously tnie, since the (our length* an constuL The second 
may be considered «a an extension of theanbannosic property of the tangents of a conic. 
In like manner, the tbeoreml (in Art. 278) with r^ard to anharmaiiic ratios in couica 
having double contact are immediately proved by piajecting the ccoka into coDceotric 

Ex. 7. Wemeatloned already, that it waa sufficient to prove Pascal^ theorem for the 
case of a cirale, but by the help of Art 3G! we may still furtber simpliiy cue figure, for 
we may suppose the line jniaing the intenectien of AB, DE, to tliat of BC, EF, to pass 
eff to infinity ; and it is only neoeasary to prove that, if a hexagon be inscrib«d in a 
cfacle having the ride AB parallel tfl DE, and BC to EP, then CD win be parallel t» 
AF j bat the truth of tins can be shown from elcmen(aiy considtrationt. 

Ex, 8, A triangle is inscribed in any conic, two of wbese sidea pass througb fixed 
points, to find the enveli^ ofthe third (p. 239). Let the line joining the fixed points 
be projected to infinity, and at the same time the conic into > ciide, and this property 
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becomes, — " A trluigl« Is tnicilbsd Id ■ drcl% tvo of vhon lidea are parallel to Sxed 
Ilne^ to Sod the eovelope of the tbiid" Bat this anvalopa ii a ooocentric circle, eince 
lbs vertksl ao^ of the trianf^ ia given ; heoee, in the general caee, t|ie envelope is a 
oonic touching the ^ven conic in two paint* on the line Joining the two given poinU. 

Ex.9. To inveMigate tba projective properttea cf a qoadrilatecalinBciibedinaeonic. 
Let tlie conic be pn^eded into a drole, and the qnadrilaCeral into a paralldegiam (Art. 
86fi). Now the Intenecdon of Iha diagmuls of a parallelogram Inscribed in « drde ui 
the centre of the circle i hence the intareection of tlie dlagonala of • quadHUtenl in- 
•cribed in a conk la the pole of the Hue joining the inteiaecUoni ot the oppoeite adcs. 
Again, if tangents to the drde be drawn at the verticeB of thia parallelogram, the dia- 
gonal of the qoadrilateni so formed will also paaa thrangh the centre, biaecdng the 
angles between the flrat diagonals; hence, "the diagonals of the iniciibed and ceite- 
apondlng cucumsctibhig qnadrilateral paaa through a point, and (arm an harmonic 

Ex. 10. Given four pointa on a conic, <^7en fbor p<dnta on a conic, the locna 

the locus of its centra ii a conic through of the pole of toy fixed line ia a conic pa»- 

tbe middle pointa of the odea of the given ing throagb the fourth harmonic to the 

quadrilatersL point in which thia line meeta each nde of 

the given qnadrilateraL 

Ex. 11. The locna of the point wliere If through a fixed point O a line be 

parallel chords of a circle an cut in a ^ven drawn meeting the conic in A, B, and mi it 

ratio i> sn ellipae having doable contact a point P be taken, such Uiat {OABP} 

with the drcte. (Art. 166.) laaj be constant, the locus of F is a conic 

having double contact with the given conic. 

374. We may project seTend properties relating to foci by 
the help of the deBnitioa of a focus ^ven, page 233. 

Ex. I. The locus of the centre ot a drde If a conic be described through two 

tfluciiing twogis-«n circles ia a b)>perbola, fixed pointa, and touching two conies which 

having the centres of the given ciroles for also pass throngh tlioee points, tbc locus of 

fod. the pole of the line joining those points is 

a conic inscribed in the quadrilateral formed 

by joining the two given points to Ibe poles 

ot the same line with regard to the given 

We give this eiample as worth the learner's study, because it illiiBtrstes tlie different 
principles that all drctes pass through two flxed |ioiuta at mfinlty (Art. £69} ; that the 
centre is the pole of the line joining them (Art 157) j thata focus is theintetsecdon of 
tangents passing through these fixed points (Art. 2S2) ; and that we 3i« safe In extend- 
ing OUT conclusion ftom ImaginHiy to real points (Art. 872), 

Ex. S. Given tbo focus and two points Given two tangents, and two points on 

oFb conic section, the inleiseclion of tan- a conic, the locus of the Intersection of tan- 
gents at those points will be on a fixed line. gents at those points Is a right line. 
(Art. 196.) 

Ex. 3. Given a focMB and two langenis Given four langoiits and a fixed point 

to a conic, the locus of the other focna is a on each of two o/ them, the locus of the 
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right liDB. (Thk followi (Vom Art. 194.) intenectjoa of tangeDtB fVom these pointa ia 
a right lioe. 
For, the two piunli at indnit; od anj drcle lie one od each of the tangente froin one 
fbcoB, aud the istereection of the othci tangenU rrom these two poinU b th« other focna. 
Ex. 4. Given three Cangenta to a para- Given fonr tangents to a conic, uid two 

bola, the locna of the focus is the drcum- fixed pointa on one of them, the locng of 
(Cribing drcle. (p. 187.) intersection of theother tangents from these 

points Is a conic pauuig through the two 
points, and drcunucribing the triangle 
formed bj the other tbree tangents. 
For every parabola has one tangent at inSnltj', and the two points throng which 
ever; drde must pass He on this tangenL 

Ex. 6. The locus of the centre of « Given one tangent, and three points on 

drcle passing through a fixed point, and a conic, the locos of the intersection ot Un- 
toochingafized line, is a parabola of which gents al an; two of these points ie a conic 
the fixed point Is the tbcus. inscribed in the triangle formed by thoae 

Ex.6. Given four tangents to a conic, Given four tangents to a ccmlc, the locus 

the locus of the centre is the line joining of the pole of any line Is the line jdning 

. the middle points of the diagonals of the the firarth harmonics of the points where 

quadrilateral. the given line meets the diagonals of the 

quadrilateral. 

It Ibllawa &om our defidtion of b focus, that If two conies have the same focus, thia 
point will be an intersection of common tangents to them, and will posseea the properties 
mentioned In Art. S66. Also, that if two conies have the same fociu and directrix, ihey 
may be considered aa two eonlca having doable contact with each other, and may be 
projected into coocentrio circles. 

Z75. Since anglee whioh are constant in any figure will in 
general not he constant in the projection of that figure, we pro- 
ceed to show what property of a projected figure may be inferred 
when any property relating to the mngnitude of angles ia given,* 
and we commence with the case of the right angle. 

Let the equatjong of two lines at right angles to each other 
be X = 0, y = 0, then the equation which determines the direction 
of the points at infinity on any circle is x'' + y' •= 0, or 
X + y^/- \ = 0, X -i/i/- l^'O. 

' Some particular caaea where constant anglea are projected Into constant angles 
have been treated of by M. Foncdet, Ti^iti det ProprUllt Prqffcti™, p. 257 ; and by 
Mr. Molcahy, Modem Gtometrj/, p- 1 1 6 ; wbo have thus deduced by projection properties 
relating lo angles BDbtended at the foci of conies from properties of the circle. As Ihcse 
theorema, however, may be mora aimply oblalned otherwise, we have thonght it belter 
not to occupy space with thia nietliod of obtaining them, and have substlCated the gene- 
ral theory of projection of angles given in the text. 
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Hence (Art. 55) these four lioea form an harmonic pencil. HencCi 
given four points, A, B, C, D, of a line cut harmonically, where 
A, C may be real or ima^nary, if these points be transferred by 
a real or ima^nary projection, so that A, C may become the two 
ima^nary points at infinity on any circle, then any lines through 
6, D will be projected into lines at right angles to each other. 
Conversely, any two lilies at right angles to each other toill be pro- 
jected into lines which cut harmonically the line joining the two 
Jixed points which are the projections i^the imaginary points at 
iTifinity on a circle. 

Ex. 1. The tangent to a circle id at Any chord of a conic la cut hannoni' 

ri^t angles la Ote radius. eally hyanj tangent, and by the tine Join- 

ing the point ot contact of that tangent to 
the pole otthe given chord. (Ait. 117.) 
Fbr the chord of the cnuc ia ani^raeed to be tiie projeclion of the line at infinity on 
the plane of the cirde ; the pdnts where the cboti meeta the conic will be the projections 
of the iraa(lnary polnls at In&iity on the circle ; and the pole of the chord will be the 
projectJoD of the centre of the drcle. 

Ex. 2. Any li^t line drawn through Any right line thioogh apaint,theliae 

the fncuB of a conic ie at right angles to the j(dDing its pole to that pinat, oud the two 
line joii^ng ita pole to the focos. (Art. tangents from the point, fonn an harmonic 
197.) > penciL (Art. 149.) 

It ia evident Hut the firat of theae properties la only a particular case of the second, 
if ire recollect that die tangents from the focus are the lines joining the focoa to the two 
imaginary points in any circle (ArL 282). 

Ex. 3. Let us apply Ex. 6 ttf the last Article to determine the locus of the pole of ■ 
given line with regard to a syBtem of confucal conies. Being given the two fad, we are 
given a qoadrilateral circumscriluDg the conic (Ail 2B2), one of the diagonals of this 
quailrilalsral is the line joining the foci, theieforo (Eic. 6) one point on tlie locus is the 
fourth harmonic to the point where the given Kub cuts the dietancB between the liKi. 
Again, another diagonsl is the liue at infinity, and since the Bxtremities of this diagonal 
are the points at indnity on a circle, by the pieaent Article the locus is perpendicular to 
the given line. The locus is, theiefore, completely determiued. 

Ex. i. Two confbcal conies cut each If two conies be inscribed in the same 

other at right angles. quadrilateral, (he two tangeuts at any of 

thdr points ofinterecction cut any diagonal 
of the circumscribing quadrilateial har- 
monically. 
The last theorem is a ose of the reciprocal of Ex. 1 , p. 280. 

Ex. 5. The locus of the Intersection of If from any two points B, I>, which cut 

two tangentB to a central conic, which cut a given line AC harmonically, tangents be 
at right angles, Is a circis, drawn to a conic, the locns of their inter- 

section O is s conic tbroogh the ptrinla 
A,C 
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TheUgt theorem nuy, hj Art. 149, be stated otbenrlse thm : "Tbe locni of a point 
O, mch that tlis line joining to the pole of AO ma; ptus through C, ia a cunic through 
A, C j" and the truth of it ia evident directly, by taking four pofdtiona of the Uae, wliea 
we Me, hy AiLBS9, th«t the anharmonie ratio of ftmrlinee, AO, Is equal to that offonr 
., CO. 



Ex. 6. The locat of the interaeetion of If in the last example AC touch the 

tangeats to a parabola, which cut at right glvea conk, the locus of will be the line 

angles, is the directHz, joining the poinU of contact of tongenta 
from A, C. 

Ex, 7. If from any pfdnt on a conic If a harmonic pencil be drawn through 

two Unea at rigfat angles to each other be any p<^t on a conic, two legs of wbich are 

drawn, the chant joining thai extremities fixed, the chord joining the extremides of 

passes Qirough a fixed point (p. 160.) the other l^s will pass through a fixed 

In other words, given two points, a, s, on a conic, and {abed) an harmonic ratio, hi 
win pass through a fixed pdnt, namel?, the intersection of tangents at a, c. But the 
trath of this majr be seen directljr: ftirlet the line ac meet bd in K, then since {a. abed) 
is a hannanic pencil, the tangent at a cuts (d in the fourth hixrmonic to K : but so like- 
wise most the tangent at c, thmerore these tangents meet ftd in tbe same point. As a 
parUcalar case of this theorem we have the fiillowlng : " Through a fixed point on a conic 
two lines are drawn, making eqotJ angles witli a fixed line, the chord joining tlieir extre- 
milica will pasa through a fixed pdnt." 

376. A system qf pairs of right lines drawn through a point, 
every two of which make equal angles with a fixed line, cut the line 
at infinity in a tystem of points in involution, of lokich the two points 
at infinity on any circle form one pair of conjugate points. For 
they evidently cut any right line in a system of points in involu- 
tion, the foci of which are the points where the line is met by the 
given internal and extem&l bisector of every pair of right lines. 
The two points at infinity just mentioned belong to the system, 
since they also are cut harmonically by these bisectors. 

The tangents from any point to a nys- The tangents &om any point to a Sys- 

tem of cocfocal conies make eqnal angles tem of conies inscribed in the same quadrl- 
with two fixed lines. (Art 194,) lateral cut any diagonal of that quadrila- 

teral in ■ system of points in involation of 
which the two extremities of that diagonal 
are a pair of conjugate points. (Art. 888.) 

377. Two lines diverging from a fixed point, which coiUain a 
constant angle, cut the linejoimng the two points at infinity on a 
circle, so that the anharmonic ratio of the fiiur points is constant. 

For the equation of two lines containing an angle 6 being 
a;= 0, y = 0, the direction of tbe points at in6nity onany circle ie 
determined by the equation 
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and, separating this equation into fiiotors, we see, by Art. 65, tliat 
the anharmonic ratio of the four lines is constant if be constant. 
Ex.1. " The ugh oODtaiosd in tbe unn aegmeDt of a drale la crauUnL" We lee, 
by the pnamt jlrllcle, that tUi i> the tana ununed bj the tiihtiinoniG ptnper^ of fOnr 
point* M k circ)« wbm two of them ue at in inSait« dlMMM*. 



Ex. 2. Ha mvdope of « chord of a 
oodIc vhidi labteodi > ooiutuit >iigl« M 
tfac fociu li uiother codIc having the «ame 
fiicat and tha SI 



Ex. 3. The locos of the intersection of 
tangsnii to a parabola which cat at a given 
angle ie a hyperbola having the same focus 



Id thest 



If tangents throng any fiAat meet 
the conic in T, T', and tfaers be taken on 
the conic tiro pohita A, B, soch that 
{O.ATBr) ia conMant, the enTsliqie of 
AB ia a conic touching the ^TCa oonlc in 
the pdnts T, T*. 

If in Art B7fi, Ex. S, the points B, D 
be ao taken that {ABCD} ia constant, the 
locns of O ia a conic tonching the i^rcn 
conic at the points of crat*ci of tangents 



Ex. 4. If from (he focna of a con 
Hne be drawn inshing a given angle i 
any tangent, tlie locna of the point where 
it meets It is a dnic 



If a variable tangent to a coi^ meet 

HO fised tangenti in T, T, and a fixed 

Hne in M, and there be tahen on it a pdnt 

P, ench that {PrMT} may bs canstant, 

the locus of F is a conic passing thiongfa 

the paints where the fixed tangenta meet 

the fixed line. 

A particular case of tbiatheor^n it: "The locna of the pmnt where the Intercept of 

a variable tangent between two Ased tangents is cot in a given ratio, ia a hyperbola 

whose aaymptotea are parallel to the fixed tangents." 

Ex. fi. If from a fixed point O, OP be Giroi the anharmonic ratio of a pencil 

drawn to a ^ven circle, and the angle three of whose le^ pass through fixed 

TPO be constant, the envelope of TP is a pomu, and whose vertex moves along a 

conic having O for Its focus. given conic, passing through two of the 

points ; the envelope of the tbuith leg is a 

conic fmching tike Ihiee joining these two 

to the third fixed point 

A partlcnlar case of this i> : " If two fixed points A, B, on a conic bs joined to a 

variable point P, and the inlercapt niade by the joining chorda on a fixed line bo cut in 

a given ratio at H, the envelope of PH ia a conic touching parallels through A and B 

to the fixed line." 

Ex. 6. It mm a fixed point O, OP be Given the anharmonic ratio of a pencil, 

drawn to a ^ven right line, and the angle tbiee at whose lega pass through fixed 
TPO be constant, the envelope of TP ia a points, and whose vertex moves along a 
parabola having O for its focus. fixed line, the envelope of the fborth leg ia 

a conic touching the three sides of the tri- 
angle formed by the given points,* 



* The method of projectioua 
curves properties of other curvn 



n equally be used in oblolning from properties of plane 
ot plane, e. g. curves on the surface, of a sphere. Mr. 
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378. We ahall coDclade this chapter with a brief account of 
the method of ortkogottal proJecHottf which, before the publication 
of M, Poncelet'e ^^atise, waa the only method of projection much 
uaed by geometers. If from all the points of any figure peipen- 
dicularB be let fall on any plane, thor feet will trace out a figure 
which is called the orthogonal projection of the given figure. 
The orthogonal projection of any figure is, therefore, a right sec- 
tion oiacylmder passing through the given figure. 

All parallel lines are in a constant ratio to their orthogonal 
projections on any plane. 

For (see fig. p. 4) MM' represents the orthogonal projection 
of the line PQ, and it b evidently " PQ multiplied by the cosine 
of the angle which PQ makes ^th MM'. 

All lines parallel to the intersection of the plane of the figure 
with the plane on which it is projected, are equal to their orthogonal 
projections. 

For, since the intersection of the planes is itself not altered 
by projection, neither can any line parallel to it. 

The area of any figure in a given plane is in a constant ratio 
to its orthogonal projection on another given plane. 

For, if we suppose ordinates of the figureandofite projection 
to be drawn perpendicular to the intersection of the planes, since 
every ordinate of the projection is to the corresponding ordinate 
of the original figure in the constant ratio of the cosine of the 

Malcab}', some yean >go, gave tbe (ollowiag method of obtaining tbe properties of 
angles subtended at the fOciu fiom those of anull circlea on a sphere. The method de- 
pends on the foDowing principle; the focm of the terlieti of all the right toaei flom 
which a gineii elliptt eaa be cut i* a hyperbola patting through the fbei of the ellipte. 
For, see note, p. SOS, the diffeience of MO and HO is conglaot, being equal to tbe difle- 
tencBofMrandNF. 

Now, let ue take any property of a email circle of a sphere, e. g. if throngb any pdnt 
F, on the sni&ce of a sphere, a great circle be drawn, cutting the small dicle in the points 
A, B, then tan JAP tan JBP is constant. Now, let ub take a cone whose base is the 
small drele, and whose vertex Is the centre of tbe sphere, and let us cut ttuscone t^any 
plane, and we team that "if through a point p, in the plane ofanf conic, ahnebedrawn 
cutting the coulc in the paints a, b, then the product of tbe tangents of the balvea of the 
auf^es which ap, bp subtend at the vertex of the cone will be constant; this property will 
be true of tbe Tertex. of any right cone, oat of which the section can be cat, and, there- 
fore, Hnce tbe focus is a point in the locus of such vertices, it must be true that tan \afp 
(an ihfii is constant (see p. 101). 
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angle between the plimea to unity; by Art. 351, Cor., the areaa 
of the figures will be in the sajne ratio. 

Any ellipse can be orihogortally projected into a circle. 

Far, if we talce the intereecUon of the plane of projection with 
the plane of the ^ven ellipse pandlel to the axis minor of that 
ellipse, and if we take the cosine of the angle between the planes 

•" -, then every line parallel to the axis minor will be imaltered 

by projection, but every line parallel to the axis major will be 
shortened in the ratio b:a, the projection will, therefore (Art. 1 66), 
be a circle, whose radius is b. 

379. "We shall apply the prindples Itud down in the last Ar- 
ticle to investigate the expresaioo for the radius of a drcle ar- 
cumscribing a triangle iDBcribed in a conic, given Ex. 6, p. 1 99.* 

Let the ddes of the triangle be a, j3, y, and its area A, then, 
by elementary geometry. 

Now let the ellipse be projected into a circle whose radius is b, 
then, since this is the circle circumscribing the projected triangle, 
we have „W~' 

But, since parallel lines are in a constant ratio to their projeo- 



tioQB, we have 



i::b:b'. 



f.-.b-.b"'; 

and, since (Art. 378) A' is to Aas the area of the <arole (=jrA') 
to the area of the ellipse (° irab), we have 

A':A::6:a. 
Hence a'^y' _ a^y _ 



TS^-4A ••"■'' = *'*"*" 



and, therefore, 



This proof of Mr. Muc Cullagh's thecjreni U diw to Dr. GraTcc. 
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Pascal's Theobbm, Page 222. 

t wu the first who (in Qeryonne^a Aimalta) directed the 
attention of geometerB to the complete figure obtained bj joining in 
eveiy possible way six pointa on a conic M. Steiner's theorems were 
corrected and extended by M. Pliicker {^Crdl^a Journal, -vol -v. p. 274), 
and the subject has been more recently investigated by Messrs. Cayley 
and Kirkman, the latter of whom, in particular, has added seTeral new 
theorems to those already known. We shall in this note give a slight 
sketch of the more important of these, and of the methods of obtaining 
them. The greater part are derived by joining the simplest principles 
of the theory of combinations with the following elementary theorems 
and their reciprocals : " If two triangles be such that the lines joining 
corresponding Tertices meet in a point (which we shall call the poU of 
the two triangles), the intersections of corresponding sides will lie in 
one right line (which we shall call their axia)." " If the intersections 
of opposite sides of three triangles be for each pair ihe same three points 
in a right line, the poles of the first and second, second and third, third 
and first, will lie in a right line." 

Now let the six points on a conic ha a,h, c, d, e,f, which we shall 
call the points P. These may be conaeoted by ,^;lwn right lines, <A,ae, 
&c., which we shall call the lines C. Each of the lines C (for example 
ai).is intersected by the fourteen others ; by four of them in the point 
a, by four in the point b, and consequently by six in points distinct 
from the points P (for example the points ab, cd; &a.) These we shall 
call the points p. There are forty-five such points ; for there are six 
on each of the lines C. To find then the number of points p, we 
must multiply the number of lines C by 6, and divide by 2, since two 
lines C pass through every point j>. 
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If we take the aides of the hexKgon in the order tUxid^f, pascal's 
theorem ia, that the three p pointa, {a4, de), (ed, fa), {be, tf), lie in one 
right line, which we may call either the Paacal t^cdef, or else we may 

denote ai the Paacal | jj fji,\f ^ iona which we aometimes prefer, 
as ahowing more readily the three pcints through which the Pascal 
passes. Throogh each point p foar Pascals can be drawn. Thua 
through {fib, de) can be drawn abcdef, ab/dec, abcec^, abfadc We then 
find the total number of Pascals \>j tnolUplying the nomber of points j) 
by 4, and dividing by 3, since there are three points^ on each Pascal. 
We thus obtain the number of Pascal's lines ^ 60. We might have 
derived the same directly by considering the number of different ways 
of arrmnging the letters ahedef. 

Consider now the three triangles whose sides are 

ab, cd, ^, (1) 

dt, fa, be, (2) 

ef, he, ad. (3) 

The intersections of corresponding aides of 1 and 2 lie on the same 

Pascal, therefore the lines joining corresponding vertices meet in a 

point, bat these are the three Pascals, 

(ab.de.cfX rcd.fa.be \ ref.be.ad\ 
\ ed.fa.be J ' Uf.bc.adi' \ ab.de. cfi' 
This is Steiner's theorem (p. 222) ; we shall call this the g point, 
{ ab.de. ef '] 



cd.fa.be > 
ef.bc.ad J 



The notation shows plainly that on each Pascal's line there is only one 

g point; for given the Pascal \ ^ j-' /^ ( the j; point on it is found 

by writing under each term the two letters not already found ia that 
vertical lin& Since then three Pascals intersect in every point g, the 
number of points ^ — 20. If we take the triangles 2, 3; and 1, 3; the 
lines joining oorresponding vertices are the same in all cases : therefore, 
by the reciprocal of the second preliminary theorem, the three axe* of 
the three triangles meet in a point. This, however, is plainly only the 

fab.ed.^) 
jT points de.fa.bc r, and therefore leads us to no new theorem. 

Icf.be.adi 
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Let US now coDBider the triangles, 

ab cd ef (I) 

ab.ce.d/\ cd.b/.tu\ ef.bd.ac\ 
de.hf.acj'' af.ce.hdr ba.ae.t^P ^^ 
ta.ct.d/x ed.bf.ae\ ef .bd.ae\ , . 
e/.bd.aeJ' be.ac.dfS' ad.ce.b/r ^' 
Now the intersections ofcortespondiog sides of I and 4 are three points 
Vhich lie on the lame Pascal; therefore the linee joining corresponding 
vertices meet in a point. But these are the three Pascals, 
aJ.M.tJ^l cd.b/.ae\ ef.ac.bd) 
od.bf.aei' ef.ac.bdJ' ab.d/.ce I' 

ab.ce.df^ 
We majr denote the point of meeting as the k point, cd . bf. ae t • 

ef.ac.bd J 
The notation differs from that of the g points in that onlj one of the 
vertical columns contains the six letters without omission or repetition. 
On every Pascal there are three A points, viz., there are on 

ab.cd.ef^ '^-<^-'f\ ob.^.tf\ oS.cd.Vl 
(faa/fc)' *-«/fi''h' do.af.bc), de.af.bcf, 
e/.bd.aeJ ac.be. df} bf.ce.adj 
where the bar denotes the complete vertical column. We obtain then 
Mr. Kirkman's extension of Steiner's theorem: — The Patade intersect 
three by three, not OTiiy in Stetner'a twenty points g, but also in eixtg other 
points h. The demonstration of Art. 269 applies alike to Mr. £irkman*B 
and to Steiner's theorem. 

Id like manner If we consider the triangles 1 and 5, the lines join- 
ing corresponding vertices are the same as for I and 4; therefore the 
corresponding sides intersect on a right line, as they manifestly do on a 
Pascal. In the same manner the corresponding sides of 4 and 6 must 
intersect on a right line, but these intersections are the three h points, 
'^.ce.d/'] ae.^.bn ac.bd.Tf'] 
de.b/.ac>, bd.a/.cef, df.ae.bc >■ 
c/.ae.bdj ac.be.d/J ct.b/.adj 
Moreover, the axis of 4 and 5 must pass through the intersection of 
ab.cd.efl 
the axes of 1, 4, and I, 5, namely, through the^polnt, d«. a/. ^ >. 

c/.be .adj 
In this notation the g point is found by combining the complete 
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vertical columns of the three h points. Hence we have the theorem : 
" I%ere are twenty liner x, each of which paexa through oney and three h 
points." The existence of these lines was observed independeatljr by 
Mr. Cayley and myself. The proof here given is Mr, Cayley'a. 

Again, let us take three Pascals meeting in a point h. For instance, 

<ie.h/.ac\ c/.ae.bd'\^ 

cf.ae.X 
We may, by taking on each of these a point p, form a triangle whose 
vertices are (r^, ac), (hf, as), (^d, ce), and whose sides are, therefore. 



^.ce.df-t 
de.bf.acS' 



Again, we may take on each a point h, by writing under each of the 
above Pascals af. cd. be, and so form a triangle whose sides are 

ac.bf.de-\ ef.ae.bd\ d/.ab.i 

be.cd.a/r be.cd.afj' be.cd.i 
But the intersections of coirespondiog sides of these triangles, which 
most therefore be on a right line, are the three g points. 



(.WJ' 
lese a poi 
ce), and ' 
ac.S/.de-i bf.ai.ad-\ bd.ac.ef-\ 
df.ae.c6p ae.bd.cf J' ce.df.abj' 
we may take on each a point h, by writing und 
lis af. cd. be, and so form a triangle whose sic 
ac.bf.de-\ ef.ae.bd\ df.ab.ce\ 
be.cd.afP be.cd.afj' be.cd.afJ' 
lersections of corresponding sides of these tria: 
'ore be on a right line, are the three g points, 
be.cd.af~\ be.cd.af\ be.cd.af'\ be.cd.afj 
ae.bf.de y, cf.ae.bd\-, dfab.ce >, ef.ab.deV, 
df.ae.bcj ad.bf.cdj ac.ef.bdj ad.ef.bcj 
I have added a fourth g point, which the symmetry of the notation 
shows must lie on the same right line; these being all iheg points into 
the notation of which be. cd.afca.n enter. Now there can be formed, 
as may readily be seen, fifteen different products of the form ^.ctf.q/'; 
we have then Steiner's theorem. The g pointa lie four byfmur on fifteen 
r^ht tinea L 

My limits do not allow me to do more than add the enanciations of 
a few moie theorems (principally Mr, Kirkman's), but the preceding 
examplesaresofficient to show how they may bedemonstrated, and how 
any reader who chooses to prosecute the study of the figure may find 
other theorems in great abundance: "The twenty lines x pass four by 
four through fjieen points y." The four lines x whose^ points in the pre- 
ceding notation have a common vertical column will pass through the 
same point. " There are sixty linei J, each of which passes through one 
point p and two points h." " The lines J again past three by three through 
eixty points j, three of which lie on each of the lines x." Mr. Kirkman calls - 
points ffl the intersections of two Pascals, corresponding to hexagons 
which have four common sides, no opposite pairs being the same for 
both ; for example, abcdef, dbcfed ; and points r, those corresponding 
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to hexagona which hftve three common sides, two of which are con- 
t^uous ; for example, abedef, abcefd. " The nimty poinU m lit three by 
three on tixty lines M." " There are sixty linet R, each containing tix 
points r, and also one o/the six points P, and which pass in threes through 
twenty points q." (SssCambridgeand DiMin Math. Jovr., vol. v. p. 185). 



Aet. 296, Page 250. 
Dr. Boole's method (p. 143) may be implied to find the relations 
between the coefiBcients of the equations of two conies, which remain 
unaltered when we transform from one set of trilinear co-ordinates to 
another. Thus, if we form the condition that itS + S' <3 shall repre* 
lent two right lines, it is plain that the values of it determined bj put- 
ting this condition = 0, must be the same no matter in what system of 
co-ordinates S is expressed. Hence then the ratio between any two 
coefficients in the cubic for k (Ait. 296) remuns unaltered when we 
transform from one set of trilinear co-ordinates to another. Several 
theorems may hence be easily proved. For instance, let us define a 
sdf-conjv,goXe triangle, one such that any side is the polar of the oppo- 
site vertex with regard to a given conic ; and let it be reqaired to prove 
that tiie nerlices of any two self-conjugate triangles all lieonthe same conic 
(see Ex. 2, p. 19^). Let the sides of the first triangle be x,y,ii those 
of the second u, v, to; then supposing these qnantitiea to include con- 
stants implicitly, the equation of the conic can (Art. 281) be expressed 
in either of the forma x* + y* + r* = 0, or «* + u' + w* = 0. And let 
the equation of any other conic expressed in terms of the sides of the 
first triangle be 

A3? + Ay + A"*" + 2Byz + 2B'aE + 2Wxy = 0, 
and of those of the second be 

au' + oV,+ a"u!' + 2bvw + 2b'wit + 2b"uv = 0; 
then we have 

Aa^-¥&a. + k(x' + y* + «") = aa' + &c + i(«»+ e" + to'). 
Forming then the disoriminant of each side of this equation, and 
equating corresponding coefficients of k, we find 
A + A' + A" = a + a' + a"; 
(AA'-B"')+(-^'A"-B')+(A"A-B")=(aa'-4'")+(a'a"-6')+(a"a-6'). 
If now a conic be described passing through three vertices of the first 
triangle and two of the second, we must have the five qtiantities 
A, A', A", a, a', ail = 0, and therefore by the first equation o" = 0. 
Again, if a conic be described to touch the three sides of the first 
triangle and two of the second, we must have five of the six members 
2t 
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of the second equation =: 0, and therefore also the eixth, or the six lida 
of ike two triangles ait touch the same conic In the same mannet it ie 
proved that if two triangles be both inscribed in the same conic, their 
aides will touch the same conic, and vice versd. 



On THE PbOBLBU to DS8CE1BE A CoNIC VHDEB CERTAIN CONDITIONS. 

We saw (p. 119) that five conditions determine a conic ; we can, 
therefore, in general deecribe a conic being given m points and n tan- 
gents where m + n = 5. We shall not think it worth while to treat 
separately the cases where any of these are at an infinite distance, for 
which the constructions for the general case only require to be suitably 
modified. Thus to be given a parallel to an aaympMe is equivalent to 
one condition, for we are then given a point of the curve, namely, the 
point at infinity on the given parallel. If, for example, we were re- 
quired to describe a conic, given four points and a parallel to an 
asymptote, the only change to be made in the construction (p. 283) is 
to suppose the point E at infinity, and the lines DE, ME therefore 
drawn parallel to a given line. 

To be given an asymptote is equivalent to two conditions, for we are 
then given a tangent and its point of contact, namely, the point at in- 
finity on the given asymptote. To be given that the curve is aparabola 
is equivalent to one condition, for we are then given a tangent, namely, 
the line at infinity. To be given that the curve is a eirde is equivalent 
to two conditions, for we are then given two points of the curve at in- 
finity. To be given a focus is equivalent to two conditions, for we are 
then given two tangents to the curve (p. 233), or we may see otherwise 
that the focus and any three conditions will determine the curve ; for 
by taking the focus as origin, and reciprocating, the problem becomes, 
to describe a circle, three conditions being given; and the solution of 
this, obtained by elementary geometry, may be again reciprocated for 
the conic. Again, to be given the pole, with regard to the conic, of any 
given right line, is equivalent to two conditions ; for three more will de- 
termine the curve. For (see figure, p 132) if we know that P is the 
polar of E'E", and that T is a point on the curve, T', the fourth har- 
monic, must also be a point on the curve: ot if OT be a tangent, OT' 
must also be a tangent; if then, in addition to a line and its pole, we 
are given three points or tangents, we can find three more, and thus 
determine the curve. Hence, to be given the centre (the pole of the line 
at infinity) is equivalent to two conditions. It may be seen likewise 
that to be given a point on the polar of a given point is equivalent to 
one condition. For example, when we are given that the curve is an 
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equilateral hyperbola, this is the same as saying that the two points at 
infinity on any circle lie each on the polar of the other with reapeot to 
the curve. 

Given Jive points. — We have shown (Ex. 12, p. 283) how by the 
ruler alone we may determine as many other poiotB of the curve as we 
please. We may also find the polar of any given point with regard to 
the curve ; for by the help of the same Example we can perform the 
- construction of Ex. 2, Art. 149. Henc« too we can find the pole of 
any line, and therefore also the centre. 

Fiee tangents. — We may either reciprocate the conBtniotioas of 
Ex. 12, p. 283, or reduce this question to the last by Art 266. 

Four points and a tangent. — ^We have already given one method of 
solving this question, p. 280. As the problem admits of two solutions, 
of course we cannot expect a construction by the ruler only. We may ' 
therefore apply Carnot'a theorem (Art 314), 

Ac. Ac'. Ba.Bo'. C6. C6' = Ai. Ai-. Be.Bc'. Ca.Ca'. 
Let the four points a, a', J, h' be given, and lel AB be a tangent, the 
points c, d will coincide, and the equation just gives determines the 
ratio Ac* : Be", everything else in the equation being known. This 
question may also be reduced, if we please, to those which follow; for 
given four points, there are (Art. 318) three points whose polars are 
given ; having also then a tangent, we can find three other tangents 
immediately, and thus have four points and four langeots. 

Four tangents and a point. — This is either reduced to the last by re- 
ciprocation, or by the method just described ; for given four tangents, 
there are three points whose polars are given (p. 134). 

Three points and two tangents. — It is a particular case of Art. 337 
that the two points where any line meets a conic, and where it meets 
two of its tangents, belong to a system in involution of which the point 
where the line meets the chord of contact is one of the foci. If, there- 
fore, the line joining two of the fixed points a, b, be cut by the two 
tangents in the points A, B, the chord of contact of those tangents 
passes through one or other of the fixed points F, F', the foci of the 
system (a, b. A, B), (see Art. 264). In like manner the chord of con- 
tact must pass through one or other of two fixed points G, G' on the 
line joining the given points a, e. The chord must therefore be one or 
■ other of the four lines, EG, FG', F'G, F'G'; the problem, therefore, 
has four solutions. 

Two points and three taj^enis.—The triangle formed by the three 
chords of contact has its vertices resting one on each of the three given 
tangents; and by the last case the sides pass each through a fixed point 
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on the line joining the two given points: tbarefore this triangle can be 
conatmoted. 

To be given two points or two tangents to a conic 1b a particalar 
cose ofbeing given that the conic has double contact with a given conic 
For the problem to desciibe a conic having double contact with a given 
one, and touching 'three lines, or else passing through three points, see 
p. 283. Having double contact with two, and passing through a given 
point, or touching a given line, see p. 237. Having double contact 
with a given one, and touching three other such conies, see p. 267. 

We have already alluded (p. 232) to the problem, " to describe a 
conic through four points to touch a given conic." Let the required 
conic be 8 +kS', which is to touch S". Then the polar of the point of 
contact, with regard to S", is the tangent at the point, and is also its 
polar for S -t- hS', and therefore passes through the intersection of the 
polars with regard to S and S'. Now let it be required to find the locus 
of a point such that its polars, with regard to S, S', S", should meet ia 
a point. If f, 7, {; be the current co-ordinates, we have to eliminate 
these between the equations of the three polars, 
,dS dS „rfS „ ,dS' dS' „dS' „dS" dS" ^dS" „ 

and the result is, 

^(^ £^_^ ^\ ^Z^' ^'_^' t^S" \ 

dx \di/ ' de di' dy ) dy \dx ' dx da: ' dz J 

dz \dx ' dy d^' dx ) ' 
a curve of the third degree, whose intersections with S" give the six 
solutions sought. 

If S, S', S" all pass through the same two points A, B, the locus 
reduces to a line and a conic: for the line joining those points must be 
a factor in the locus, since the polar of any point C on that line must 
pass through D, the fourth harmonic to A, B, C. If S, S', S" repre- 
sent circles, the equation just written represents the circle cutting all 
those at right angles. 

The locus will also break up into a line and conic, if one of the 
quantities S' be a perfect square L'; since L wilt then be a factor in 
the locus. Hence we can describe a conic to touch a given conic S at 
two given points (S, L), and also touching S"; for the intersection of 
the locus with S" determines the points of contact with S" of conies 
of the form S + L'. 
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PATERNOSTER ROW, LONDON. 



Miss Acton's Modem Cookery ^orPrlTfttQ 

Familiar reduced to a Sjatom of Easy Prao- 
tico in a Series of carefuBj-tested Keceipte, 
in wliij]}i the Princifdee irf Baron liebig nod 
other emiDeiit Writers liave been as much aa 
posaible applied and eiplained. Newlj-re- 
Tued uiil enlavged Edition ; with 8 Plates, 
oompriiiiig 27 Fignrea, and 150 Woodcots. 
Fop. Sto. 7*. 6d. 

^' In this Cookery Book the (Juabtitt of 
evM? artide neoenHOy for tiie prepamtioii 
of eaoli reeeipt, and the tiui requiTEd for 
its preparation, are nunutely slated. 

Aeton'i ^ngijih Bnad-Book foi DnmiMtio Dm, 
adapted to Families of erery grade. Fcp. 
8to. pnoe 49. 6d. cloth. 

AildiL— Select Woita of tho BritiBh 

Foetl, from Ben Jonion to Besttie. With 
Biographical and Critical Fra&ces b; Dr. 
Antnf . New Edition, with Buppiement by 
LvoyJokik; cODuBtiQg of additional. Seleo- 
tiona from more recent Poeta. Sto. IBs. 

Arago(FO— Biogn^hies of DisUngaiBhed 
Scientifio lilen. Tranalated by Admiral 
W.H.8itZTH,I>.0.L.,F.B.&., Jk.; theBer. 
BAi>KRPtiffEix,M.A.; andHOBBBi Obavt, 
H.A., F.B.A.8. Sto. ISs. 

Ango'a llatamaloglaal Ehati. mth an 
Introduction by Baron Hukboibt. Trana- 
lated under the anperintendenoe of If ajor- 
Qeneral E. Sabihs, £A^ Treasurer imd 
V.P.E.fl. 8to. 18i. 

Aragft'a Fopulw Aitronony. Truud&tBd ud 
edited by Admiral W. H. Bkyth, D.C.L,, 
F.B.S. ; and Bobzei0umt,M.A^F.B.A.S. 
In Two Volumes. Vol. I. Sto. with Plates 
and Woodcuts, £ls. 

Arnold.— Poems. By Uattbew Ainc^ 

FiBHT SiBiEa, Third Edition. Fop. Sto. 

price Ss. 6d. Becohd Sbbiss, price 6a. 
&moia.— KBTOpn, a Tragcdf. By Kkttbaw 

AssQLD. With a Fre&ce and an Historical 

Intioduotion. Fop. Sto. 6*. 



Lord Bacon's Works. A New Edition, 

rsTised and eluoidated ; and enlarged by the 
addition of many piecea not j«inted before. 
Collected and edited bj Bobebt Le3i.ib 
EijjB, M. A., Follow of Trinity College, 
Cambridge ; Jufsa BFiDDUfs-, U.A. of 
Trinity College, Csmbridge; and Docai.AB 
Denoh Heath, Esq., Barristiec^at-IiBw, and 
late Fellow of Trinity College, Cambridge. — ■ 
Tom. I. to in. 8io, 18s. each ; Vol, IT. 
149. ; tmd ToL. y. ISs., oomprisjng the 
Diriaion ai Pkilotofhical Works; with a co- 
pious IimBX. 
■•,• ToLS. VI. and VU., oomprising 

3*Wih'8 LUerery and Frefeiaional Werki, atfl 

just ready. 

Joanna Baillie's Drsmatlo and Foetioal 

. Worka : Comprising the Plays of the Pas- 
siona, Miscellaneous Dramas, Metrical Le* 
gends, Fugitive Pieces, and Ahslya Baae; 
with the Lite of JoAnna Baillie, Portrait, 
and Vignette. Bqcare crovm Sto. Zls.. 
oloth; or42a, boundinmoroccoby Hajday. 

Baker. — The Kfle and the Hound in 

Ceylon. By a W. Baxks, Esq. Hew 
Edition, with 18 Blustrattons engraTCd on 
Wood. Fop. 8to. 4s. 6d. 
Baker. — Eight Tears' Waadoringi in Csjlim. 

" " W. BiKBB, Esq. "*" 

8to. price 159. 

Barth. — Travels and Discoveries in 

North and Central Africa ! Being the Jour- 
nal of an Expedition undertaken under 
Ter Britannic Majeaty's Go- 
the Years 1849— 1855. By 
HBH»YBABTH,Ph.D,D.aL., Fellow of the 
Eoyal Oeographical and Auatio Societies, 
&c. With numerous Maps, Wood EngraT- 
inge, and IllusEratiODS in tinted Iiithography. 

,-e the reider DOthlns; 
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Bayldou's Art of Valuing Bents and 

Tillages, and Claimi of Tenants upon 
QmUing Farms, at both Michaelmas and 
Lady-Day ; ae reiised by Mr, DoHAlDaojr. 
Seventh Edition, enlarsed and adapted to the 
Freeent Time: 'With the FriDCiplaa and 
Mode of Valuing Land and other PropOTty 
for Parochial Assessment and Enfranchise- 
ment of CopyholdB, nnder (he recent Acta of 
Parliament. By Bobbbt Bakib, Iiand- 
Agent and Taluei. 8to. lOs. 6d. 

Black's Practical Treatise on Brewing, 
based on Chemical and Economical Prinoi- 

flea : With Fonniit» for Pablic Brewen, and 
lutnictions for Private Families. "Sew 
Edition, with Addition!. 8to. 10b. Gd. 

Blaine's Encyelopeedia of Rural Sports; 

or, a compUte Account, Historical, Fnc> 
tiod, and Deaeriptiie, of Hunting, Shooting, 
X^bing, Bacing, £c. !fea Edition, revised 
and corrected ; with above 600 Woodcut 
Illustrations from Drawings hy J, Leech, 
Aiken, T. and G>. Landaeer, K. B. Davis, 
and other Artists. In 1 vol. 6to. price 42b. 
half-boaad. 

Blair's CHmnological and Historical 

Tables, &om tha Creation to the Present 
Time : With Additiona and Oorreotiont trout 
the most authentio Writers; including the 
Computation of St. Paul, as connecting the 
Period from the Biode to the Temple. 
Under the reviaiou of SiB HlHST TCt'IBi 
ILE. Imperial Bto. 31s. 6d. half-morocco. 

Bloomfleld. — The Greek Testament, 

with copious Englieh Hotes, Critical, Phi- 
lological, and Eiplanatory. Especially 
adapted to the use of Theological Students 
and Uinisters. By the Ber. S. T. Blook- 
PMLB, D.D.,F.S,A. Ninth Edition, revised, 
2 Tola. 8vo. with Uap, price £2. 8b. 

Dr. BIiMmflBld'B Collegs and Beliool Edition of 
the Greek Tettament : With brief Engliah 
Notes, cbiedy Philological and Explanatory. 
'^Seventh Edition ; with Map and Index. 



Sr. Bloomfield'f College Mid Behool iMieon 
to the Oreek Testament. New Edition, 
carefully revised. Fcp. 8to. price 10s. 6d. 

Bourne's CatecMsm of the Steam-Engine 

in its various AppUoatione to Mines, Mills, 
Steam-Navigdtion, Bailwaje, and j^rieul- 
ture : With Practical Instructions for the 
Manu&cture and Management of Engine* 
of every oIbb). Pourth Edition, enlarged ; 
with 89 Woodcnts. Pop. 8vo. 6a. 



Bonme. — A Treatise on the Steam' 

Engine, in its Application to Minea, UjUb, 
Steam -Navigation, and Railways. By the 
Artisan Club. EditedbyJoETHBouBNK, G.E. 
New Edition ; with S3 Steel FUtes and 349 
Wood Engravings. 4to. price S7s. 

Boiuna.— A n«aliM on the Screw Fropellar: 
With various Suggeationa of Impurem^t. 
By JoKB BocBNB, C.H. New Edition, tho- 
roughly revised and correcl«d. Wilii 20 
large Plates and numerous Woodcuts. 4to. 
price 38s. 

Boyd.— A Manual for Naval Cadets. 

Published with the aanction and approval 
of the Lords Commiasioners of the Admi- 
ralty. Bv John M'Nbiu, Botd, Captain, 
B.N. With Compass-Signals in Colours, 
and 236 Wocidcuta. Fcp, 8ro. lOa. 6d. 

Brande.— A Dictionary of Science, Lite- 
rature, and Art : Comprising the History, 

Desoriplioii, and Sdentifio Principles of 
every Branch of Human Knowledge ; with 
the Derivation and Definition of all the 
Terms in jeneral use. Edited by W. T. 
B&Ainn, F.B.8.L. andE.g assisted by Db. 
J. Ci.VTiv. Third Edition, revised and cor- 
rected ; irith numerous Woodcuts. 8to. 6Ds. 

Professor Brande's Lectures on Organic 

ChemiBtry, as applied to Manufactures ; I 

including Dyeing, Bleaching, Calico-Print- I 
iug, Sugar- Manu^ture, the Preservation 
ofWood, Tanning, Ac. ; delivered before the 
Members of the Boval Institution. Edited 
trr J. ScoFPEBH, M.B. Fcp. Svo. with . 
Woodcuts, price 7b. 6d. ' 

Brewer. — An Atlas of History and Geo- I 

graphy, from the CommenoemDnt oF the 
Christian Era to the Freeent Time : Com- 
prising a Series of Sixteen coloored Mapg, 
arranged in Chronological Order, with Illus- 
trathe Memoirs. By the Rev. J. S.Bbbwhb, i 
M.A., Professor of English History and I 
Litentture in Eing^a Cotl^, XiOndoD. I 
Second Edition, revised and corrected. 
Boyal Svo. 12a. 6d. half-bound. 

Briolmont— The Life of the Luie of 

Wellington. Prom the Prench of AxExia 
Bhialkohi, Captain on the Staff of the 
Belgian Army : With Emendations and 
Additions. Bythe Bav.Ct.E, Oi^a.M.A., 
Chaplain-Oeneral to" the Forces and Pre- 
bendary of St- Paul's. With Maps, Plana 
of Battles, and Portraits. Tou. I. and II. 
Svo. 303. 

Brodie. — Psycholo^csl Inquiriee, in a 

Series of Essays intended to illustrate the 
Inflnenoe of the Physical Organisation on 
the Mental Fatndties. By Sir Beh Juan C. 
BBOi)ix,Bart. O^irdEdition. Pop.8TO.6s. 
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Bnll. — The Maternal Management of 

Children in H«*1tli and Bi^eese. B; 
T. Bci^ M.D., Member of the Bojal 
College of Phyaiciaofl j formacly Fhyeicifln- 
AoooucheoF to the Finsbuiy Midwifery 
luBtitatioii. New Edition. Fcp. Sto. Ss. 

Dr.T. Bnll'iHinta to Kotbert onthsKuuga- 
raent of their Health during the Period of 
Pregnauoy and in the Lying-in Boom : With 
an Eiposure of Fopvdar Errors in eonnexion 
with those subjects, &c. j and Hints apon 
Nursing. New Edition. Fcp. 8to. 6b. 

Bnnsen. — Christianity and Mankind, 

their Beginnings and Prospects. By 
Baron C.O.J. Bubbbh, D.D., D.C,L.,D.Ph. 
Being a New Edition, correeted, remodelled, 
and extended, of Eippolytta and Au Agi. 
1 Tols. Sto. £5. G». 

%* This Edition la compoatd of tiina distinct worki, 
which m^ be bad HpuatolTi u folloiri :— 
1. HJppolytoi Hnd Ui Ahi or, tbe BbbIiidIiihi md 



S. Analects An(«-Hli9nis. Bviils.at(i.iiri«itE 

Bnnsen.— Lyra Gennanica. Translated 

from the German by Oatheribb Wimk- 
woETn. FifGi Edition of the FiBST Sebub, 
Hjmns for the Sundays and chief Feativals 
of tbe Christian Year. Secobs Sbbibs, the 
Christian Life. Fcp, 8to. price 5s. each 

*■* Th«B« Kleotlona of Gemnn Hvinni h^vc been made 
rrom t»U«ctiiini4 putjiehed 111 Germany by Baron Cuffaur; 

Iheologin Oarmanioa: Which MttaOi forth 
many fair lineaments of Divine Truth, and 
soith Terj lofty and lovely things touching 
s Perfect Life. TranaUted hy Shbahha 
WlKKWoaTn. With a Preface by the E«t. 
CbaBLEB XlHasi.EV ; anda Xi«tterby Baron 
BuBSBH. Third Edition. Fcp. Sto. 6s. 

Bnnsen, — Egypt's Place in Universal 

History : An Historical Investigation, in 
Fiva Boots. By Baron 0. C, J. BONeBK, 
D.D,, D.C.L., D.Ph. Translated from! the 
German by O. H. Cottbbll, Esq., M.A. 
With many lUuatrations. Yoi. I. Sto. 288.; 
ToL, n. 8to, 80s. 

Bishop Butler's General Atlae of Modem 
and Ancient Geography J oompcising Fifty- 
two full-ooloured Maps i with complete In- 
dices, New Edition, nearly all re-engrared, 
enlarged, and greatly improved. Edited hj 
the Author's Son. !Boyal4to.24fi. half-bound. 
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Bishop Bntler's Sketch of Modem and 

Ancient Geography. New Edition, tho- 
roughly revised, with such Alterations intro- 
duced as continnaUy progressive Discoveries 
and the latest Information have rendered 
necessary. Post 8to. price 7b. 6d. 

Barton.— First Footsteps in East Airica ; 

or, an Exploration of Harar. By BichabO 
F. BuBTOH, Captain, Bombay Anny. Witt 
Maps and coloured Plates. 8td. 18s. 

Bnrton. — Personal Narrative of a Pil- 
grimage to Bl Medinah and Meccah. By 
BiottAB3> P. Bdbtoh, Captwn. Bombsy 
Army. SMdni^Ji'iA*fi0n,reTised; withcolouied 
Plates and Woodcuts. 2 rola, erown 8yo. 
^rioe24a. 

The Cabinet Lawyer; A Popnlaz ifigest 

of the Laws of England, Civil and Criminal j 
with a Dictionary of Law Terms, Maxims, 
Statutee, and Judicial Antiquities ; Correct 
Tables of Assessed Taies, Stamp Duties, 
Excise Licenses, and Fost-Horse Duties; 
Post-OfflcB Eegulationa j and Prison Disci- 



Th« Cabfuat GaMttmr: A Popnlar Oeogra. 
phioal Dictionary of All the Countries of 
the World. By the Author of The Catitut 
Laayer. Pep. 8to. lOa. 6d. cloth. 

Calendars of State Papers, Domestic 
Series, published undei' the Direction of the 
Master of tbe Bolls, and with the Sanction 
of E.M. Secretary of State for (he Home 
Department ; — 

The Beign of JAMES I. 1603-23, edited by 
Mrs. Gbeeh. Tols. I. to III. imperial 8to. 
15s. each. 

The Reign of CHABLES 1. 1625-26, edited 
by JoKH BatFOB, V.P.3.A. Imperial 8vo. 15a. 

The Jteigns of EDWABD VT., MAEY, 
ELIZABETH, 15^7-80, edited by B.Lemoh, 
Esq.* Imperial 8yo. ISs. 

Historical Notes relatiye to the Hiato^ 
of England, from the Accession of HENBY 
Till, to the Death of ANNE (1509-1714), 
compiled by F. S. Thomas, Esq. 3 vols, 
imperial Bvo. 409. 

State Papers relating to Scotland, from the 
Beign of HENET VIII. to the Accession of 
JAMES 1. (1503-1603), and of the Corre- 
spondence relating to MABY QUEEN of 
SCOTS, during her CaptiTity in England, 
edited by M. J. Ihobpe, Esi]. 2 vols, imp. 
8vo. 308. 
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Calvert. — Tbe Wile's Hannal ; or, 

Fnijers, Tbooghia, and RoDgs on Sererol 
OocasioDB of a Matron's Liie. Bj Uie Bct. 
W. Caitbri, M.A, Ornamented from De- 
ugoa hj the Author in the etjle of Queen 
Elaabea'i Pragr-Saoi. Secoad Edition, 
Crown 8ro. 10b. 6d. 

Catlow.— Fopnlai Concliology; or, tlie 
Shell Cabinet arranged aocording to the 
Modem System : With a detailed Account 
of the Animals, and a complete Descriptive 
List of the fumiliei and Qenera of Kecent 
and Fossil Shelli. Bj Asres Catlow. 
Second Edition, mnch improved i with 405 
Woodcut Illustrabiona. Post 8to. price Ite. 

Cecil.— The Stud Farm; or, Hints jn 

Breeding Hortea for the Tur^ the Chase, and 
the Eoad. Addressed to Breeders of Kaoe- 
Horaea and Hontera, Landed Froprietora, 
md especiaiUf to Tenant Farmers. B7 
CeoiIu Fop. 8to. with Frontispieoe, Ea. 

OeeU'« Stable 7tm41m; or, Hinti on Tndding 
for the Turf, the Chase, toid the Eoad ; 
with ObsBirationa on Baoiog and Hunt- 
ing, Wasting, Baee-Kiding, Bod Handi- 
c»pping : Addressed to Ownov of Bacen, 
Hmitera, and other Horaes, and to all who 
are concerned in Eacing, Steeple-Chasing, 
md Foi-Hunting. S'cp. Sto. with Plate, 
price 5s. half-bonnd. 

Chapman. — History of Gnstavns Adol- 

phuB and of the Thirty Years' War up to the 
king's Death: With some Accoant of its 
Conclusion by the Peace of Westphalia, in 
1648. By B. CaiTKAir, M.A., Vicar of 
Letherhead. 8to. with Flans, 12s. 6d. 

Chevrenl On the Harmony and Contrast 
of ColooTB, and their Applications to the 
Arts : Including Painting, Interior Decora- 
tion, Tapestries, Carpets, Mosaics, Coloured 
Glazing, Paper- ataming, Calico -PrintJng, 
Xietterpresa-Printing, Mim-CoIoiiring,Dress, 
Landscape and FLower-Oordening, &c. iai. 
Translated b^ Csaxlbb Mabtbl. Second 
Edition; with 4 PUtea. Croim* 8to. 
price 10a. Gd. 

Conybeare and Howson.— The Life and 

EpiatlcB of Saint Paul : Comprising a com - 
j^te Biography of the Apoatle, and a 
Translation of hia Epistles inserted in 
Chronological Order. By the Bev. W. J. 
CoBTSBAitiE, M.A.; and the Bev. J, 8. 
EoveoH, M.A. Second Sdilioa, revised and 
corrected ; with severd Maps and Wood- 
cnts, and 4 Plates. 2 vols, square crown 
8vo. 31b. 6d. cloth. 
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Chronicles and Hemoiials at Great 

Britain and Ireland during the Middle Ages, 

publiahed by the authority of H.M. Treo- 

eury, under the direction of the Uatler of 

theBolla Boyal Sro. 

Capgrave's Chronicle of Ihigland, edited by 
the Bev. F. C. HmaBSion, M.A 8s. Gd. 

Chronicon Monaeterii de Abingdon, edited 
by Bev. J. aTETBiTBOH V<ffl. I. 8s. 6d, 

Lives of Edward the ConfesBor, edited by 
the Eev. H. B. Lxtakd, M.A Be, 6d. 

Monomenta Fronciacona, edited by Sie Bev. 
J. 8. Bbbwkb, M.A. 8a. 6d. 

Faeoicnli Zizaniorom Magiatri Johannia 
Wjclif cam Tritico. Edited by the Rev. W. 
W. Shibiisy, M.A. 8s, 6d, 

Stewart's Bait of the Croniolis of Scotland, 
edited by W. B. TtTHHBuEI. ToL. I. 8b. 6d. 

J. Capgrave Liber de Illustribus Henricis, 
edited by Bev. F. C. Hiv&xaiOK, M.A. 8>. 6d. 

English Translation of Capgrave'e Baoi ef 
the Illuiirioui EaarUi, by the Eev. F. O. 
nrsaBawiif, M.A, 10s. 6d. 

Historia de Monasterii S. Augustini Cantua- 
rensifl, edited by Eev. C. Habdwickb. 89. 6d, 

Connolly.— Sstory of the Boyal Sappers 

and Miners : Including the Services of the 
Corps in the Crimea and at the Siwo of 
SBbflstopol, By T. W.J. COHNOLLY, Quar- 
termaster of tlie Eoyal Engineers. Smond 
Edit:™, rcTiBCd and enlarged ; with 17 co- 
loured plates. 3 vols. Svo, price 30s. 

Dr. Copland's DictionELFy of Practical 

Medicine ! Comprising General Pathology, 
the Nature and Treatment of Diseases, 
Morbid' Stmctures, and the Disorden es- 
pecially incidental to Climates, to Sei, and 
to the different Epochs of Life ; with numo- 
rouB approved EormoLe of the Medicines 
reconuneodad. Now complete in 3 vols, 
Svo. price £5. lis. cloth. ' 

Bishop Cotton's Instroctions in the 

Doctrine and Practice ofChriationity. In- 
tended olilefly aa an Introduction to Coafir- 
malion. Fourli Ediliaa. 18mo. 2s. Gd. 

Cresy's Encyclopedia of Civil Engi- 
neering^ Sistorii^l, Theoretical, and Prac- 
tical. lUnstratsd by npvrarda at 8,000 
Woodoots. Second JSMtion, Mvioed and 
brought down to the Present Time in a 
Sap^ementiCOmprisingMetropoIitni Water- 
supply, Drainage of Towns, Bailways, 
Cubical Proportion, Brick and Iron Con- 
struction, Iron Screw Piles, Tubular Bridges, 
&c. 6vo. 63s. doth. 
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Crosse.— Memorials, Scientiflc and Li- 
terary, of Andrew Crone, the Electrician. 
Edited by Mn. Csosai. Poet 8ro. 9a. 6d. 

Crowe.— The History of France. By 

Btbe Eva^3 Cbowx. In Five ToluBie*. 
Vol. I. 8to. price 14b. 

CmikBhank. — The Life of Sir John 

Fol^tat^ illustnted in a Seriee of Twenty- 
four original Etchings by Qeorge CVuik- 
diank. Accompanied by~ sa innginair 
Biography of the Enight by Bobbbt E, 
BBoroH, Bojsl 8to. price 12s. 6d. clotb. 

Iiady Cast's Invalid's Book. — The In- 
valid's Own Book : A Collection oFSedpea 
from TariooB Books and variotiB Coimtnes. 
By the Honourable Las7 Ccbt. Seimad 
Edition. Fcp. 8vo. price 2b. 6d. 

Dale.— The Domestic Litn^y and Family 

Chaplain, in Two Parts : Past I. Chnisdi 
Services adapted for Domestic Use, nith 
Prayera for Every Day of the Week, selected 
from the Book of Comraon Prayer \ Past 
H. an appropriate Sermon for Evary Sunday 
in the Year. By the Ber. Thoiub Dai.e, 
H.A., Canon Residentiary of Bt. FauTs. 
Second Edition. Post 4to. 21s. cloth j 
Sis. 6d. calf ; or £2. 10s. morooco. 

_ , r Tbb Fiimi CauLUV, I£>. 

BepuaWy I tb> Doiosno Lihimt. 10^ M. 

Davies.— Algiers in 1857: Its Accessi- 
bility, Climate, and Beaonrces deacribed 
with especial reference to English Invalids ; 
vritli details of BecreatioD obtainahle in ita 
Beighbourhood added for the nae of Tra- 
tellK-B in general. By the Bev. EL W. L. 
Daties, M.A., Oxon. Post 8vo. ivilli i 
lUuslmtioiu, ^ 

Davy (Dr. J.) — The Angler and his 

Friend ; or, Pisoatory Colloquies and Pish- 
ing Eiouraions, By JoHir Satt, M,P,, 
F.Bk8., ka. Fop. Bra. pnoe 6v. 

Tbe Angler in the lake SiaCrieti or, Piscatory 

CoIloquieB and EiBhing Eioorsions in West- 
morwind and Cumberlwid. By Jobn 
Davi, M.D., E.E.8. Fop. 8to. 6b, 6d. 

Delabeche.— Report on the Geology of 

Cornwall, Devon, and Woat Somerset By 
Sir H. T. DBi.ABiaHi,E.B.8. With Maps, 
Plates, and Woodcuts. 8vo. prioe 14*. 

Ds la Bjve.— A Treatise on Electricity 

inTheoirandPrBctice, By A. Da la Sirs, 

Profoasorin the Academy of Geneva. Tnuii- 
lated for the Author by O. T. WaIiXbb, 
F.E.8. With nnmerouB Woodcut niustra- 
tions. 3 vole. Bro. price £3. 13«. cloth. 



Abbe Domeneoh's IfisBionaiy Adven- 
tures in Texas and Uexico i A Personal 
Narrative of 8ii Tears' Sojoom in thoae 
Begions. TranBlated from the Erench under 
the Author's auperintendence. 8yo. with 
Uap, 10s. 6d. 

The Eclipse of Faith ; or, a. V\Bi% to a 

Beligious Soeptio. BthEdiiion. Fcp.8vo.GB. 

Satenee of The BoIipM of Poltb, by it« 

Author 1 Being a Bejoinder to Proiesaoi 
Sewman's Reply i Including a full Eiami- 
nation of that Writer's (Siticism on the 
Choractar of Christ ; and a Chapter on the 
Aspects and Pretensions of Modem DelEm. 
Seeond Editim, revised. Post 8vo. ts. 6d. 

The Englisliman'B Qreek Concordance of 

'the New Testament ; Being an Attempt at a 
Verbal Conneiion between the Qreek and 
the English Texts ; including a Concordance 
to the Proper Names, with Indexes, Qreek- 
English and Engliah-Glreek. New Edition, 
»i& a new Ind^ Boyal 8vo. price 423. 

ThB Ingliihman'i Holnew and Chaldee Con- 
cordance of the Old Testament: Being an 
Attempt at a Verbal Connexion between 
the Original and the English TransLatious ; 
with Indexes, a List of the Proper Names 
and their Occurrences, &a. 2 vols, royal 
8vo. £3. 18b. 6d. ; large paper, £i. lis. 6d. 

Ephemera's Handbook of Angling ; 

teaching Fly -Fishing, Trolling, Bot lorn- 
Fishing, Salmon-Fishing ; With the Natural 
History of Biver-Fish, and the best Uodes 
of Catching them. Xhird Edition, corrected 
andimprovedj with Woodcuts. Ecp.Svo.Ss. 

EpItaBum'i Th* Book of Um Salmon; Om- 
' 'ng the Tlieoty, Principles, and Prac- 
tJ Fly-Eiahing for Salmon j Lists of 
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Salmon, its Habita described, and the beat 
way of artificiidly Breeding it. Fcp, 8vo. 
wiUi coloured Platea, price 143, 

Fairbaim.— Usefol Information for En- 
gineers: Being a Series of Lectures deUvened 
to the Woriiing Engineers of Yorkshire and 
Lancashire. With Appendices, containing 
the Besnlta of Experimental Inc[uiriea into 
the Strength of Materials, the Csuscb of 
Boiler Kiplosious, ic. By WnuAit 
PAIBDAiaH,E.R.S., F.a.B. Second Edition ; 
withnumerousPlateaandWoodCutB. Crown 
8vo. price 10a. 6d. 

Elscher.— Francis Bacon of Vemlam: 

Bealistio Philosophy and its Age. By Dr. 
E. ElBOHBB. Translated by JoBB OXXB- 
POKD. Post Bro. 9s. 6d. 

,.,:„.., ,A.<XNIC 



NEW WOBE8 Aim NEW SDITIOHB 



Forester.— Rambles in the Islands of 

Corsica and BordinU : With Notioei of 
their HietoiT, Antiquities, and presant 
Condition. B7 Taotus Fobesibb, Aq- 
thor of Ifonmy ix 1848-1849. With 
coloured JUaj) 1 and numeroDS Illustratione 
in Colours snd TiotLBnd on Wood, from 
DrtwiDga made during the Tour bj Lieut.- 
Col. M. A. BiDDULPH, B.A. ImpenBl 
8to. price 28a. 

Garratt.— Marvels and Ujsteries of In- 
stinct ; or, Curioritiea of Aiiimal Life. "By 
Obobob GutHATT. Second EdilioK, rerised 
and improTed 1 mth a Frontiapiece. Pep. 
Sro. pnoe 4». Gd. 

Gilbart— A Practical Treatise on Bank- 
ing. Bt JiTtxB WnxiAU Qn^A£T, F.B.3., 

General Manager of the London and West- 
mingter Banl. Sii-IA Edition, reviEed 
and enlarged. 2 vols, 12ma. Portrait, IGa. 

Gilbart. — Lo^c for the Million: A 

Pamiliar EipoBition of the Art of Beasoning. 
By J. W, QriiDABT, F.R.3. 5th Edition ; 
with Portrait of the Author. 12mo. 8s. 6d. 

Glei^.— Essays, BiograpMcal, Historical, 

and Miscellaneous, contributed chieQ; to the 
Edinbarph and QiiarUrJt) Renievii, B7 the 
Rev. a, B, Ojjuq, M.A,, Chaplain- General 
to tlie Forces and Prebendarj of St. Paul's. 
2 vols. 8to. 21e. 

The Poetical Works of Oliver Goldsmith. 

Edited by BoLToy CoENBT, Esq. Dluatratcd 
by Wood Engravings, from Designs by 
Members of the Etching Club. Square 
orown 8to. cloth, 21s. ; morocco, £1. 16s. 

Gosse. — A Naturalist's Sojonm in 
Jamaica. By P. H. Gosss, Esq. With 
Plates, Post Svo. price I4«, 

Greathed.— Iiettera from Delhi daring 

the Sifge. By H. H. Gb^thbd, Esq., 
Political Agent, Poat Sro. 

Green.— Lives of the Princesses of Eng- 

By Mrs. Maby Ahne Etsbbtt 

. Editor of the LeSleri of Enyal and 

ioia Ladies. With numerous Por- 

Complelo in 6 vols, post Svo. price 

each. — Any Volume may be had 



Gkbbn, 

lUutli 

10s. 6d. 



Greyson. — Selections flrom the Corre- 
spondence of E, E. H. Gbbyson, Esq. 
Edited by the Author of The EclipM of 
Faith, Second Edition. Crownevo.Ts.ed. 

Grove. — The Correlation of Physical 

YoTote. By W. B. Geotb, Q.C, M:.A.. 
F.B.S., &c. Third Edition. 8to. price 7a. 



Gnm^.— St. Louis and Henri IV. : Being 

a B«H>nd Series of Historical Sketches. 
By the Rov. John H,G-DaKBT,M.A,,E«£toj* 

of St. Mary's, Marylebone. Eop. Svo. 6a. 

Bvening X«erMtioni ; w, BasqilM from tlie 
Lecture-Boom. Edited b; the Bev. J. H. 
QoBKBT, M.A. Crowa8vo.6fl. 

GwUt's Encycbpcedia of Arcfaitectnre, 

Historical, Theoretical, ftnd Practical. By 
JOBBPH GwiLT. With more than 1,000 
Wood Engravings, &«m Designs by J. S. 
GwiLI. Third Edition. 8to, 42s, 

Hare (Archdeacon) .—The Lifeof Lnther, 

in Forty-eight Historical Engravings. By 
OuBTAT 'Kama. With Explanations bj 
Archdeacon Hasb and Sdsamha Wike- 
WOHTH, Fcp. 4to. price 28s. 

Harfotd.— Life of Michael Angelo Buon- 
arroti; With Transhttiona of many of his 
Poems and Letters ; also Memoirs of Savo- 
narola, Raphael, and Vittoria Colonna. By 
John S. Haekibd, Esq., D,C.L., F.R.S. 
Second Ediliov, thoroughly revised ; with 
20 copperplate Engravings. 2 Vola. 8vo. SSa. 

ninatratioiii, ArchitaotiiTal and Pictorial, of 

the Geniua of Michael Angclo Baonarroti. 
With Descriptions of the Plates, by the 
Commendatore CiNnJA; C. B. CocKBEEu^ 
Esq., RA. ; and J. 8. HabK)BD, Esq., 
D.O.L., P.E.8. Folio, 73s, 6d. half-bound. 

Harrison.— The Light of the Forge ; or, 
ConnseU drawn from the 5ick-Bed of E. M. 
By the Rev, W. HlBBisas, U.A., Domestic 
Chaphun to H.R.H. the Duchess of Cam- 
bridget Fcp. 8to. price 6s. 

HarryHieorer.— Stable Talk and Table 

Talk ; or, Spectaclea for Young Sporicmen, 
By HabbtHieotxk. Hew Edition, 2 vols. 
Svo. with Portrait, price 24s. 

EanyHleoTW.— ThoHniitiiig^eU. ByHany 
HiBOVBE. With Two Plate*. Fcp. Sro. 
5fl. half-bound. 

Hairy Hiwvar. — FraotLOil EorsemaiiBliip. 

By Habbs HtBOVBB. Second Edtlion ; with 
2 Plates. Fop. Svo. 6a. half-bonnd. 

Harry Hieover.— The Pocket and the Stnd; or, 

. Practical Hints on the Management of the 
Stable. By Habet Hieotbb. Socond 
Edition; with Portrait of the Anthoi". Fcp. 
Svo. price 5e. half-bound. 

Eany HiMror.— n* Btod, fin Fnwtioal Ptir- 
poses and Practical Men : Being a Guide 
to the Choice of a Horse for use mora than 
for show. By Hasbz Hiboteb. With 
2 Plates. Fcp.Svo.piceCa.half-bound, 
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Haaaall. —Adulterations Detected ; or, 

Plain IiutructioDi for the Discorerj of 
Pmads in Pood and Medicine. BtAbthitb 
Hill HAsaiXL, M.D. Lgnd., Analjst of The 
Laicif Sanitary CommiBsion ; and Author of 
tbe PeportB of that CommiBgion published 
under the title of Food and ill JduHeralioiu 
(which may also be bad, in 8to. price 288.) 
With 22B Illuatrationa, engraTed on Wood. 
Crown 8to. 17a. 6d. 

Haasall.— A History of tbe British Fresh 



of One Hundred Plates of !Fignre>, illua- 
trating the varioue Spocioa. Bj Abthdb 
HiLii HAsSiLL, M.D., Author of Jlicro- 

" tie Human Body, &e. 

3 Plates, price £1. IBs. 

Col. Hawker's Instmctious to Tonng 
SporUmen in bU that relatei to Grma and 
Shooting. 10th Edition, reriaed by the 
Anthor'a Son, M^or P. W. L. Bawssb ; 
irith a Portrait of the Author, and nn- 
meroos Plates and Woodenti. Sto. 21b. 

Haydn's Book of Dignities : Contaioing 

B<dll of the Official Fenonasea of the Britiah 
Umpire, Civil, Ecclesiaatica^ Jndicial, Uili- 
tuy, NaTal, and Municipal, from the Earliest 
Periods to the Freaent Time. Together 
with tbe SorereigTiB of Europe, from the 
Foundation of their respective States ; the 
Peerage and Nobility. of^Oreat Britain ; &«. 
Being » New Edition, improved and oonti- 
nned, of Beataon'a Fohtical Index. 8vo. 
price SSb. half-bound. 

Hayward. — Biographical and Critical 

Eesfijs, reprinted from Beviewa, with Ad- 
ditions and Corrections. By A. Haiwabb, 
XlBq., Q.O. 2 vols. 8vo. price 248. 

The Heirs of Cheveleigh: A Hovel. By 
Gebvaibb Abbott. 3 vole, poet 8to. 
price 31s. 6d. 

Sir John Henchel.— OatUncB of Astro- 
nomj. By 8eb Josh F. W. Hebsohbl, 
Bart., K.II., M.A. lyth Miiwa, revised 
and corrected to the existing state of Astro* 
Bomical Knowledge j with Pktes and Wood- 
oata. 6vo. price 18b. 

Bit lohn Henchel'* Eiwji from tbe Zdin- 

largh and Qaarittlg Bevitws, vrith Ad- 
dreaaes and other Pieces. 8vo, price IBs. 

Tttnnhiiff — Sammer Months among the 

Alps : With the Ascent of Monte Sosb. 
By Thomas W. Hinohlipp, of Lincoln's 
Inn, Barmter-at-Law. With 4 tmted 
Views and 3 Maps. Post 8vo. price lOs. 6d. 



Hints on Etiqnette and the Ust^es of 

Society: With a Glance at Bad Habits. 
New Edition, revised (with Additions) by a 
LadjofEank. Fcp.Svo.prioeHalf-a-Crown. 

Holland. — Medical Notes and Beflec- 

tions. By SiB Hehbi Uoilutd, Bart., 
M.D., P.II.S., Ac., Physician in Ordinary 
to the Queen and Prince-Con aort. Third 
Edition, revised throughout and corrected; 
with some Additions. 8vo. 18s. 

EoUsnd.— Chftptan ra H«ital Phj^bgy, By 
Bib Hsnrc H01.1.IBS, Bart., F.B.S., &c. 

Founded chiefly on Chapters contained in 
Msdicat Sola and Sejitttioni by the same 
Author. Second Edilion. Poet 8vo. 81, 6d. 

Hooker.— Kew Gardens ; or, a Popular 
Guide to the Aoyal Botanic Qardens of 
Eew. By SiB Willuk J&okboh Hooxbb, 
K.H., &c., Director. 16mo. price Sixpence. 

Hooker'i Muavm of Boonomic Botany; or, \ 
Popular Guide to the Useful and Bemark- 
abte YegeEkbie Prodocts of the Muceum 
in the Boyal Gardens of Sew. 16mo. Is. 

Hooker and Arnott.— The Britiah Flora ; 

conipriaing the Phfsnogamous or Flowering. 
Plants, and the Ferns. Seventh Edition, 
vrith Additions and Corrections ; and nu* 
raerous Figures illustrative of the Umbelli- 
ferauB Pliuits, the Composite Plante, the 
Grasses, and the Ferns. By Sib W. J. 
noDEEB, F.B.A. and L.S., £c. ; and G. A. 
Walebb-Aukott, LL.D., F.L.S. 12ino. 
with 12 Plalea, prioe 14s. ; with the Plates 
coloured, price 21i. 

Home's Introduction to the Critical 

Study and Knowledge of the Holy Scrip- 
tures. Tejiili Edition, revised, coirected, 
and brought down to the preaent time. 
Edited by the Rer. T. Kabtwbll IIobbx, 
B.D. (the Author) ; the Bev. Samuel 
Batidboit, D.D. of the University of Halle, 
and LL.D. ; and S. Fbideaux Tbeselleb, 
LL.D. With 4 Maps and 22 Vignettes and 
Faosimilea. i vols. 8vo. £Z. 13a. 6d. 

Vol. I.— ABununuT of fhe Evidence for UisGenulneowj. 



H Treatise on Sjicnd rTilerorolflUon: and a brief Tntroduc- 
Ildntalbe OM Tn'miaKl Books and UiaJ;«wni*a. BrS. 

D*vldaon.l)J>.llUUe)>iidLLJ» STO.&rt. . 

Vol. III.— a 8iijDmvy oF Blblloal Geo^J^>h^ and Aiitl- 
qnilks. BytlieBev.T.H. Kotne.B.D. BTO.I&1. 



(diied br a. F. Tngdlet, LI 
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Home. — A Con^endiotu ^troditction 

to the Studj of the Bibla. Bj the Ber. 
T. Habtwxll Hobbs, B.D. Hew Editioii, 
witii Mopi and Illiutntiaiii. 12iao. 9i. 

HodcrnB.— Ta^n; or, the Chronicles of 

a CUj Form : An Agricultural ^G^'agineiit. 
Bj CHikKSoe WBBH5oaEYNs, Esq. Fourth 
Edition. With 24 Woodcuts from the 
original Deiigna by QiobGb Cbuikskaks. 
IGmo. price 6e. 6d. 

How to Hnne Sick Children : Intended 

espaciaUT as a ^^ ^ ^^^ Hurees in ths 
HoApital Cor Sick Children g but cantaiaing 
Directions of aerrioe to all who hare the 
chargB of the Young, Fcp. 8to, 1>. 6d. 

Howitt (A. M.}— An Art-Stndent in 

Uunlch. B; Akta KiXT Howin. 2 
Tola, poat 8»o. prica 14a. 

Howitt.— The Children's Tear. By Mary 

HowTTT, With Four lUustnitionB, from 
DedgiiabrA.lt.Howm. BquaMiemo. 6s. 

Howitt.— Tallangetta, the Bqnatter's 

Home ! A atory of AoatfaJian Life. Bj 
Wiixuu Eomn, Author of lieo Tean in 
Fldcria, &o. 2 t^. poat 8to. pdoe IBs. 

Howitt. — Land, Labour, and Gold ; 

or, Two Yeaia in Tictoria : With Tiait to 
Brdne; and Taa Diemen's Land. B; 
WiLUAK HoTirr. Second Sditioa, oon- 
taining the most i-ecent Information re- 
garding the Colony. 2 yoU. ormm Bio. 
price IDs. 

Howitt.— Visits to Bemarkable Places : 

Old Halle, Battle-Fields, and Scenes iUustra- 
tJTS of Striking^Pasaagea in English Histctr 
and Poetry. By WnajiJC HowiiT. With 
about 80 Wood Engravingi. Hem Edition. 
2 Tols. square crom 8to. price 2Gs. 

William EawitVi Boy*! CoontiyBwik; Btinf 

tlie Real Life of a Country Boy, wiitten 
by himself; eihibilin^ all the Amusements, 
Fleasures, and Pursuits of Children in the 
CountiT. Mew Edition ; with 40 Wood- 
cuts. Fcp. 8to. price Gs, 

Hewitt— The Sural Lite of England. By 
WiLLUX HowiTV. New Edition, oor- 
reoted and reriaed ; with Woodcuts by 
Bewick and Williams. Uedhuu 8to. 21b. 

Hnc- Chnstianity in China, Tartary, 
1 and Thibet. By M, I'Abh* Huo, formerly 
k Kissionaiy Apostolic in China; Author of 

Tit Chinttt Setmre, ic. Vols. I. and II. 

8to. 21b. ; and Voj. lU. price lOa. 6d. 



Hue- The Chinese Entire ; K Sequel 

ta Hue and Oabet's Jottmeg thratigh Tartary 
and ThiiH. By the AbW Hcc, formerly 
Missionary Apostolic in China. Saeond 
EdUi«n ; with Map. 3 vok.. 8vo. 24a. 

Hudson's Kain Krectiona for Making 

Wills in conformity with the Law : With h 
clear Exposition of'^ the Law relating to the 
distribution of Personal Estate in the cage 
of Intestacy, two Forms of Wills, and much 

tian ; including the ProTisions of the Wills 
' ' ' ' it AoL Fop. 8to. 2s. 6d. 



Hudson's Hxeootor'a Gnide. Hew and 

enlarged Edition, rerised by the Author 
with reference to the latest reportad Cases 
and Acts of BariiBment. Fep. 8to. 68. 

Hndaon and Eennedy,— Wlien there 's 
a Will there "s a Way : An Aecent of Mont 
Blanc by a Hew Route and Without Gnidce. 
By the ilev. C. Svnaov, M.A., and B. S. 
KKiraHDT, B.A. Seeond Bditian, with Plate 
andUap. Poat 8*0. Ss. Sd. 

Hnmholdfs Cosmos. Translatedi with 
the Author's authority, by Msa. Sabikx. 
Tots. I. and TL. ICmo. Half-a-Crown each, 
aewed t 3>. Sd. each, cloth : or in post 8to. 
I2a. each, cbth. VoE. III. post 8yo. 
12b. 6d. cloth : or in 16mo. PiKT I. 2b. 6d. 
sewed, 3«.Gd. cloth; andP.iBTlI. 3b. sewed, 
4a. cloth. Tot, TV. Past I. poat »ta. ISs. 
cloth J and 16aio. price 7b. 6d. dotli, or 
7b. sewed. 

KnulMldt'a AipMti of KatOM. XranalBtad, 
with the Author's authority, by UBS.SABnni. 
16mo. price 6a. i or in 3 vol*. 3s. 6d. each, 
cloth ; 2a. Sd. each, sewed. 



- Parables of Onr Lord, 

illuminated and ornamented in the style of 
the HiasaU of the B^naissance by Hekbz 
Noel Hvhf&bets. Square fcp. 8vo. 21s. 
in maaaJTe carred coTera j. or SOa.. bound in 
morocco by Hayday. 

Hnnt — Researches on Light in its 
Chemical Eolations ;* embracing a Con- 
sideration of all the Photographic Processes, 
By KoBBftT Hcirr, F.R.S. Second Edition, 
with Plate and Woodcuts. 8to. lOa. 6d.. 

Hutchinsoo.- ImpreBsions of Western 

Alrica : With a Bt^ort on the Peonliariftei 
of Trade up the Biiren ia. tW Bi^t of 
Biafra. By T. J. HtrroHimoir, Esq., 
Britlib Consul for the Bight of Biafra and ' 
the laland of FemuulO' Po. Post 8vo. 
ptioaa*. 6d. 
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Legendary A 



Idle.— Hints on Shooting, Fishing, ftc, 
bolb an Sea and Land, una in tb« Pre&h' 
Water Iioolu of ScotWd : Being the Expa- 
riencee of 0. Isiot, Esq. Fcp. Bto. Si. 

Mrs. Jameson's Legends of tbe Saints 

and Martjn, aa represented in ChruitJan Art: 
forming the Fisei Sxbisb of Saered aad 
' V Art. Third Edition, rerisod and 
1 ; nith 17 EtchingB and upwards 
oi xoO Woodcuts, manf of nhich are new 
in thiB Edition. 2 toIs. square crown 6ro. 
price 3ls. 6d. 

Xh. Tibumu'i Leg«Ldi of ttw Koiuutia 
Orders, as rt^reiented in ChriBtian Art. 
Forming the Skoohd Sbbiks of Sacrid and 



Kn. Tameioii'i legaudji ol tlie ifnilannft, 
ta represented in Chnatiaa Art : Forming 
the TlrntP Sxbibs of 3acred and Legendary 
Art. 9ecand Edition, corrected and en- 
larged ; with 27 Etchings and 165 Wood 
EngraTinga. Squ&re crovn Sto. prioc 28b. 

Mrs. Jameson's Conunonplace-Book of 

Thoughts, memories, and Fanoiea, Original 
andSelected. fiSTLSthicBandChara^er; 
Past 11. literature and Art. Second Edit. 
reriBed and corrected ; with Etchings and 
Woodcuts. Crown Sto. 18». 

Hn. Amewm'i Twn LMtom mtlM Aiploj- 

ment of Women : — 

1. SiSTiiB of Couimr, CutboUc luid Pioteitant, 



the :?odal Em^yDUDt oT Wcaoao. Va^, Sfo. Sa. 

Jaqttemet's CompeBdnm of Otronology: 

Cont^ning the most importaDt Dates of 
. General History, Political, Eoolesiaatical, 
and Literary, &am the (>eatiaii of the 
World to the end of the Year 1854. Edited 
by the Rer. J. Aloo&it, M.A. Second 
EdilioH. Post 8to. price 78. 6d. 

Jsijnaiwf s Onaaalofss fer Sebeals ; 

Containing the most imporbmt Date* of 
€(enei«l UiBtoir, Pt^itioal, Eoaleaiaastica], 
and Jjiterary, from th« Creation at the 
World to the end of the jear I8£7. Idited 
by the Rev. JoHH AxoOKir, M.A, Fcp. Syo. 
pice 3s. 6d. 

Lord Jeffiw^s Cbatribntiom to The 

Edinburgh Beriew. A Hew Bdition, oom- 
plate in One Tolume^ with a Portrait en- 
gnTed b; Henry BobinaoQ, and K Tignatte. 
Square crown 8to. 21b. cloth ) or SOt. OaI£— 
Or in S Tola. Sm. price 4S». 



Bishop Jeremy Taylor's Enlore Works ; 

With Life by Biseov Hbbbb. EeviEed and 
corrected by the Sev. Oauus Paob Evur, 
Fellow of Oriel College, Oxford. Now 
complete in 10 vols. 8to. 10s. 6d. each. 

Johnston.— A Dictionat; of Geography, 

Deso^itire, Phyeical, StBtistiral, and Histori- 
cal: farming a complete Oeiieral Qazetteer 
of the World. Sy A. Ebith Johmbiov, 
P.B.a.E., F.R.Q.S., F.a.S., Geographer at 
Edinbu»h in Ordinary to Her M^eslry. 
Second Edition, thoroughly rerised. In X 
ToL of 1,860 pages, comprising about 50,000 
Names of Places. 8to. 86s. doth; or hajf- 
bound in mssio, 41b. 

Eembh.— The Saxons in England: A 

History of the Eoglieh Commonwealth till 
tlie Norman Conqneet. By loss 11. ExK- 
But, M.A., &0. 2 toIb. 8to. 28a. 

Eesteven.— A Maiuial of the Domestic 

Practice of Medicine. BjW.B.Kbstixkh-, 
Fellow of the Boyal l3oUege of Surgeons of 
!EIngland, ia. Square post Sto. 7i. 6d. 

Eirby and Spence's Introductaon to 

Entomologj i or, Slementa of the Natural 
^tory oFlnseotd : Comprising an Account 
of Noxious and nsefiil losecte, of their Meta- 
morphoses, Food, Btrategems, Habitations, 
Societies, Hotioos, Noieee, Hybernation, 
Inatinot, ^. JnmU ^i^ioM, with an Ap- 
pendix relative to the Origin and ProgroH 
of the work. Crown Sto, 5s. 

Mrs. R. Lee's Elements of Natnral His- 
tory ; or. First Principles of Zoology r Com- 
prising the Principles of ClasBification, int«r- 
Hpersed with pn^using and instruetire AC" 

NewEdition; Woodouta. Fcp.8TD.7B.edL 

The Letters of a Betrothed. Fcp. 870. 
price 5s. cloth. 

Letters to my Unknomi Frirads. By 

a IiASY, Author of Lsiiert oa Mafpinet*. 
Fourth Edition. Fcp. 8ro, 5b. 

Iitttan «■ Hiqi^nMt, addre m a to a Friend, 
'By a Lady, Author of LetUri la my Vninomt 
friaidt. Vcg. Bro. 63. 

L.EX.— The Poetioal Woits of Letitia 

Eliiabeth Luidon ; comprising the inm- 
viialrUe, the Feneiian Bracelet, the Goldai 
FicM,the lifiiiaiiMiriaadPaetioalBanainf, 
New Edition ; with 2 Vignette* b; S. Doyle. 
2 vols. lema. lOs, ololh ; morocco, 21e. 
B6 
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LARDNER'S CABINET CYCLOPEDIA 



■ WaIiTbi Scott, 



JoBN pBiLLira, F.R.S., as. 



1. Btll'i Hirtorj of Bi 
t. B«ll'iUi»ofBilli 

li coomf • t 



IM aorgu Da Pnl 

Oe eiamoniU'i HlUcnr ot On ItaUu 

Da SlAomdi'i FaDof Ike Boiiuii Kmidn t < 



ihiim'i B|>dn nod Portncil I> 

Jwn'i HUloTj of Dennuirk, &w*d«if 

3. Danhwn'iHirtoiTofPaliiDd I 

4. DoDhain'a Qonoiuite Emidn 3 

I. Donlwai'* Enropg dnriDg Iha Ulddla 



tie Cabihxt Ctolof'dij 

M. LudDfT on Hnt 

S^ Larduar'B HydroiUtls Bud Pi 



«. Ugon-iHiAoryatlRluul. ii 

11. HlimUi'i Ch»Dolii«x ot Hlatary li 

U.fldl]J(*'iTTaUHonGeok«T ii 

13. PawtlTi HlUofy of NUnnl FhUoK|ili; 1 1 




Br. John Li&dley's Theory and Practice 

of Hortioultius j or, an Attempt to eijilain 
tha pciDcipsl Operations of Gardenltig upon 
Physiological Chv>nndai Being the Second 
Edition of the Tieorg of Eortieultwe, much 
enlarged j with 9S Woodcuts. 8vo. 2U. 

Dr. John Lindlejr'a Introdnction to 

Botonj. New Bdition, with Corrections and 
copious Additions. 2 vols. 8to, wilh Sii 
Flatea and numerous Woodcuts, price 24«. 

Loiimer's (C.) Letters to a Tonng Master 

Mariner on some Subjeota connected with 
hi> CaUing. New Edition. Fcp.STQ, 5s.6d. 



Linwood.— Antbologia OzonienBis, sive 
Florilegiam e Lusibus poeticis diTeraonun 
OzomeDHtum Ortecia et Jjatinia decerptum. 
Curonte QiruBUio LiRWOOii, U^., JB^dia 
Chriali Alumno. 8to. price 14s. 

Loudon'a Encyclopffidia of Agricnitnre : 
Comprising the Theory and Fractioe of the 
Valuation, TiansfiBr, Laying-out, Improre- 
meiit, and Management of Landed Property, 
and of the CultiTBtion and Econom; of the 
Animal and T^etable Productiona of A^ri- 
outture. New and cheaper Edition; with 
1,100 Woodcat*. 8ro. 31s. 6<1. 
,.,:„.., .A.CXNIC 
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Loadou'a EncyclopesdJa of Gardening: 

Compriaing the Thaory wid Practioe of Hor- 
ticolture, Floricnltiue, Arborioulture, and 
Iiondscape- Gardening. Witli many hundred 
Woodcuts. . Hew Edition, corrected and 
improTed by Mbb. Lovsok. 8to, 60b. 

London's EncydojiEedia, of Trees and 
Shrubs, or Arboritum el fhilieelun Briitm- 
nicwR abridged : Containing the Hardj Tr«ee 
and ahruba of Omt Britaiji, NatiTe and 
Foreign, ScientiScally and Popularly De- 
fcribeO, WiUi about 2,000 Woodcuts. 
8to. price 60i. 

London's Encyclopaadia of Plants : Com- 

rrieing the Specific Character, Description, 
Culture, History, AppUoation in the Arts, 
and every other desirable Particular reape<^- 
ing all the Plants fouud in Oreat Srjtain. 
Nen Edition, corrected by Mbs. Loctdoh. 
With upwards of 12,000 Woodcuts. 8vo, 
£3. 13b, Sd.^Second Supplement, 21a. 

London's Encycloptedia of Cottage, 

Ferm, and Tilla Arohitecture and Furniture. 
New Edition, edited by Mbb. Lottdoh ; with 
more tbui 2,000 Woodcuts. 8to. 38s. 

London's Hortns Britannicns ; or, Cata- 
logue of all (be Hants found in Great 
Britain. New Edition, corrected by Mits. 
LoTTiMir. Sto. 31s. 6d. 

Mrs. Loudon's Lac^s Conntiy Compa- 

Dion J or. How to Enjoy a Country Life 
Rationally. Fourth Edition, with Plates 
and Woodcuts. Fcp. 8to. 6s. 

Mrs. Loudon's Amatenr Gardener's 

Calendar, or Monthly Guide to what should 
be avoided and done in a Garden. Nea 
Ediliatt . Crown StO, n ith Woodcuts, 7». 6d. 

Low'sElements of Practical Agiionltnre; 

comprebeudiTig the Cnltiradon of FlantB, the 
Husbandry of the Domeetio Animtda, sjid 
the Economy of the Fwm. New Edition j 
with 200 Woodcuti. 8to. 21e, 

Maoaulay.— Speeches of the Eight Hon. 

Lord Macaolay, Corrected by HntsxiT. 
Svo. price 12s. — Lord Macautay's Speeches 
on Parliamentary Brform, 16nio. price Is. 

Macanlay. — The History of Eu^and 

from the Accession of James II. By 
the Bight Hon. Lobd MACACLix. New 
Edition. Vols, I. and 11. 8to. price &2e. ; 
Vols. III. and IT. price 36b. 



Lord Macaulay's History of En^ond 

from the Aooeasion o( James II. Hew 
Edition of the first Four Volumes of the 
Svo. Edition, revised and corrected. 7 vole, 
post 8ro. price 6s. each. 

Lord Idacanlays Critical and Historical 

EssayB contributed to The Edinburgh 
Eeview. Foiu' Editions, as followB ; — 



MacanIay.~LE^ of Ancient Rome, with 

Ibts and the Armada. By the Eight 
Hon. Lobs MacadIiAT. New Edition. 
16mo. piice 4b. 6d. oloth| or lOs. 6d. 



Lord Macanloy's Lays of Ancient Borne. 

With numerous Dlustratione, Original and 
from the Antique, drawn on Wood by 
Qeoige Scharf, jun., and engravBd by Samuel 
Williams. New Edition. Fcp. 4to. price 
81a. boards ; or 42s. bound ii 



Mac Donald. — Poems. By George 

Had SohaU), Author of Wiihia end With- 
out. Fop. Svo. 73. 

MacDonald.—intliin and Without: A 

Dramatic Poem. Bj GbobobMaoDohaxs. 

Seeoad Edilvm, revised. Fcp. 8to. 4b. 6d. 

MacLougall.— The Theory of War illus- 
trated by numerous Eiamplea from His- 
tory. ByLieuteiiant-ColonelMAODoTTGAIl, 
Commandant of the Staff College. Second 
Ediiioa, reviled. Post Svo, with 10 Plana 
of BattJee, price lOa. 6d. 

HooDonKall. —Ilia Camptdgn* of w.HiiH>f«l, 
arranged and critically considered, ei- 
presel; for the uae of Students of Uilitary 
History. ByLieut.-Ool.P.L.MicDoTi&ALL, 
Commandant of the Staff College. Poat 
Svo. with Map, 7s. 6d. 

M'DoT^lL— The Eventftil Voyage of 

H.M. Discovert/ Skip Kesolnte lo Ihe Arctic 
Regions is Search of Sir John Franklin and 
the Missing Cretes of MM. lAseoverg Ships 
Erebus and Terror, 1852, 1653, 1854. By 
GkObSE p. M'DoiroAIi,, Maaler. With a 
coloured Chart} 8 Illustrations in tinted 
Lithography ; and 22 Woodcuts. Svo. price 
21s. cloth. 
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Sir Jamea UMddiitosVs Ifiscellaneoas 

Works : Inetnding his OoatributiDiu to Tb« 

. Edinburgh Soriew. Complete in One 
TolnroB ; with Portnit and Tignette. 
Squve crown Bto. 21a. oloth) of SOl.boimd 
in oalf : or in 8 vols. fop. 8to. 21i. 



Sir T 



Tct 



(ram the SwUert Times to the final Esta- 
btishment of the Betbrnution. Library Edi- 
tion, rerised. 2 vole. 8to. 21b. 

Macleod. — The Elements of Political 
Economy. B; HsKBE DuKBisa Ulclbod, 
Barrister-at-liw. 8to. 16b. 

■aeleod. —The Theory and PnMtlM Of Bank- 
ing; With the Eleniontary Prinoiplee f){ 
Currency, Priem, Credit, uid Bxobange*. 
By HiHST Svinrrgo Uaoi^eod, Bairiater- 
■t-Law. 2toU. royal 8to, price, SOb. 

M'Collocfa's DlciionaiT, Practical, Theo- 
retical, and Hjstorical, of OommevM and 
Conunercial Narigation. Illustrated with 
lU^ap* and Plans. New Edition, iJuwonghly 
rensed and corrected t with a Sopplement. 
8\-o. priM SOa. cloth j half-mssia, G6a. 

M'CnIloch'a Dictionaiy, Geographical, 

Statistloal, and Bistorioal, of tha vanooi 
Countries, Places, and principal Natural 
Objects in the World. Illualrated mth Six 
large Uapa. New Edition, reTiBsd; with a 
SuppIemMit. 2 toIs. Sto. pries 6Sb. 

Maerniie.— Bame ; its Baler and its In- 

Etitutiona. By JoBR FoiHcia Mioomi, 
M.F. With a Portrait of Eop« Pirn IX. 

Fo9t Sto. price lOa. 6d. 

Urs. Uarcet's Conversatioiis on Natural 

Philosophy, in wMoh tha Elements of that 
SciCDce are familiarij explained. Thirteenth 
Edition, enlarged and oorrected ; with S4 
Hates. Bop. 8t«. price lOe. 6d., 

Hu. HaroeVi CaamMtloiii' en Chimlatry, 
in which Qie Elenimti of that Science 
are fomiliarly explained and illostrsted by 
Experiments. New Edition, enlarged and 
improTcd. 2 vols. fcp. 8to. price 14b. 

Maridoeaa. — Studies of Chrictianity : 

A Series of Original Papers, now first col- 
lected or new. By Jamkb Uabtoki.d'. 
Crown Sto. 7b. 6dL 



— BndiMTtmn altU' flie ffhrtMJnn 
Life 1 DiHoatMi. By JjUCKS UAansxiu. 
2 Tola, post Sto. 7b, 6d,eaoh, 



Haitinenu— Hymns iar tite (AziHtaan 

Church and Haioe. Collected and edit«d by 
liXMa'ii.ixraXijr. SetaUh Editioti.lSmo. 
Si. ed. cloth, or 6s. calf; F^ Editiim,^2tao. 
Is. id. cloth, or Is. Sd. roan. 

■artineaiQ.— XiaDellanist : Compiiiiiig Ebmits 
on Dr. Priestley,. Arnold's Ltfe and Corrs- 
noKdenee, Chimth »nd State, Theodore 
Parker's DUeourie of Seligiot, " Phseea of 
Faith," the Church of Eiigland, and the 
Battle of the Cburobes. By Jakes Mab- 
TOTEAir. FoBt Sro. 9b. 

Maooder'e Scientific and Literal; Trea- 
sury : A new and popular Entydopndia of 
Science and the Btdke-Lettres ; including 
all hranchee of Sdenoe, and vrery sabject 
connected with Iiit^itore and JLit. New 
Edition. Fcp. Sro. price I0«. cloth ; bound 
in roan, 12a. j calf, ISs. 6d. 

Mannder's Biogrs^thicalTreasoiy; con- 
sisting of Memoirs, Sketches, and brief 
Notices of above 12,000 Eminent Persona of 
All Ages and Nadons, from the Earliest 
Period of History; Ponning a new and com- 
plete Dictionary of Unirraeal Biography. 
Ninth Edition, rsrisedthroughont. Rj>.8to. 
lOs.eloth; boundinn>an,12B.ioalf,lia.6d. 

Mannder's Treasu; of Knowledge, and 



Library of Beterenee. Oomprisingan 

liBh DiotioDMT and Qrammar, a Dniveraai 

Oaaetteer, a dlassical Dictionaiy, a Chrono- 



1 Tables, Ac, Mew 
Edition, carefully reriaed and corrected 
throughout : With Additions. 'Sef. 8to. 
IDs. cloth i bound in toan, 12a. ; oalf, I2s. Gd. 

ITaimder'B Treasni; of Katnral History; 

or, a Popular Dictionary of Animated 
Nature : In which l^e Zoological CSiarsoter- 
istics that dLstingmsb the diSbrent Claeses, 
" id Species, are combined irith a 



of the Habita, Inaonota, and Qcnnal Eco- 
nomy of the Animal £iijgdoni:. With 900 
Wotmcuta. New Edition. Eop. 8to. price 
lOs. doth ) loan, 12b..| oil^ 12s. 6d. 

UaoQder's BistoricaiL Treasury; eom- 

priaing a General Introduototy Outline of 
tTiiin^aal History, Ancient and Modem, 
and a Series of separatM Hiatoriea of erei; 
ipal Kation that oista ; their Biae, 
and Present Condition, the Moral 
~ Obar«etW'<^ thmr re^mctiTe Bi- 
habitanta, Utor BeligbKi, Minners and Cns- 
toms, ha. N«w Edition I reriaed thnxigh- 
oat,withanewOxiraBUi Ihsix. S'cp, Sto. 
lOs. cloth i nan, ISi. j oal^ 12s. 6d. 
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Matindef's G«ogr^iicat TreMnrjr.— 

Tbe Troasniy of Oeogniphj, Fhyncal, His- 
torical, Uescriptive, and Political ; contain- 
iiig a anccinct Accoimt of Breir Ooontiy in 
thfl World ! Preceded by an Introdnctorj 
Oatline of tha HiatoiT of G«ognphy; a 
Familiar Inquiry into the Tarietiea of Race 
and Language e^ibited bjdifi'erent Natione; 
and a Tiew of the EoiationB of Gleography 
to Aatronom; and Physical Saience. Com- 
pleeedbyWiil.lAMHi!e3rBB,P,B.G,8. New 
Edition ; with 7 Uaps end 16 Ste«l Flatee. 
Fcp. 8to. lOn. cIoUl I rOBD, 12b. ; calf, 12e. 6d. 

Merivala^. — A History of the BcmanB 

under tlie !EmpirB. B; the Bar. Chibi^H 
M1HITAI.B, B.D., late Fdlow of at. John's 
College, Cambridge. 8to. nith Maps. 

Vols. i. uid II. comnrlsii* the HliWrj to ilM Fall of 
jmiaCaiar. SMJooafiilUon ...!a». 



t.vr.tr 



in oT Ifav, AJ>. Bl, lo 






ICeriTBlA— The Fall irf the BomMi Itopulilic: 
A Short History of the Iiaet Century of 
the Commonwealth. By tha "Rey, C, MlBl- 
TilB, B.D., late Fellow of St. John's OoUege, 
Cantbridga. Sew Sdilion. 12mo.7s.6d. 

Keiivale (Hlas).— Christian Records : A 

Short History of .ipostolio Age. By L. A. 
MEKiTAtE. Fcp. 8to. 7a. 6d. 



i"'mU fSume u 



orl|d<i>1 IncMtBln 







togetner wun uneiiTBJaMila 
InfbmuCloii to mntttats the 

The aunday School iWhat 

ivnies,— The Horse's Foot, and How tc 

Eeep it Sound. Eighth Sdition ; with an 
Appendix on 3hoeingingeiienil,RndHnnter9 
in partioular, 12 Platee and 12 Woodcuts. 
By W. Miles, Esq: Tmperial 8to. 12b. 6d. 

'.' Tn-n Caals aT_ MoJeli of OJT 

EilM.— A Plain !K«atiM on Horie-Bhoelug. 

Bj WiLLIAil Mn.BS,Esq. With Plates and 
Woodcuts. New Edition, Post 8vo. 2e, 

UilneF's History of the Church of Christ. 

With Additions by the late Ber. IsAAO 
HiufBB, Q.D,,. B<.B.a. A New Editvra, 
revised, with additiond Note* bj tha £eT. 
T. QiLUfiBAi^B.D, 4 toIl Srei prioe G2s. 






James H«ii^<Haery'B Poetical Worln: 

OoUectJre Edition ; with tbe Author's Atito< 
biogmphioal Frebcea, conpleto in One 
Tolnme ; with Portrait and Yignette. Square 
crown 6to. price 10s. 6d. cloth; morocco, 
21b.— Of, in 4 to1» fop. 8¥0. with Portrait, 
and 7 cither Plates, price 14a. 

Hoore.— The Power of the Sonl ovei the 

Body, considered in ndation to Health and 
Horali, By GiosaB Uoobb^ M.D. lyth 
Edition. Sep. Sto. Gl 



MMia—The Um of ths Bod7iiLralati(ui.t<) the 
Mind. S^aiOBax Uoosb, U.D. ITurd 
JBdiHim, Fcp.Sro.68... 

Moore. — Memoirs, Journal, 'asd Corre- 
spondence of Thomas Moore. Edited '^ 
the Ki^t Hon. Iiobji Josh BnaaELXi, M.F. 
With Portraits and Yignette Hluatratiana. 
S Tola, post 8vo. price l(te. 6d, oaoh. 

Thomas Moore's Poetical Works : Com- 
prising the AuSlor's" recent Introdactions 
and Nota«. The Tranellei't Bdilion, com- 
plete in One Volume, printed in 'B.abj Type ; 
withaPoHrait. Crowngyo. 12a. 6d, cloth j 
morocco bj Hayday, 21s. — Also the Liirarv 
Edition complete in 1 vol. medium Svo. with 
Portrait andVignette.aiB. cloth; morocco 
byH:B.ydB.y, *2Bi — And- the First eollecled 
Edition, in 10 vols. fn>. Svo. with Ftntrfdt 
and 19 Plates, price 85s. 

Moore. — Poetry and Pictures from 

Thomas Moore: Selections of the most 
popular and admired of Moore'a Poems, 
copiou^ illustrated with bigbly-finbhed 
Wood EngraTings from origind Designs by 
eminent Artiste. Fcp. 4to. price 21s. cloth, 
gilt edges ; or 42s. morocco elegant or 
antique by Hajday, 

Moore's Epicorean. Hew Edition, with 
the Notes fiiom the oellactive edition, of 
Moor^t Foetiad Worka.; and a Vignette en- 
graved on Wood from an carigiual Design by 
D. iiimasa, jK,A. 16mo. 5b. doth; or 
bj Hajday, 



Moore's Songa, BsUads, asd Sacred 

Songs. New Bclftion, printed in Buby 
Type; with the Notes from the collective 
editioo of Moor^t Fastmi Warii, and. a 
Vignette from a Baaign b;r ^- Ccaewick, S. A, 
82nia. 2s. Sd. — An Edition in Iflmo. witti 
Vignette b}> B. DoyO^ prio* Sg..; on 13s. 6d. 
moroeco by Hi;d^> 
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Hoore'a Sftcred Bongs, the Symphontes 

and AccompBDiinents, uruiged for One or 
more Voioea, printed with the Words. Imp. 
Bvo. ■ {Starig Ttadg. 

Hoore'a Lalla Bookb: An Oriental 

Bototnce. ^ith 18 highlj-fiiiuhed Ste«l 
Pistes from Origioal Desipu bj Corbonld, 
Hesdofra, mnd Btaptuaoff, engrsTed ander 
the snperintendmce of the lst« Charlei 
Eeatb. New Edition. Square orown 8to. 
price 16«, cloth ( 



XwiTS'i lallk BmUl Ksv BditloB, prUM 

in Baby Tjpe j with the Preface and 
Notes from the ooUective edition of Maori t 
Foelieai Worki, and > Frontispiece from ■ 
Design hy Kenny UCKlowe. SSmo. 2*. 6d. 
— An Eifition in 16ino. with Tigtiettc^ fis, i 
' ~ " ' o by H&ydaj. 



Moore's Lalla Bookh. A Hew Edition. 

with namerous lUustrations from oiigiii&l 
D^gns by JoKN Tbkhibl, engrared on 
Wood by tie Brothers D*tMM~ FiJp- 4to. 



Moore's IriHh Melodies. A New Edi- 



KiMn'i IrlA Kd<»dlM, printed In Xaby Typs ; 
with the Preface and Noteg from the coT- 
lectiTS edition of Maori t Foelieai Warkt, the 
AdvertiiementB originally prefixed, and a 
Portrait of the Author. 82mo, 2b. 6d.— 
An Edition in 16mo, with Tigustte, Gs. g 
or 12s. 6d. morocco by Hajday. 

■oore'i Iiiih Xslodiss. miirtntad tj D. 
Maclise, E.A. New Bdition j with 161 
Deeigna, and the whole of the Letterpreae 
engraved on Steel, by P. P. Becker. Buper- 
loyal Sto. 31b. 6d. boarda ; £2. 12b. 6d. 
o by Hayday. 



Moore's Irish Melodies, the Maaio with 

the Worda} the Symphoniea and Accom- 
paniments by Sir John SteTonaon, Maa. Doe. 
Complete in One Volume, email music siie, 
conTenient and legible at the Pianoforte, but 
mora portable than the usua! form of mu- 
sical publicationa. Imperial 8to. 81b. 6iil. 
cloth; or 42s. half-bound in morocco. 

The Harmonised Airs from Moore's 

Iiiah Melodies, Bs originally arranged for 
Two, Three, or Four Voices, printed with 
the Words. Imperial 8to. IGs. cloth j or 
26a. half-bound in morocco. 



Moore's Hational Melodies, with Mnsic. 

ITational Airs and other Songs, now first 
collected. By Thomas Mc ore. The Music, 
for Voice and Pianoforte, printed with the 
Worda. Imperial 8to. SIb. 6d. cloth ; or 
42a. half-bound in morocco. 

Morell.— Elements of Psychology : Fart 



Morning Clonds. Second and cheaper 

Edition, reiiaed thronghont, and printed in 
a more conrement form. Pop. 6to. price 
5b. cloth. 

Morton.— The BeBOorces of Estates : A 

Treatise on the Agricultural Improvement 
and Qenenl Alanagement of Landed 
Property. By JoffM Looihabt Mobtok, 
CiTJl and Agricoltiuml Eagineer ; Author 
of Thirteen Highland and Agricultural 
Society Prize Sbbbys. With2&Illustrations 
in Lithogr^hy. Boyal Sto. SL). 6d. 

Moaeley.— The Mechanical Principles of 



Memoirs and Letters of the late Colonel 
Abhike Hodntain, Aide-de-Camp to the 
Queen, and Adjutant-General of Hep Ma- 
jesty's Porcea in India. Edited bv Mrs. 
UouKT^ti. SecondEditioD, rerised t with 
Portrait. Pep. gro. price 6s. 

Hnre.— A Critical History of the Lan- 
goage and Literature of Ancient Qreece. 
By WnjJAic Mobk, M.P. of CaldwelL 
Second Edition. VoiA. I. to HI. 8to. pric« 
36e.i Vol. IV. price 15a. J Vot.V. price ISs. 

Mniray's Encyclopffldia of Geography ; 

compriBing a complete Description of the 
Earth : Exhibiting il« Belation to the 
Heavenly Bodies, its Fhyaioal Structure, the 
Natural HistOTy of each Conntry, and the 
Indnatry, Commerce, Political InatitntioDB, 
and Civil and Social Stale of All Natdons. 
Second Hdition ; with S2 Maps, and upwards 
of 1,000 other Woodcuts. 8vo. price 60s. 

Mnrray. — French Finance and Fi- 

nanciera under Loiiii the Fifteenth. By 
JiUBB MvBBAr. 8to. IOs. 6d. 
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Neale. — The Closing Scene ; or, Chris- 
tianity and InSdelitf ooatrasted in the Lest 
HourB of Remarkable Pereons. Bv tKe 



Nonnanby (Lord).— A Tear of Bevoln- 

tion. From a Jourofti kept in Paria in the 
Yeei 184B. By the Marqnia of Nobhanbt, 
E.Q. ZY6k.&ro.Zie. 

OgUvie. — The Haster-BoUder's Plan; 

or, the Principles of Organic Architecture 
as indicated in the Typical Forms of AniniBls, 
By Oeobbe O&iltig, M.D., Lecturer on 
Institutes of Medicine, &o., MariBclinl Col- 
lege /and Universit J, Aberdeen, Post 8to. 
with 72 Woodouta, price 6b, 6d. 

Oldacre.— The Last of the Old Sqnirea. 
A Sketch. By Cbdrio Oij»i.cae, E>4-, of 
Sax ■ Hormanhnty, aometjme of Cfiri«t 
Chorch, Oion, Otowa 8to. price 9s. 6d. 

Osbom. — Qaedah; or, Stray Leaves 

from a Journal in Malayan Waters. By 
Captain Sbebabj) Osbobh', R.If., C.B., 
Author of Straj/ Leaeei from an Arctic Jour- 
nal, &a. With a coloured Chart and tinted 
Illustrations. Post 8to. price lOs. 6d. 

Osbom.— The Discovery of the Horth- 

WeBt Paisagfl by HJU.S. IiivettigatBr, Cap- 
tain R. M'Clbub, 1850-1854. Edited by 
Oaptain Sheiuxs Obbobh, C.B., (tom the 
Logs and Journals of Captain R, M'CIure. 
Second Edition, revised ; with Additions to 
tbo Chapter on the Hybernation of Animals 
in the Arotio B^ons, a Geological Paper 
by Sir RODiKiCE I. MvsofiiBON, a Portrait 
of Captain M'Oluro, a coloured Chart and 
tinted Illuetrationa. 8to. price 15s. 

Owen.— Lectures on the ComparatiTe 

Anatomy and Physiology of the InTertebrate 
Animals, deliverM at the Royal College of 
Surgeons. By BiOBASD OwBH, F.B.S., 
Hunterian Professorto the College. Second 
Edition, with 236 Woodouta. 8vo. 21a. 

PtoAhw Oweu'i LeetiiTei on the CompantiT* 

Anatomy and Fhyaiology of the Tertebrate 
Animals, delivered at the Royal Odiege of 
8urgeonBial644andlS46. With nnmeiona 
Woodcuts. Toi. I, 8vo, price 14b, 

Memoirs of Admiral Party, the Arctie 

Savigator, Byhis Son, theRev. E.Paebt, 
M.A. of Balliol College, Oifordi Domestic 
Chaplain to the Jiord Bishop of London. 
Fifth Edition I with a Portrait and coloured 
Chart of the ITorth-Weet Passage. Icp, 



Pattison.— The Earth and the Word; 

or. Geology for Bible Students. By S. B. 
Pattison, F.G.8, Fcp. Sto. nitU coloured 
Map, 3s. 6d. 

Dr. Fereira's Elements of Materia 

Medioa and Therapeutics, Third Editum, 
enlarged and improved from the Author*! 
Materials, by A. S. TtTiOB, M.D., and 
Q-. O. Bbbb, M.D. : With nnmerous Wood- 
outs. Vol. I. 8vo. 28s. j Vol. II. Pabt I. 
21s. ) VoK II. Pabi II. 26s. 

Dr. Pertlia'i LeetoTM on FolMiaad Ij^t, 
together nith a Lecture on the Microscope. 
2d Edition, enlarged from Materiala left by 
the Author, by the Bev. B. Povxll, MA., 
&o. Fcp. Svo. with Woodcuts, 7b. 

Perry,— The Franks, from their First 

Appearance in History to the Death of King 
Pepin. By Walteb C. Pkhbt, Barrister- 
at-Law, Doctor in Philosophy and Master 
of Arts in the University of GOItingen. 
8vo. price 12s, 6d. 

Peschel's Elements of Physics. Trans- 

kted from the German, with Notes, by 
E, Wmi, With Diagrams and Woodcuts. 
S toIb. fcp, 8to, 21b. 

Phillips's Elementary Introdnction to 

Mineralogy. A New Edition, with extensive 
Alterations and Additiona, by E, J, BaoosB, 
F.R,S., F.G.8. i and W. H. Millbb, M.A,, 
F.G.8. With numerous Wood Engravingi. 
Post 8vo. 18s. 



Phillips.— A Guide to Geology. By John 

Pkillipb, M,A.,F.R.S,,F.G,8.,&c. Fourth 
Edition, corrected to the Present Time t ' 
with 4 Plates. Fop. 6to. 6s. 

PUUIpa, — Figure* and Daseriptiona of th« 

Paleozoic Fossils of Cornwall, Devon, and 
West Somerset j observed in the course 
of the Ordnance Geological Survey of that 
District. By JoHsPnittrrB, F.R.S., F.G.S,, 
Ac. 8vo, with 60 Plates, price 9s. 

PiOBse's Art of Perfomery, and Methods 

of Obtaining the Odours of Plants ; With 
InstructionB for the Maniihctnre of Perfumes 
for the Handkerchief, Scented Powders, 
Odorous Vinegars, Dentifrices, Pomatums, 
Cosm^tiquee, Perfumed Soap, ka. ; and an 
Appendix on the Colours of Flowers, Arti- 
ficial Fruit Essences, &o. Second Etiiilan, 
revised and improved i with 46 Woodcuts. 
Crown 8vo. Be. 6d. 
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CaptainPortlook'BBaportoiitheOeoIcOT 

of the County of Londondwty, and of Tartt 
of Trrone and Fmnaiugh, examined snd 
d««cnbed under tin Aathoritj of the Muter' 
General and Board of Ordnance. Sro.witli 
MrW«M>rio«MK 

FowelL— EBBftjB on the Spirit of the 
Indootiia Fhiloaopbf , the Unit; of Worldi, 
and the Fhilofophy of Creation. By the 
BeT.Bu>BNPcrwxu.,ALA.,:F.B.S.,l'.BJ^S., 
F.G.S., SBTilianProiittaorofOeonietryinthe 
UmTenitj of Oiford. Second Edition, re- 
Ti«d. Crown 8»o. with Woodcnts, 12a. 6d, 

ChrlatlaAity withontJndalfa: A8eeond8«iiea 

of Eiuys on tha Unit; of Worlda and of 
Nature. Bjthe Ber.BADBKFowKLl^ AU.., 
&c. Crown 8to. 7s. 6d. 

Pycroft, — The CoUegiftn's* Guide ; or, 

Eecolleotioni of College Daja ! Setting forth 
tha AdiantagcB and Temptiitiona of a Uni- 
Tcrsity Educati6n. By the Ber. J. PtOroft, 
B.A. Scwmrf Eiillioti. Fop. 8to. 6s. 

PTOToft'i CooTM of EngUih BeMUngr, adapted 



Pjeroft'f Ciickat'Figld; or, Uie Seionoa snd 
History of the Qame of Criskel. Seoond 
Edition, greatly improred ; with Plates and 
Woodcuts. Fcp.STO. pric» $a, 

Qaatreft^;eB (A. De). — Bamblea of a 

Ifaturslist on the Coasts of France, Spain, 
and Sicily. Bj A. De Qdatbepaqbs, 
Uemher of the InrtitDte. Translated by 
E, C. Otte. a Tola, post 8vo. ISa. 

Baikea <C.)— Hotea on the Berolt ci the 

Nocth-WoBtem Prorinoes of India. By 
CsABXBB S^j:XBg, Judge of the Sudder 
Conrt^ and Iste QtiI Commisaionsr with 
Sir Colin Campbell. 8to. 7b. 6d. 

Baikes (T.)— Portion of the Jonmal kept 

br Tbouab BlTXK, Esq., &oml381 to 1847 : 
Comprising Beminiscenoea of Social and 
Political Ufa in liondon and Farii during 
that period. JVnr Edition, oomplata- in 
2 Tola, crown 8to. with S Forfiniti, price 
12s. cloth. 

Barey.— A Complete Treatise on the 

Boienca of Handliiig, Edncating, and Taming 
all Eonw; with a full and detailed Narra- 



Xeode. — The PoetioU Works of John 

Edmnnd Reade. New Edition, rerised and 
corrected; with Additional Pocuis. 4 Tob. 
fcp. 8to. price 20>. 

Dr. Beece's Medical Onide : CompTislng 

■ complete Hodem Bispensatory, and a 
PiHtieal Treatiaa on tbadiBtingniahliig Symp- 
toms, Causes, Prerention, Cure, snd Falhs- 
tion of the DiMeaes inddent to the Human 
Frame. Serenteentli Edition, corrected and 
enlarged hj the Author's San, Dr. H. BnCB, 
II.E.0.8., ko. STai.1^ 

BeeB.~FersouJ Narrative of the Siege 

of Lacknow, Irom its CommenMment to its 
Belief by Sir Colin Campbdl. By Ij. E. 
Besb, one of the Surfiring Defenders. 
ThirdEdition,withFortraitandPlan. Foat 
8T0. 9s. 6d. 

BJch'B niostnted Companion to the 

Latin Dictionary and Oreek Lexicon : Form- 
ing a Glostaty of all the Wotda repreaanting 
Visible Ol^jacts oonneotad with t^ Arts, 

MantlfaotHrei. and Brory-Day Life of the 
Ancients. With about 3,000 Woodcuts 
from the Antique. Pott 8ro. 2Ia. 

BJchardson. ~ Fonrteen Tears' Expe- 

rienoe of Cold Water : Its Uses and Abnses, 
By CoptainM. RiOEAXtiKOir, lata of the i 
4tli Iiight Dragoona. Post 8tO- with 
Woodcuts, price 6s. 

HoFBemanBhip ; or, the Alt of Biding 

and Managing a Horee, ad^ited to the Quid- I 
ance of Ladies snd Oentlamen on the Boad 
sjid in 1^ "iiAA : With Instructions for 
Brealcing-in Oolts and Young Horaea. By 
Captain M. EiCHjwwoir, late of the 4th 
Light Dragoons. With G Plates. Sqnare 
crown 8to. 14s. 

Hooaehold Friers fbr Foor Weeks: 
With additional Prayer* for Special Occa- 
sions. To which is addal a Course of 
Scripture Bj»jH-ng ibr Bieiy Day in the 
Year. B; tha Ber. J. B. BiSDts, M.A., 
Incumbent of St. Philip's, LecUuunpton. 
down 8to. piioe 8i. 6d> 

lUddle's Complete Latin-EngUah and \ 

BoKlish-Lstin Dictionary, for tho naa of 
CoUegea and ScliooU. Hea and cheapa 
EdilioH, rerised and oorrected. 8to. Sis. i 

H_-,,i„i, rThnSngHAiaUnDioHoiuiT. 7». 
™*^**"' iThefdan-BsglUiDlDtliHii^, 1^ I 

BUdle'k Oisawnd LstfauTingHali DiatlOMMy. 
A Guide to the leaning, Qnality. and 
right Accentostion of Latin Classical Words. 
B>oyal 82mo. price it. 
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Riddle's Copious and Critical Latin- 

Sugligh Leiiooa, founded an the Gennan* 
liBtin Dictionaries of Dr. WQliam Freimd. 
Sew mid cieaperSditioa. Poet Uo. 31i. 6d. 

Rivers's Rose-Amateur's Qnide ; contain- 
ing ample Descriptiona of b& the flue leading 
Tarieties of Baaes, regularly' claaBcd in their 
respectira Families) their Histoi; Bcd 
Mode of Culture. Siith Kdition, collected 
and improred. Fcp. 8to. Sa. 6d. 



Dr. E. Robinson's Greek and 

Ijeiicon to the Greek iMtament. A New 
Edition, rtrisedandingiertpwtre-imttBn. 
8to. price 18g. 

Mr. Henry RogeiB's Essays selected from 

ConCributiona to the Sdiniarffi Reriete. 
Second <md aStaper'Biititm, wiUi Adi^o&fk 
a Tolfl. fcp. 8vo. 2U. 

Dr. Roget's ThesanmB of En^sh Words 

and Phrases claaaified and arranged so aa to 
facilitate the Expreeslon of Ideas and aesiat 
in LitenuT Oomposition, Serenlh Edition, 
reviaed and improTed. Crown 8to. 10s. Gd. 

Sonalds'a Fly-IHsber's Eatomalc^: 

With coloured Kepresentations of tlie 
Natural and Artificial Inaect, and a few Ob- 
serrations and InBtructions on Trout and 



KoMon's Debater: A Series of complete 

Debates, Outlines of Debates, and Questions 
forDiscuBsion; with ample Beforeneea to the 
best Sources of Information. KewSdition, 
Fop. 8to. 6a. 

Bnssell (Dr.) — The Life of Cardinal 

Mezzofanti ; With an Introductory Memoir 
of eminent Linguiits, Ancient and Modem. 
Bj C, W, BireeEix, D.D., President of St. 
Patrick's College, Majnooth. With Portrait 
and Facaimilea. Svo. 12s, 

Tbe Saints onr Example. By tbe Author 

of Leitert to -my 'Un]atoa>n "Piiendt, &e. Fcp, 
8fo. price 7a, 

Scberzer.— Travels in the Free States'of 

Central America : Nicaragua, Honduras, 
and San Salvador. B; Dr. C^sl, Sodbbzbb. 
With a coloured Uap. 8 toIs. post 6fo. 16b. 

" Tbilisi work wtlch I Bdvertiire...,Dr, ScJier- 
nilt natiaiy all wbo Iota ler'BiaundDnbudlrtbfbBflt 



c^ tropical «E- work i 
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SchimmelPenninckdfrs.)— LifbofMary . 

Anne SchimmelPenoinck, AuAor of StUei 
Menunn of Pert Bastl, and other Worki. 
Edited by her Eolation, CHBiBTiAHi C. 
Eabsht. 2 vols, post Sro. with Portrait, 
price ISs. 

Dr. L. Scbmitz's School History of Greece, 

from the Earliest Timea to the Taking of 
Corinth bj the Romans, B,c. 146, mainly 
based on Bishop ThirlwaU'a Hiatoty of 
Greece. Fiflh Edition, with Nine newSup- 
plementarj Chapters on the CiTiliaatioa, 
Keligion, Literature, and Arts of the An- 
cient Greets, contributed by CHBiaiopttSB 
Ekight Wataon, M.A., Trin, ColL Camb, ; 
and illustrated with a Map of Athens and 137 
Woodcuts, designed from the Antique by 
a. Scharf, jun., F.8.A. 12mo. 7b. Gd. 

Scoffem (Dr.) — Projectile Weapons of 

War and Ezplosive Compounds. By J. 
ScoEPEBN, M.B. Lond., late Profetsor of 
Chemistry in the Aldersgate College of 
Medicine. Third Edition, corrected to the 
present time. Post 8to. with Woodcnta, 
price Ss. Gd. 

Sciivenor's History of the Iron Trade, 

from the ^■"li^t' Becorda to the Present 
Period. Sew Editioii, corrected, Sro, 
pric« 10a. Gd, 

Sir Edward Seastard's Narrative of Ms 

Shipwreck, and consequsnt DiseOTcry of 
cartMB Islands in the Caribbean Sea. 
Ihird Edition. 2 vols, post 8to. 21b.— An 
ABBisaHEHT, in 16ma. price 2b. 6d. 

The Sermon in the Honnt, Printed by 

O. Whittingham, uniformly with the Tiumi 
Bate ; bound and clasped, 64imo. Is, Gd. 

Bowdler's Family Shakspeare : In which 

nothing is added to the Original Teit; but 
those words and eipreasions 'are omitted 
which cannot witK propriety be read aloud, 
niuBtrated with Thirty-au Tiguettes en- 
grayed on Wood from original Deaigna by 



^£117 Bdilion, printed in a more convenient 
form. 6 Tola. fcp. 8fo. prloe 30s. cloth t 
separately, Ss. each. 

•,• The LiBBiBT EinTiCTN, with the same 
IlloBtrationB, in One Toinme, madimn 8to, 
price 21s. doth. 
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Sewell (BTiss).— Hew and cheaper Col- 
lected Edition of the Tales and Storiei of 
tlu Author of Amy Heritrl. Complete in 
9 Tol*. crown 8to. price £1. lOa. cloth } or 
each work, oomprued in a lingle volume, 
insj be h»d leparalelj H fbllom i — 

AMYHEEBEET 2». 6d. 

GEETRUDE 2*. 6d. 

The EAEL'S DAUGHTEE 28. 6d. 

The BXPEBIENCE of LIFE 2g. 6d. 

OLEVE HAJjL 3s, 6d. 

rvOES 1 or, the TWO OOUSIHa S.. 6d. 

KATHAEINE ASHTON 3«. Gd. 

MAEGAEET PEECITAL 5a. Od. 

LANETON PARSONAGE U. 6d. 

nlnluii, unMlf mlU- 
1 tublu of Ihog^t nod 

Uw coDTlcltini oT nil- 
(torn mierlHi»; ihs 

■ ftlDMrTli pefiDAdadof 
It (ivM thnii muir 
r ' thAt the pncticS 

Ceurus BnmrauKciB. 

Sy the itmt Author, New EdUiont, 

Urenla: A Tale of English Cotuitry Life. 
Z rola. tcp. 8to, price lit. cloTli. 

Readings for ETSiyDayin Lent: Com- 
piled from the Writing! ofBisaopJuBiUY 
TATLOB. Fop. 8to. priw 5a. 

BeadingB for a Month preparatory to 
Conflrmktion : Compiled from the Works of 
Writers of the EarV and of the English 
Ohnrch. Fop. 8to. price it. 




Sharp's Hew British Gazetteer, or Topo- 

gniphioai Sictiouarj of the British Islsnds 
sad Harrow Seas : Comprising conoiae De- 
scriptions of about Sill; Thousand Places, 
Seats, NaturalFeatitres,uid Object! ofNole, 
founded on the best anthorities. 2 vols. 



Short Whist ; its Bise, Progress, and 

Laws; WithObserrationa tomakeanjonea 
Whist-PLsjer. Containing aieo the I^wb of 
Piquet, Caaaino, Eoart^ Oribboffe, Back- 



Sinclair. — The Journey of Life. By 
CiffltBBiMB anroLiis, Author of Tkt Bun- 
ntuo/Uft. New Edition. Fcp.fivo. Bg. 



Sir Roger De Coverley. From the Spec- 
tator. With Notes and IllustrationB, bj 
W. EsHST Wills ; and 12 Wood Engrav- 
ing! from Deaigna b; E. Tayles. Second 
awi deeper Edition. Crown 8to. 10a. 6d. i 
or2ls. in morocco bjEaydaj. — An Edition 
without Woodcut!, in 16ino. price Is. 

The Bketches: Three Tales. By the 

Authors of Jiaf Herbert, The Old ilai'a 
nmne, oaA HaiciiloKe. TliirdEditioa; with 
6 Illustrationa. Ecp. Sto. price 4«. 6d. 

Smee's Elements of Electro-Uetallm^. 

Third Edition, revised, corrected, and con- 
uderably enlarged ; with Electrotfpea and 
Woodcuts. Post Sto. 10s. 6d. 



Smith (G J — History of Wesleyan Me- 
thodism. By Geobos SinTH, F^.9., 

Uember of the Eoyel Asiatio Society, £c. 
ToL. I. IFetley aak hie liinet; end Toi. 
II. The Middle Age of IMhndiea, from the 
Death of WeaUj in 1791 to the Confer- 
enoe of 1816. Crown 8to. price 10s. 6d. 
each volume. 

Smith (G.V.)— The Prophecies relating 

to Nineveh and the Assyrians. Translated 
from the Hebrew, with Historical Intro- 
dnotions end Notes, exhibiting the pripcijul 
Eeenlta of the recent Discoveries. £y 
G. Yahcb SuiXB, B,A. Poat Bvo. 10s. Gd. 



Smith (J.) —The Voyage and Shipwreck 

of St. Pani : With Dissertatione on the Life 
and Writing! of St. Lnke, and the Ships and 
Navigation of the Ancient!. By Juies 
Smrs, of Jordanhill, Esq., F.B.S. Second 
EdUioH ; with Chart!, Yiews, and Wood- 
cutt. Crown Svo. 8b. 6d. 

A Memoir of the Rer. Sydney Smith 

By his Daughter, Luit HoLLilTD. With 
a Selection from his Letters, edited b; 
UBB.AnBTiH. SeaEdUion. 2 vols. 6to. 2Sa. 

The Rev. Sydney Smith's UisceUaneons 
Works : Including his ContribntionB to The 
Edhiburgh Eeview. Three Editions : — 



2. Complete in One Volchb, with Portrait 
end Vigneffe, Square crown 8»o. price 
21s. cloth 1 or 30a. bound in calf. 

3. Another Nkw Editiok, in 3 'vols. fcp. 
Svo. price 21s. 
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The Rev. Sydney Smith's Elementary 

Sketcbea of Moral PhUoaophy, delivered at 
tlie Bojat InetitutioD in the Years 1804>, 
1805, and 1806. Third Edition. Scp.8yo.78. 

.Snow.— Two Teare' Cruise off Tierrn 

del Fuego, the Falkland Islands, FatagODia, 
and the BiTer Plate : A HarratiTO oif Life 
in the Southern Seaa. By W. Paekbb 
Snow, 1at« Commander of the Miaaion 



Robert Sonthey's Complete Poetical 

Works ! containing all the Author's lastln- 
trodiiotions and Notea. The Library Edi- 
tion, eomplete in One Volume, with For. 
t™t and Tignette, Medium 8to. price 2Ifl. 
cloth i 42b. bound in morocco. — Also, the 
Pint colUcied Edition, in 10 «ols. fcp. 8to. 
with Portrait and 19 Tignettea, price 35s. 

The %Sh and CorretpondnLBi of the late Bobert 
Southey. Edited by hia Son, the Eer. 
C. C. SoiTTHBT, M.A., View of Ardleigh. 
With Portraita and Landscape lUuetra- 
tiona. 6 toIs. post 8to. price 63b. 

Soathey'fl Doctor, complete in One 

Volume. Edited bjtheKeT. J. W.Wabtkb, 
B.D, With Portrait, Vignette, Bust, and 
coloured Plate. Square crown 8ro. 21a. 

Sonthey'B Ufe of Wesley ; and Rise and 
Progrees of Methodism. Fourth and cheaper 
Edition, with Notes and Additions. Edited 
bj the Author's Son, the Iter. O. O. 
SoVTHXE, M^. 2 vols, crown 8to. 12b. 

Spencer.— Bss[^ : Scientific, Political, 

and Speculative. B; Hebbert Spbhces, 
Author of Soaal Bialia. Beprinted chiefly 
from Quarterly Reviews. 8vo. price ISs.cloth. 

Spenoar.— The Fiinoiplei of Psychology. ^ 
Hebbbbt Spbkcbh, Author of Social Slaiict. 
8to, price 16». cloth. 

Stephen.— Leetnrea on the History of 

France. By the Bight Hon. SiK Jausb 
Stbpebn.E.O.B .,LL.D ,,ProfeBaor f Modem 
History in the University of cWbridge. 
Ihird Edition. 2 vols. 8vo. price 21b. 

Stephen.— Essays in Ecclesiastical Bio- 
graphy J from the Edinburgh Review. By 
theRightHon.SiBjAifBa Stbfhzk, E.O.B., 
LL.D., Profesaoc of Modem History in 
the University of Cambridge. Thbd Edi- 
tion, 2 Tob. 8to. aia. 



8toDehen((e. — The Jiog in Health and 

Dieesae : Comprising the various Modea uf 
Breaking and- Using him for Hunting, 
Coursing, Shooting, &a. ; and including the 
Points or Oharaoteriatics of Toy Dogs. By 
Stokshihcie. 8io. with numeroos Illus- 
trations. [ Jn tie preat. 

Stonehenge.— The Oreyhonnd: Being a 

Treatise on the Art of Breeding, Rearing, 
and Training Oreyhoands for Public Run- 
ning ; their Diseaaes and Treatment : Con- 
taining also Rulea for the Manuement of 
Coursing Meetings, and for the Decision of 
Courses. By STOHKHEneB, With R^ntia- 
piece and Woodcuts. Square crown 8vo. 
price 21b. half-bound. 

Stow. — The Trtuaing System, Moral 

Training School, and Iformol Sendnary for 

Sreparing Sohoolmastera and Qoveruesses. 
y Divm Stow, Esq., Honorary Secretary 
to the Q-laagow Normal Free Seminary. 
Tenth Edition; with Plates and Woodcuts. 
Post Svo. price 6s. 

Strickland. — lAves of the Qneens of 

England. By AoNES STitioE:LAin>. Dedi- 
eated, by ciprcsa permiaBioji, to Her Ma- 
jesty. Embellished with Portraits of every 
Queen, engraved from the moat authentic 
sources. Complete in 8 vols, post 8vo. price 
7a. 6d. each. — Any Volume may be had 
aeparately to complete Sets. 

Uemoira of Bear-Admiral Sir William 

SymondB, Knt, C.B., F.R.S., Surveyor of 
the Mavy, from 1832 to 1847 : With Cor- 
respondenoe and other Papera relative to 
the Ships and Vessels constructed upon his 
Lines, an directed to be published under hia 
Will. Edited by Jakes A. BHiEP. With 
Sections and Woodcuts. 8vo. price 21s. 

Taylor.— Loyola: and Jesnitism in its 

Rudiments, By liUAO TiTxOB. Poet 8vo. 
with MedaUion, 10s. 6d. 

Taykr.— Wesley and Methodism. By 

iBiiO Tatxob, Post 8vo. Portrait, lOs. 6d. 

Thacker's Courser's Annual Remem- 
brancer and Stud-Book ; Being an Alpha- 
betical Return of the Banning at all the . 
Public Coursing Cluba in England, Ireland, 
and ScotUnd, for the Season 1857-S8 ; with 
the Pedigree! {as &r aa received) of the 
Doss. Bj RoBBBT Abbau Wbi£U, Liver- 
pool. Svo. 2l8. 

*«* Published annually in Odder. 
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COMPLETION 

THE TEAVELLBR'S LIBRARY. 



Summary of Ihe CaUemli of the TRiVELLER'S LIBRAKT, mow eoi^kte in 102 
Parta, priet One ShiUing each, or in 60 VoJumea, yriee 3*. 8rf. each in ekth. — 
To he had alto, in oomplete Sets only, at Five Guinea* per Set, bcmnd in cloth, 
lettered, m 25 Volumes, ekuii/ed atfoUotet. — 



VOYAGES AND TRAVELS. 



itJ.BARBOW. 
■I S. UAINK. 
...btI. HOPE. 



, R. M'CnLLOCIl. 

H, ■! a. brookb! 

iR.roBoDeoM. 

.,.BT J.AtJLDJO. 
P.TOMTSCHDDI. 



IN A 



CHINA AND TmBBT STi 

STSIA AND PALBSTINB 

THBPIIUJPPISE ISLANDS, BY 
IN AFRICA. 
WAMDEKUJas 



B EXPLORATION. , I 
ZULUS Of HATAL... 



NORTH AKERIGAniTTLDB .... nC.LAmUN. 
IN AUSTRAUA. 

AneTRALUN COLONIKS BiW.HUQHEB. - 

ROUND TH£ WORLD. 
A LADY'S TOTAGB ailDA PFFIFTEIt. 



HtSTORY AND BIOGRAPHY. 



HEMOIK OF THB DITEE OF VELLINOTON. 



FERDINAND I. a; 



[StSDTiJ 



FRANCIS ARAOO-a iCTOBIOORAPKT, 
TUUMAB HOLCROFTS 1IEH0IB8. 



OHESTEBFIELD ft aELWYH, >t A. HATWABT>. 
SWIFTANDRlCHABDeOtL IT LORD JEFFREY. 



II tva BEV. O. R. OLEia, 



AH ESSAY ON IHE LIFE I . — 

OERIUS OF THOKAB FULLER/ ROOBBS. 



ESSAYS BY LORD MACAULAY. 



WARREN HABmaS. 



WILLIAM PITT. 



1, OF CBATHAK. 



ADDISON'S LIFB AND WRITINOe. 
BOBACE WALFOLE, 
LORD BACOir, 



COMIC DRAMATIffTS OF THB RESTORATION. 
FRRDERIC THE ORGAI. 
HALLAM'S CONSTrrUTIONAL HISTORY. 
CROKER'S EDITION <M BOSWELL^S UFK OV 



LORD KACAULAyS SFEXCHBa ON PARUA- 
HSNTARY REFORM. 



'ABD-B NARRATIVE OF 



WORKS OF FICTION. 
THE LOVE 8toby,«omsodthby;b MOTOR. I ^*TTroraL«io-y 

SIB ROGER dbcovkley....}„'»^™b_ si^^wabd^baVa 

MEMOIRS OF A HAITRE-D'AKMEB, »T DUMA8. KIB SHI" 

''"^JlKUra^ .* } "K-80UVESTRK. \ 

NATURAL HISTORY, JU>. 

^^^O^^^'' "' } « DR. L. REHF. I !^'^«^p'S^s^^-o'^R"5^?iJS^"- 
iNblCATIOHB '6i iNSSMCT. HI DR. L, EEMP. | CORNWALL, 1T8 MISBB, BINERS. tx. 



MISCELLANEOUS WORKS. 



LECroRES AND ADDRES8BS { "c™L^^ *" 

g FROTf SYDNEY BBITH'S 

!'. Bi A. STARE. 



"^1 . . Bi H. SFENCSB. 

BIe'v. W. J, CONTBEARX, 
... nI.R.HTULLOCH. 



jcirizeaoy Google 
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Thirlwall.— The Hilary of aneee. 1^ 

the Kight Ber. the Loss Bibhof of 6i. 
Datib'b (the B«y. Coimop ThirltraU), An 
improTed Libnir Editioii ; with Hipt, 8 
vols. 8vo. prioB £8. — An Edition in S volt. 
fcp. 8to. with Yignette liUes, prioe 28e. 

Thomsfui's Seaaoiis. Edited by Bolton 

CoKHEY, E»q. Illiutrated with 77 fine 
Wood EogMTings &am Deugni 1^ Mem- 
bers of the Etching Club. BqaareaFOwnSro. 
21s. doth; or 86b. bound in morooco. 

Thomson (the Eev. Dr.)— An Ontline of 



Thomeon's Tables of Interest, at Three, 

Pour, Four-end- B-Kalf, and !Five per Cent., 
from One Pound to Ten Thousand, and &oin 
1 to 866 Daja, in s regular progreaeion of 
single Daysj with tntat«at at oU the aboTe 
Bate*, fconk One to Iwelre Uonths, and 
from One to Ten Yean. Also, numerous 
other Tables of Ezdianges, Time, and Dis- 
coanta. Sew Edition. 12ma. prioe 8s. 

The Thnmb Kbla ; or, Verbnm Sempl- 
temnm. Bj I. Taxlob. Being an Epi- 
tome of the Old and Hew Testaments in 
English Trave. . B^ninted&omtheEdition 
of 1683s boondttndolasped. 61mo. Is. 6d. 

Tighe and Dsvie.— Annahs of Windsor; 

Being a Histcay of the Castle and Town : 
With some Account of Eton and FlaoH ad- 
boeot. By B, B. Tia&B, E»i^{ and J. E. 
DiTiB, Esq,, Bamster-at-Law. With nu- 
merous Blostratione. 2 toU. tojhI Bto. 
price £i. 4s. ' 

Tooke.— History of Prices, and of the 

State of the Cironlation, during the Nine 
Fears &om 1848 to ieS6 indnnre. Ftwm- 
ing TOLB, T. and VI. of Xoc&e"* muiny of 
Frieii/hm 1T9!1 to the Preient Tme; and 
comprising a copious lAdei to the whole of 
the Six Yolumes. By Thokas TaoEX, 
F.B.S. and WiLLUJt Hbwiuboh. 2 vols. 
8to. price G2s, 6d, 

Townaend,— Uodem State Trials rsTlBsd 

and illnstrated wiUi Essays and Note*. By 
W. 0. TOWMBBBK, E»q., M J-, Q.O. 3 vols. 
8to. ptioe 80s. 

TroUope.— Barohaster Towers : A Novel 

By AKTHOVzTBDUOni. New andcheaper 
Edition, oomplete in One Toliune. Crown 
Sto. price 6b. cloth. 
Trollope.— Tkt WardMt, By Anthony TroUope. 
Foat 8to. 10s, 6d. 



Shanm Tomer's Sacred History of the 

World, attempted to be Philosophioally 
oonsidered, in a Series of lietiat to a Son. 
Hew Edition, edited by the Ber. S. 'Svasea. 
S Tols. post 8to. pidoe 31s. 6d. 

Sharon Turner's Histot; of Ei^land 
during the Middle Ages: Comprising the 
Beigns &om the Norman Congueet to the 
AcMssion of Henry Vm. Eiftt Edition, 
rerised by the Eot. a Idssbk. 4 vols. 
8to. prioe 50b. 

Sharon Turner's History of the Anglo- 
Saxons, from the Eudiest Period to the 
Norman Conquest. Serenth Edition, reirbed 
by the BeV.S. Tubmbb. 8 vols. 8to, Sfti. 

Dr, Tnrton'B Iffannal of the Land and 
EVash- Water Shells of Great Britain ; With 
Pigures of each of the kinds. Kow Edition, 
with Additions, bj Dr. J, B. GaiT, P.E.S., 
&c.. Keeper of the Zoological Collection in 
the British Museum. (>own Sto. with 12 
coloured Plates, price .15e. olotb. 

Dr. Ure's Diotiooaiy of Arts, Hann&c- 
turea, and Mines : Containing a clear Ezpi>. 
«ition of their Prinoiple* and Practice. 
Fourth Edition, much enlarged ; most of 
the Articles being entirely re-written, and 
many new Artielee added. WiUi nearly 
1,600 Woodcuts. 2 yoU. 8to. price 60a. 

Uwins.— Kemolr of Thomas Uwins, ILA, 

By Mrs. TTwiNS, With letterB to his 
Brothers during scion years spent in Italy j 
and Correspondence with the late Sir Thomas 
Lawrence, Sir C. L. Eastlake, AUred Chalon, 
B. A. and other distinguished persons. StoIs. 
post 8yo. [Jusl ready. 

Van Der Eoeven's Handbook of Zoology. 
Translated from the Second Dutch Editign 
by the E«t. Willuk CiiBH, M.D„ F.B,S., 
&o., late Fellow of Trinity College, and Pro- 
fessor of Anatomy in the University of 
Cambridge; with additional Beferencee fur- 
nished by the Author. 2 vols. 8to. with 
2A Plates of Figures, price 60s. doth ; or 
separately, Vgi;, I. Inverfelrata, 80b. and 
TOL. 11. Fertelrala, 30s. 
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VehBe.— Uemoirs of the Gonrt, Aristo- 
cracy, and Diplomacy of Austria. By Dr. E. 
Ybhse. Translated from the O-erman by 
Fkahz Diiuii.xs, Z Tols. post 8to, 21s. 
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VoB Tempsky- — Uitia ; or, Incidents 

Uid Feraonml AdTsntures on a iToiimej in 
Mexico, GustoniBia, and Balfador, in the 
Ye«r» 1863 to 1865 ; Witli ObaerratioDH on 
the Mode* of UFe in thou Countriee. B7 
G. P. Von Tekpsky. Witli ooloufed Route 
ilap, niiulratioiiB in CliromoLthogrtiphj, 
ma EngraTings on 'Wood. 8ro. price IBs. 
■' A Mnnrk«Wy-well wrtl- j fram, pDnm forlh lila iLiitt- 

tbrw jn-n- trav.l In Sjm- tino lie public ii «nlar- 
IilBh AmailcE. Till HUthur ttlnlni ■ namllia u ws 
iBsFKpltiil (larr-telln.bul ha^eliUly teoi." 

Wade. — EnglEind'B Qreatness : Its Rise 
4iid PcogreM inGoTeroment, Liw«, Religion, 
and Social Life ; .A^ricnltur^ Oommerce, 
and MaDolkaturea ; Science, Litfrature, and 
the Art«, from the EsrlicaC Period to the 
Feace ofParb. Bj JoshWadb, Author of 
the Catintt Lavyer, &0, Post fira. 10>. 6d. 

Wanderings In the Land of Ham. By a 

Dahqhtib of Jafhet. Poat 8to. St. 6d. 
iimiced Biirtpir ■>r «i- 

toW^Uop'tTlMkB 

Waterton.— Essays on Natnnd History, 
chiefly Ornithology. By C. Watmbton, E»q, 
With an Autobiography of the Author, and 
Tiewa of Walton HaJl, New and cheaper 
Edition. 2 Toli, fop. 8to. prioe 10>. 

V*t«Tt«ii'i EiMyi on ITatiml Hiihny. IMrd 

Series; with a Continuation of the Auto- 
biography, and a Portrait of the Author. 
Second Eil:tian, Fop. 8yo. price 6b. 

Webster and Paxkes's EncyclapEedia of 

Domestio Economy; compriaing such aub- 
iecte a> am moat inunedlHtely connected vith 
Houaelceeping : Aa, The Conatruction of 
DomeiticEdifloes.with the Model of Wann- 
ing, Tentilating, and Lighting them— A de- 
Bcription ot the raiioua articles of Furniture, 
with the nature of their Materiala — Dutie* of 
Berranta— 4c. New Edition 1 with nearly 
1,000 Woodcuts. Bto. prioe 60s. 

Weld. — TacatiouB in Ireland. By 
CaABEEH RiCBABD WlLD, Barrister < at ■ 
Law. Po»t 8to. with a tinted View of 
Birr Castle, price lOs. 6d. 

Weld,— A Taoktion Tout in the UoitMl BtatM 
and Canada, By C.B.Weld, Barriater-at- 
Law. Poat Sto. with Map, lOd. 6d. 

West. — Lectures on the Diseases of 

Infancy and Childhood. By Chables West, 
M.D., 'Physician to the Hoapital for Sick 
Children; Phjsician-AccouoSeur to, and 
Lecturer on Midwifery at.St.Barthohmiew'i 
Hoapital. Third Edition. 8ro. 14e. 



Willicb's Popalaj" Tables for ascertain- 
ing the Talue of Lifehold, Leiuehold, and 
Church Property, Benewat Fines, ^. Witli 
numeroua additional Tables — CJiemical, Aa- 
troiiomicBl, Trigonometriod, Common and , 
Hyperbolic Logarithms ; Conatanta, Squares, I 

Cubes, Root a. Reciprocals, he. Foiutll i 

Edition, eniarged. Post Sto. price lOs. 

Wilmot's Abiidgment of Blackstone's 1 

Oommcntarjea on the Laws of England, in- 
tended for the use of Young Persons, and 
compriaed tu a aeries of Letters from a Father 
to hiB Daughter. 12mo. price 6b. 6d, 
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Bryologia Britannica; Con- 

tlie Mosses of Great Britun and 
Irdand syat«maticaJly arrangedand described 
according to the Method of Bnah and 
Seiiaper ; with 61 illnatratiTe Plates. Being 
a New Edition, enlarged and altered, of the 
Mmeolositt Briteyinica of Messrs. Hooker and 
Taylor, 8to. 42s. i or, vidl the Plates 
eokiarecl, prioe £1. ia, cloth. 

yonge.-ANew English-Greek Lexicon: 
- ■ ing aU the Greek Wo- 
of good authority. 
YoHiJS, B.A. Second Edition, rerisea ana 
eorrectsd. Post 4to. price 21a, 

Tvnge'i Few Latin 0radna : Cantsininff 
Etctj Word used by the Poete of good 
authority. For the uae of Eton, Weat- 
minster, Winchester, Harrow, Charterliouse, 
and Bugby Schoolfl; King's College, Lon- 
and Marlboroueh CoUeec E/fk 
with 



Post 8>o. prioe 9s. ; Oi 
X of EpilAeU claasified, 12a. 



EdUiOK. 
Affbbdix ol 
Tonatt— The Horse. By William Toaatt 

With a Treatise of Dranght. Hew Edition, 
with numerous Wood Engravings, from 
Designs by William Harvey. (Measrs. 
LoNQ-UAir and Co.'s Edition should be or- 
dered.) 8to. price lOfl. 
Tcn«tt-Th« Jhg. ByTniliMn Tonatt. A 
New Edition) with numerous Engravings, 
from Designs by W. Earrey. 8ro. 6s. 

Yonng. — The Clirist of History: An 

Arenment grounded in the Fact* of His 
Lift on Earth. By JoHif TocBe, LL.D. 
Second Edition. Post 8to. 7b. 6d. 



Inmpt's Grammar of the Latin Lan- 
guage. Tranelated and adapted for the 
nse of English Students by Db. L, Sohicite, 
E.R.S.E. : Witli numerous Additions and 
Corrections by the Author and TraneUtor. 
4th Edition, thoroughly revised. 8ro. 14a. 
[0«(o*«r 1868, 
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